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a b s t r a c t

In this paper are presented two extensions of the Rusinek–Klepaczko constitutive relation [Rusinek A,
Klepaczko JR. Shear testing of sheet steel at wide range of strain rates and a constitutive relation with
strain-rate and temperature dependence of the flow stress. Int J Plasticity 2001;17:87–115] to define
the behaviour of aluminium alloys at wide ranges of strain rate and temperature. The formulations
reported extend the validity of the Rusinek–Klepaczko model for the definition of particular aspects of
the behaviour of aluminium alloys, namely the negative strain rate sensitivity and the viscous drag. Such
formulations are applied to describe the thermo-viscoplastic behaviour of two commercial aluminium
alloys (AA 5083-H116 and AA 7075) using experimental data available in the literature [Clausen AH,
Børvik T, Hopperstad OS, Benallal A. Flow and fracture characteristics of aluminium alloy AA5083-
H116 as function of strain rate, temperature and triaxiality. Mater Sci Eng A 2004;364:260–72; El-Magd
E, Abouridouane M. Characterization, modelling and simulation of deformation and fracture behaviour of
the light-weight wrought alloys under high strain rate loading. Int J Impact Eng 2006;32:741–58]. Their
analytical results are compared with those obtained from the phenomenological constitutive relations
reported in Clausen et al. (2004) and El-Magd and Abouridouane (2006). The best agreement with exper-
iments is achieved by the predictions provided by the extended Rusinek–Klepaczko models. Moreover,
the formulations presented may be implemented into FE code using for example the algorithm reported
in [Zaera R, Fernández-Sáez J. An implicit consistent algorithm for the integration of thermoviscoplastic
constitutive equations in adiabatic conditions and finite deformations. Int J Solids Struct 2006;43:1594–
612].

� 2009 Elsevier Ltd. All rights reserved.
1. Introduction In that range of stain rates some AA exhibit two particular ef-
Aluminium alloys (AA) gather an increasing interest in several
engineering fields because of their notorious mechanical proper-
ties. Certain types of AA exhibit flow stress level comparable to
that showed by steel alloys traditionally used in industrial applica-
tions [1]. In comparison with steel alloys, AA allow for considerable
reduction in the weight of the structure. Nowadays AA find their
use in many different applications such as marine constructions,
train and ship components, aeronautical and crash-box structures
Fig. 1a [2] and different types of lightweight protection systems.

Dynamic behaviour of AA has particular relevance in aeronauti-
cal industry. Aircraft-components, like fuselage or wings, are usu-
ally subjected to impact tests to guarantee their structural integrity
under potential crash or accident, Fig. 1b [3]. During such loading
condition the material is subjected to wide ranges of strain rate
from quasi-static to high strain rates up to _�e � 104 s�1 [4], Fig. 2.
ll rights reserved.

x: +33 3 87 34 42 79.
fects that strongly influence their thermo-viscoplastic behaviour.
Those phenomena are negative strain rate sensitivity and viscous
drag.

2. Theoretical considerations

Due to their complexity, the previous effects are rarely intro-
duced in modeling of AA [1]. Inhibition of these phenomena in
many steel alloys has induced the major developments in constitu-
tive modeling conducted for steel in comparison with AA.

2.1. The negative strain rate sensitivity showed by certain AA under
particular loading conditions

Some AA exhibit macroscopic negative strain rate sensitivity
(NSRS), Eq. 1, from quasi-static to intermediate strain rate level
10�4 s�1

6 _�ep
6 100 s�1, Fig. 3

m ¼ dð�rÞ
d logð _�epÞ

�����
�ep ;T

< 0 for _�ep < _�ep
trans ð1Þ
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Fig. 1. (a) Application of AA in aeronautical industry [2]. (b) Bird-impact test [3].
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Fig. 2. Strain rate level associated to different industrial processes.
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Such behaviour has considerable relevance in industrial appli-
cations since it may reduce the ductility of the material [5–7]
and therefore affects to its formability and machinability. This ef-
fect called dynamic strain aging (DSA) was traditionally explained
due to the solute–dislocation interaction at the microscopic level
[8–11]. An alternative explanation has been proposed by Picu
[12] and other authors based on the strength variation of disloca-
tion junctions due to the presence of solute clusters on forest dis-
locations. At low strain rate, the solute has sufficient mobility to
induce a clustering effect stopping mobile dislocations. At high rate
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Fig. 3. (a) Description of the negative and positive strain rate sensitivities taking pla
of deformation the increase of dislocations’ velocity avoids appear-
ance of clustering effect. Thus, beyond certain strain rate level _�ep

trans,
the strain rate sensitivity becomes positive, Fig. 3a. Moreover, since
DSA is related to diffusion of solute, it is thermally activated
[13,14]. The NSRS effect tends to disappear with decreasing tem-
perature as it is shown in Fig. 3b for AA 2024-T3. Interesting stud-
ies concerning the effect of temperature on DSA are reported for
example in [13,14].

Some attempts to model the NSRS are reported in the open lit-
erature, for example in [16–18]. The most relevant seems to be the
approach due to McCormick [19].

However, such physical descriptions of DSA use to lead to com-
plex mathematical formulations difficult to implement into FE
codes. Moreover they use to have large number of material con-
stants and difficult calibration-procedures. In addition, those mod-
els only define the material behaviour in the range of strain rate in
which DSA takes place. They do not provide a formulation for the
whole range of strain rates appearing in those engineering applica-
tions mentioned before, 10�4 s�1

6 _�ep
6 104 s�1 .

2.2. The viscous-drag stress component taking place at high strain
rates

In addition, a common characteristic of many FCC metals is the
appearance of a viscous-drag component of the flow stress at high
rate of deformation [20–22]. For strain rate level within the range
103 s�1

6 _�ep
6 104 s�1 the flow stress sharply increases, Fig. 4.

Several explanations of this phenomenon have been proposed
over the years. Most of them based on a transition in rate control-
ling deformation mechanism from thermal activation at low strain
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rates to some form of dislocations’ drag [24–26]. According to
Campbell and Ferguson [25] when the stress applied exceeds the
barrier of the thermal activation, the time required to activate a
dislocation past the short-range barriers of obstacles is negligible.
Dislocation’s velocity is controlled by dissipation of energy as it
moves through the lattice. Assuming that this dissipation is of a
linear viscous nature [25,27] the extra-stress (applied stress–ther-
mally activated stress–internal stress) is approximately proportional
to the strain rate and independent on temperature, Eq. (2b). In such
a case the complete description of the flow stress should be
decomposed in three components, Eq. (2a)

�r ¼ rl þ r� þ rth ð2aÞ
rth � j � _�ep ð2bÞ

where rl is the internal stress which is related to the evolution of
the microstructure, r* is the effective stress which describes the
relation between strain rate and temperature, rth is the viscous-
drag component and j is a material constant.

Therefore, in the case of some FCC metals, the strain rate sensi-
tivity cannot be defined using the physical models only based on
the reciprocity between strain rate and temperature of Arrhénius
equation.

2.3. Remarks on the modeling of aluminium alloys

Traditionally, constitutive relations as those due to Zerilli and
Armstrong [28] or Johnson and Cook [29] have been used to de-
scribe the behaviour of AA and applied to simulate dynamic events,
for example in [30–32]. However, they cannot define negative
strain rate sensitivity, neither athermal flow stress due to viscous
drag. Thus, the assumption of neglecting the strain rate sensitivity
of AA has been a common practice during the last decades [30,32]
when using the classical constitutive relations mentioned before.
The structural relevance of aluminium components leads to the
necessity of developing advanced constitutive models allowing
for accurate definition of the AA behaviour at wide ranges of strain
rate and temperature.

In the present paper an alternative for modeling the behaviour
of AA at wide ranges of strain rate and temperature is presented.
The models reported extend the original RK constitutive relation
[33] to describe NSRS and viscous drag.

The extended RK models are used to define the thermo-visco-
plastic behaviour of two commercial AA (AA 5083-H116 and AA
7075) using experimental data available in the literature [1,34].
Their analytical results are compared with those obtained from
the phenomenological constitutive relations reported in [1,34]. It
has been observed that the best agreement with experiments is
achieved by the predictions provided by the extended RK constitu-
tive relations. Moreover, the relations presented can be imple-
mented into FE code using, for example, the algorithm proposed
by Zaera and Fernandez-Saez [35].

3. The Rusinek–Klepaczko constitutive relation

The original formulation of the model is based on an additive
decomposition of the total stress [36,37]. Thus, the stress is an
addition of two terms rl and r*, which define respectively the
strain hardening and thermal the activation processes, Eq. 3. The
first one is called internal stress and the second one effective stress.
The term acting as multiplicative factor of the stresses addition
E(T)/E0 defines the Young’s modulus evolution with temperature
[38], Eq. 4

�rð�ep; _�ep; TÞ ¼ EðTÞ
E0

rlð�ep; _�ep; TÞ þ r�ð _�ep; TÞ
h i

ð3Þ

EðTÞ ¼ E0 1� T
Tm

exp h� 1� Tm

T

� �� �� �
ð4Þ

where E0; Tm and h� denote respectively the Young’s modulus at
T = 0 K, the melting point and the characteristic homologous tem-
perature. This expression allows for defining the thermal softening
depending on the crystal lattice [39], Fig. 5. In the case of FCC met-
als (AA among others), h* � 0.9 as it was reported in Rusinek at al.
[39].

The internal stress is defined by Eq. 5

�rlð�ep; _�ep; TÞ ¼ Bð _�ep; TÞðe0 þ �epÞnð _�e
p ;TÞ ð5Þ

where the modulus of plasticity B defines rate and temperature sen-
sitivities of strain hardening, n is the strain hardening exponent
depending on strain rate and temperature and e0 is the strain level
which defines the yield stress at specific strain rate and
temperature.

The explicit formulations describing the modulus of plasticity
and the strain hardening exponent are given, Eqs. (6), (7)

Bð _�ep; TÞ ¼ B0
T

Tm

� �
log

_emax

_�ep

� �� ��m

ð6Þ

nð _�ep; TÞ ¼ n0 1� D2
T

Tm

� �
log

_�ep

_emin

* +
ð7Þ

where B0 is the material constant, v is the temperature sensitivity,
n0 is the strain hardening exponent at T = 0 K, D2 is the material con-
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stant and _emin is the lower limit of the model. The McCauley opera-
tor h�i = � if h�iP 0 or h�i = 0 if h�i 6 0.

The effective stress is obtained using Arrhénius relation which
couples temperature with strain rate, Eq. 8

r�ð _�ep; TÞ ¼ r�0 1� D1
T

Tm

� �
log

_emax

_�ep

� �	 
m�

ð8Þ

where r�0 is the effective stress at T ¼ 0 K, D1 is the material con-
stant, _emax is the maximum strain rate accepted for a particular
material and m* is the constant allowing to define the strain rate-
temperature dependency [40].

Based on the experimental observations reported in [1,34] we
assume that the rate controlling deformation mechanisms of the
AA considered in this work are hardly dependent on plastic strain.
Plastic strain does not influence rate and temperature sensitivities
of the material, Eq. 8. Such consideration may not be valid for some
other FCC metals as for example annealed copper [41].

As it was previously introduced, using the original RK formula-
tion some particular aspects concerning the thermo-viscoplastic
behaviour of AA cannot be defined accurately. Thus, in the follow-
ing sections of the present paper two extensions of the RK model
are presented. They define respectively the NSRS and the viscous
drag that may be exhibited by AA under certain loading conditions.

4. Extension of RK model for defining negative strain rate
sensitivity

In this section of the paper an extension of the RK model to de-
fine the NSRS is reported.

4.1. Formulation of the constitutive relation

The extension is conducted by adding a new term to the equiv-
alent Huber–Misses stress �r. The updated formulation of the mod-
el is reported in Eq. 9

�rð�ep; _�ep; TÞ ¼ EðTÞ
E0

rlð�ep; _�ep; TÞ þ r�ð _�ep; TÞ þ rnsð _�ep; TÞ
h i

ð9Þ

where rnsð _�ep; TÞ is the stress component accounting for the NSRS
which is dependent on strain rate and temperature. This formula-
tion has a semi-physical character and it is based on the experimen-
tal observations reported for example in [5,13,14]. The original
expression proposed is defined by Eq. 10

rnsð _�ep; TÞ ¼ rns
0 � log

_etrans

_�ep

� �	 

� 1� D3

Tm

T

� �
log

_�ep

_emax

 !* +

ð10Þ

where rns
0 and D3 are material constants describing respectively the

stress decrease due to DSA and the reciprocity between strain rate
and temperature. Such reciprocity is obtained using Arrhénius equa-
tion as it was reported previously for the effective stress r�ð _�ep; TÞ. The
influence of plastic strain in the NSRS effect is assumed negligible.
Such assumption is based, for example, on the experimental data re-
ported in [1]. Thus, in comparison with the original formulation of the
RK relation just two new material constants are added. The transition
between positive and negative strain rate sensitivity is denoted by
_�ep

trans and it can be obtained from experiments.
In the following curves is shown the evolution of the NSRS com-

ponent, rnsð _�ep; TÞ along with rns
0 and D3 for different strain rate lev-

els at room temperature T0 = 300 K, Fig. 6. The value of the new
stress component decreases with the strain rate increase, Fig. 6 un-
til the transition strain rate level is reached (it is considered
_�ep

trans ¼ 76:58 s�1). The increase of both material constants rns
0

and D3 induces an augment on the NSRS of the material, Fig. 6.
In the case of adiabatic conditions of deformation the constitu-
tive relation is combined with the energy balance principle, Eq. 11.
Such relation allows for an approximation of the thermal softening
of the material via the adiabatic heating

DTð�ep; _�ep; �rÞ ¼ b
qCp

Z �ep
max

0
�rd�ep ð11Þ

where b is the Taylor–Quinney coefficient assumed as constant, q is
the material density and Cp is the specific heat at constant pressure.
Transition from isothermal to adiabatic conditions of deformation is
assumed at _�ep ¼ 10 s�1, in agreement with experimental observa-
tions and numerical estimations reported for example in [42–44].

Subsequently is reported a straightforward method for calibra-
tion of the model parameters.

4.2. A systematic procedure for calculation of the model parameters

The procedure for calibration of the model is similar to that de-
scribed in [45] for the original version of the RK constitutive rela-
tion. Thus, some details which are common for both models will be
skipped in the explanation outlined below.

The main steps necessary for the definition of the model param-
eters are:

i. It is assumed that at low strain rate _�ep
reference 6 0:001 s�1 and

room temperature the stress contribution due to thermal
activation can be neglected r�ð _�ep; TÞ ¼ 0. Under this assump-
tion is possible to define the constant D1.

ii. Subsequently, the transition strain rate _�ep
trans at room tem-

perature is identified for a given plastic strain value �ep. For
the range of strain rate _�ep

6 _�ep
trans the value of stress corre-

sponding to _�ep
trans is subtracted of the real flow stress level,

Fig. 7. The stress difference is the flow stress decrease due
to NSRS and it is fitted to Eq. 10 using the least square
method. Thus, the material constants rns

0 and D3 are
obtained.

iii. The strain rate sensitivity of the model is artificially
neglected in the range _�ep

reference 6
_�ep
6 _�ep

trans. In that range,
the flow stress level is assumed to be that corresponding
to _�ep

trans. Then is assumed that the increase of the total stress
(taking place for _�ep P _�ep

trans) with the strain rate is due to the
effective stress r�ð _�ep; TÞ. Thus, the stress increase is defined
as follows, Eq. 12
Drð _�ep
reference ! _�epÞj�ep ¼ �rð _�epÞj�ep � �rð _�ep

referenceÞj�ep ¼ r�ð _�ep; TÞj�ep

ð12Þ

By combination of Eq. 8 with experimental results for an im-
posed strain level, �ep, is possible to determine the material
constants m* and r�0. For the steps ii and iii, the strain level
should be assumed �ep

6 0:1 in order to guarantee isothermal
condition of deformation. For larger strain values, adiabatic
condition induces a thermal softening of the material and
in such case a decrease of the strain hardening rate.
iv. The last step is application of the complete equation for the
total stress, Eq. 9. combined with experimental results,
�r� �epj _�ep . Then the stress dependency upon temperature
and strain rate for the modulus of plasticity B and the strain
hardening exponent n can be defined.

4.3. Application to AA 5083-H116

The AA 5xxx series are alloyed with magnesium, derive most of
their strength from solution hardening, and can also be work hard-
ened to strengths comparable to steel alloys. AA 5083-H116 is one



Fig. 6. Evolution of the negative strain rate component with rns
0 and D3 for different strain rate levels at room temperature. (a) 0.001 s�1, (b) 0.01 s�1, (c) 1 s�1, (d) 10 s�1.
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Table 1
Chemical composition of AA 5083-H116 (% of wt) [46].

Mn Si Cr Ti Fe Mg Zn Ti Cu

0.5 0.4 0.17 0.15 0.5 4.5 0.25 0.2 0.1
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of the strongest aluminium–magnesium alloys. It is widely used in
naval structures as ship hulls and offshore topsides due to its high
strength and good corrosion resistance. The main alloying ele-
ments are listed in Table 1.

The high content of magnesium is responsible of the NSRS
showed by this AA as it was discussed in [1,47].

Using the procedure reported in the previous section, the model
has been calibrated for AA 5083-H116 using the experimental data
reported in [1]. The following set of constants has been found,
Tables 2 and 3.
Conventional physical constants of AA can be obtained from
material handbooks, Table 4.

Since the maximum strain rate reported in the experiments ta-
ken as reference is _�e � 1000 s�1 [1] it is assumed that the viscous
drag is not active [22]. Thus, the contribution of a potential vis-
cous-drag component to the flow stress for the range of strain rates
considered can be neglected.

Next, the predictions of the extended RK model are validated
with experiments.

4.4. Validation of the extended RK constitutive relation for modeling
the thermo-viscoplastic behaviour of AA 5083-H116 and comparison
with the modified JC model

The first step is to evaluate the definition of the NSRS provided
by the extended RK model proposed. In Fig. 8 is shown the agree-
ment between analytical predictions and experiments for different
strain rates 0:00041 s�1

6 _�e 6 122 s�1. The lower limit
_�ep ¼ 0:00041 s�1 corresponds to the minimum value of strain rate
for which there are experimental data available. The upper limit
is approximately the strain rate value corresponding to the transi-
tion between the negative and the positive strain rate sensitivity



Table 2
Constants determined for AA 5083-H116 for RK model, Eq. 3.

B0 (MPa) m (–) n0 (–) D2 (–) e0 (–) r�0 (MPa) m* (–) D1 (–) Tm (K) _emin (s�1) _emax (s�1)

666 0.01 0.35 0.04 0.0118 1536.3 8.37 0.3 900 10�5 107

Table 3
Constants determined for AA 5083-H116 for extension of RK model to NSRS, Eq. 10.

rns
0 (MPa) D3 (–) _�ep

trans (s�1)

0.01 36 76.58

Table 4
Physical constants for AA.

E0 (MPa) h* (–) Cp (J kg K�1) b (–) q (kg m�3)

70 0.9 900 0.9 2700
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_�ep ¼ 122 s�1 � _�ep
trans ¼ 76:58s�1. Thus, the flow stress level in the

case of _�ep ¼ 122 s�1 � _�ep
trans is lower than in the case of

_�ep ¼ 0:00041 s�1. Therefore, such a good agreement for the range
of strain rate considered means that the model is describing cor-
rectly the DSA effect.

Concerning the temperature sensitivity, the experimental data
available just allow for evaluating the model in the case of
T P Troom, Fig. 9. The model describes accurately the decrease of
the flow stress with temperature Fig. 9. The difference is only
found in the case of T = 600 K.
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Table 5
Constants determined for AA 5083-H116 for MJC model [1].

A (MPa) B (MPa) n (–) C (–) m (–) T0 (K) Tm (K) _e0 (s�1)

167 596 0.551 0.001 0.859 296 900 0.0005
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terms. Those terms are respectively dependent on plastic strain �ep,
strain rate _�ep and temperature T, Eq. 13:

rð�ep; _�ep; TÞ ¼ ðAþ B � ð�epÞnÞ � 1þ
_�ep

_�e0

 !C

� 1� T � T0

Tm � T0

� �m� �
ð13Þ

where A is the quasi-static yield stress at _�ep ¼ _e0 and T = const., B is
the modulus of strain hardening, n is the strain hardening exponent,
C is the material constant defining the strain rate sensitivity and _e0

is the strain rate of reference. Moreover T is the current tempera-
ture, T0 is the reference temperature, Tm is the melting point and
m defines the temperature sensitivity.

Several comments must be done concerning this constitutive
relation. Strain hardening is defined as a power law, so called Swift
hardening, but without taking into account the effect of strain rate
and temperature. The constancy of the strain hardening exponent
n in the formulation is contrary to the observations frequently
made and reported for metals in many publications, for example
[45,48]. This fact raises considerable relevance, especially in dy-
namic events susceptible for plastic instabilities, [45].

In comparison with the original JC model, this modified ver-
sion tries to improve the definition of the strain rate sensitivity.
In the MJC the constant-logarithmic definition proposed by the
original version of the JC model is replaced by a power law.
However, such kind of approach is still ineffective to define
the material behaviour for wide ranges of strain rate as it was
discussed by Rusinek et al. [4]. Moreover, the MJC model (as well
as the original JC formulation) holds an important disadvantage in
comparison with the extended RK relation. It is needed of three
mechanical tests at different initial temperatures to be cali-
brated. In the case of the extended RK model (as well as the ori-
ginal RK formulation) the temperature sensitivity is automatically
obtained from the reciprocity strain rate/temperature of Arrhé-
nius equation.

The MJC model constants reported for AA 5083-H116 in [1] are
shown in Table 5.

The MJC constitutive relation is not able to define the behaviour
of this material from quasi-static to high strain rate level. Thus, the
authors [1] decided to neglect the strain rate sensitivity of the
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Fig. 10. Description of the flow stress evolution along plastic strain using extended RK
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material C � 0. It avoids definition of the NSRS up to intermediate
strain rate level _�ep � 100 s�1 as well as the positive strain rate sen-
sitivity beyond that point.

In the following plot, Fig. 10, experimental data are compared
with analytical predictions of both models for two different strain
rate levels at room temperature. In the case of _�ep ¼ 3:95 s�1 the
predictions of the extended RK model fit correctly the experimen-
tal data. The MJC overestimates the flow stress and the strain hard-
ening of the material. In the case of _�ep ¼ 1313 s�1, both models
offer predictions close to the experimental data and the thermal
softening due to adiabatic heating is well defined.

In order to obtain a complete description of the strain rate sen-
sitivity predicted by both models the following plots are reported,
Fig. 11. The analytical predictions of the flow stress evolution along
the strain rate are compared with experiments. Several comments
are outlined below:

i. The predictions using the extended RK model, Eq. 9 define
correctly the strain rate sensitivity of the material in the
range of strain rates considered. Both, the negative and the
positive strain rate sensitivities exhibited by the material
are accurately described.

ii. The predictions of the MJC model neither account for the
negative, nor the positive, strain rate sensitivity of the
material. In addition, when the adiabatic heating at high
strain rates is taken into account, the reduced value of
the constant C � 0 leads to an artificial decrease of the flow
stress along the whole range of strain rates considered.
Such description of the material behaviour lacks of physical
meaning.

iii. The MJC model only shows satisfactory agreement with
experiments in a reduced range of strain rates 300 s�1

6

_�ep
6 1500 s�1. It induces erroneous definition of the material

behaviour.

In the following section of the paper the is reported the exten-
sion of RK model for modeling viscous drag at high strain rates.
5. Extension of RK model for defining viscous-drag stress at
high strain rates

In this section of the paper is presented an extension of the RK
model to define the viscous drag taking place in some FCC metals
when subjected to high rate of deformation as it was reported in
[20–22,26,49,50].
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5.1. Formulation of the constitutive relation

The extension is conducted adding a new term to the equivalent
Huber–Misses stress �r. The updated formulation of the model is
reported in Eq. 14:

�rð�ep; _�ep; TÞ ¼ EðTÞ
E0

rlð�ep; _�ep; TÞ þ r�ð _�ep; TÞ
h i

þ rathð _�epÞ ð14Þ

where rathð _�epÞ is the stress component accounting for the viscous
drag which is just dependent on strain rate as it was discussed in
[22]. In comparison with the NSRS component, this new term is
not multiplied by the dependency of the Young’s modulus with
temperature.
Fig. 12. Evolution of the viscous-drag component with v and a for different
The formulation used to define the viscous-drag component
rathð _�epÞ was originally introduced in [22,51,52] and it has a semi-
physical character. It comes from the proven relation between vis-
cous drag and strain rate given by Eq. 15 [51]:

rath � rath
M2 � B
qm � b

2

 !
; _�ep

 !
/ _�ep ð15Þ

where M is the Taylor factor, B is the drag coefficient, qm is the mo-
bile dislocation density and b is the magnitude of the Burgers
vector.

Thus, based on experimental observations, Kapoor and Nemat-
Nasser [22] set the following relations, Eqs. (16a) and (16b)
strain rate levels. (a) 100 s�1, (b) 1000 s�1, (c) 5000 s�1, (d) 10,000 s�1.
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rathð _�epÞ ¼ v � 1� exp �a � _�ep
� �h i

/ _�ep ð16aÞ

a ¼ M2 � B
qm � b

2 � sy

 !
ð16bÞ

where v is a material constant, a represents an effective damping
coefficient affecting the dislocation motion and sy is a high temper-
ature yield stress [51,52]. The value of the constants v and a can be
obtained directly from experiments [51,52].

In the following curves is shown the evolution of the viscous-
drag component along with v and a for different strain rate levels,
Fig. 12. Under a certain level of deformation rate _�ep

6 1000 s�1 the
viscous-drag component is negligible no matter the value of the
constants v and a, Fig. 12. In that case, the rate sensitivity is gov-
erned by the thermal activation mechanisms.

At higher strain rate level _�ep P 1000 s�1 the flow stress due to
viscous drag becomes relevant and it quickly increases with the
rate of deformation, Fig. 12. The increase of both material constants
v and a induces an augment on the flow stress.

As reported for the extension of the RK model to the NRSR, this
constitutive relation is combined with the energy balance princi-
ple, Eq. 11 in the case of adiabatic conditions of deformation,
_�ep P 10 s�1 .

5.2. A systematic procedure for calculation of the model parameters

As reported for the previous model, the procedure for calibra-
tion of the constitutive relation is similar to that defined for the
original version of the RK [45].

The main steps necessary for identification of the model param-
eters are:
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Table 7
Constants determined for AA 7075 for RK model, Eq. 3.

B0 (MPa) m (–) n0 (–) D2 (–) e0 (–) r�0 (MPa

790.3 �0.0002 0.1966 0.0555 0.018 196.57

Table 6
Chemical composition of AA 7075 (% of wt) [53].

Mn Si Cr Ti Fe Mg Zn Ti Cu

0.3 0.4 0.23 0.2 0.5 2.5 5.5 0.2 1.6
i. The first step is equivalent to the step i reported for the pre-
vious model.

ii. For FCC metals, the strain rate sensitivity in the strain rate
range controlled by the thermally activated deformation
mechanisms is of the type �r / logð _�epÞ [20,24–26]. Such sen-
sitivity drastically changes when viscous drag deformation
mechanisms take place. Then, the relation �r / _�ep is fulfilled
as previously reported. Transition strain rate level _�ep

trans-drag
from thermally activated deformation mechanisms to vis-
cous drag has to be identified from experiments. Then, for
the range _�ep � _�ep

trans-drag Eq. 8 is applied and the values of
m* and r�0 are identified.

iii. In the case of _�ep
trans-drag 6

_�ep the stress difference between
model predictions (without viscous-drag component) and
experiments is due to the athermal term rathð _�epÞ, Fig. 13.
By combination of Eq. (16a) with experimental results for
an imposed strain level, �ep, is possible to determine the
material constants v and a, Fig. 13.

iv. The last step is equivalent to the step 4 reported for the pre-
vious model.

5.3. Application to AA 7075

The AA 7xxx series are alloyed with zinc, and can be hardened
to the highest strengths of any AA. AA 7075 notable for its
strength, with good fatigue strength and average machinability,
but it is not weldable and has less resistance to corrosion than
many other AA. It is widely used in aeronautical industry for con-
struction of aircraft structures, such as wings and fuselages. Its
main alloying elements are listed in Table 6.

Using the procedure reported in the previous section, the model
has been calibrated for AA 7075 using the experimental data re-
ported in [34]. The following set of constants has been found, Ta-
bles 7 and 8.

In the following section, the predictions of the extended RK
model are compared with experiments.

5.4. Validation of the extended RK constitutive relation for modeling
the thermo-viscoplastic behaviour of AA 7075 and comparison with a
phenomenological model

The first step is to evaluate the predictions of the extended RK
model for different strain rate levels. It is reported in Fig. 14 a sat-
isfactory agreement between the model and the experiments from
quasi-static loading to high strain rate 0:001 s�1

6 _�ep
6 2529 s�1.

The difference only takes place after saturation stress stage
d�r=d�ep ¼ 0 which corresponds to non-homogeneous behaviour
(open symbols in Figs. 14, 16, 17 and 19). In such a case nucleation
and growth of micro voids sharply decrease the flow stress, Fig. 15
[34]. It must be noticed that the viscous-drag component added to
) m* (–) D1 (–) Tm (K) _emin (s�1) _emax (s�1)

1.2857 0.3 900 10�5 107

Table 8
Constants determined for AA 7075 for the viscous-drag component of the extended
RK model, Eq. (16a).

v (MPa) a (–)

286.7 0.00005368
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Fig. 14. Description of the flow stress evolution along with plastic strain using extended RK model and comparison with experiments at room temperature [34]. (a) 0.001 s�1,
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Fig. 15. Optical micrographs of tested specimens. Damage induced by voids growth. (a) 0.001 s�1 T = 300 K [34], (b) 10 s�1 T = 500 K [34].
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the RK model allows for correct definition of the material behav-
iour at high rate of deformation, Fig. 14d.

The viscous-drag component exhibits great relevance on the
description of the material behaviour when subjected to elevated
initial temperature and high rate of deformation. It compensates
the underestimation on the flow stress at high strain rate that
would be obtained using just the Arrhenius equation as mecha-
nism to describe the rate sensitivity of the material, Fig. 16b. That
point is confirmed in Fig. 16 where the analytical predictions of the
original formulation of the RK model are compared with those cor-
responding to the extension introduced in the present paper.

The analytical predictions of the extended RK constitutive rela-
tion for AA 7075 are compared with those corresponding to the
phenomenological model (PM) reported in [34]. El-Magd [54] pro-
posed a multiplicative model taking into account strain hardening
�ep and strain rate _�ep and temperature T sensitivities, Eq. 17
�rð�ep; _�ep; TÞ ¼ ½K � ðBþ �epÞn þ g � _�ep� � exp �b � T � T0

Tm

� �� �� �
ð17Þ

where B, K, and n are material constants defining strain hardening.
The strain hardening coefficient K, as well as the strain hardening
exponent n, is not dependent on strain rate and temperature. Thus,
it is avoided an accurate prediction of the thermal softening of the
material at high strain rates. The strain rate sensitivity is defined by
the material constant g. The relation �r / g � _�e answers to experi-
mental observations reported for example in [20,25]. Such formula-
tion of the strain rate sensitivity is only valid for defining viscous
drag effect at high rate of deformation. It is ineffective to model
the behaviour of the material at wide ranges of strain rate. More-
over, Tm is the melting temperature, T0 is the temperature of refer-
ence and b is a material constant defining the temperature
sensitivity.
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As previously reported for the MJC relation, the PM model is
needed of larger number of experimental test to be calibrated in
comparison with the extended RK constitutive law.

The following PM model constant-values are reported in [34]
for AA 7075, Table 9.

In the following plot, Fig. 17, the experimental data are com-
pared with the analytical predictions of both models for three dif-
ferent strain rate levels at room temperature. At low strain rate
_�ep ¼ 0:1 s�1, Fig. 17a. the PM model strongly overestimates the
flow stress as well as the strain hardening of the material. At high
rate of deformation the PM model also overestimates the flow
stress and the strain hardening but just until a certain value of
plastic strain is reached, Fig. 17b and c. After that level of plastic
strain the flow stress suddenly starts to decrease and it becomes
lower than that predicted by the extended RK model. As it was pre-
viously reported, the strong decrease of the flow stress after satu-
ration is due to material damage and not due to thermal softening.
Such decrease should not be defined by the constitutive relation
but by a damage model since damage corresponds to non-homoge-
neous behaviour of the material.
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Table 9
Constants determined for AA 7075 for phenomenological model [34].

K (MPa) B (–) n (–) g (MPa s) a (MPa/s) b (–) T0 (K) Tm (K)

960 0.01 0.18 0.0555 0.00115 3 296 900
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In the following plot, Fig. 18, the analytical predictions of PM
and extended RK models concerning the flow stress evolution with
strain rate are compared with experiments. Some comments are
outlined below:

i. The predictions using extended RK model define correctly
the strain rate sensitivity of the material in the range of
strain rates considered. Both, the thermally activated flow
stress and the viscous drag at high strain rates are accurately
described.

ii. The PM model does not account for the thermally activated
flow stress. The strain rate sensitivity it proposes just defines
the linear relation between stress level and strain rate taking
place at high strain rate. Even in the case of fast loading, the
model overestimates the flow stress level.

The relevance of the definition of the viscous-drag stress com-
ponent is apparent in the following plots, Fig. 19. With the increase
of the initial temperature the PM model strongly underestimates
the flow stress (opposite behaviour to that reported at room temper-
ature, Fig. 17).

From this observation may be concluded that the use of multi-
plicative constitutive laws may lead to an inaccurate definition of
the thermo-viscoplastic behaviour of AA.
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6. Conclusion and remarks

In this paper are presented two extensions of the RK constitu-
tive relation to define the behaviour of AA. The formulations re-
ported expand the validity of the RK model to the definition of
particular aspects of the behaviour of AA, namely the negative
strain rate sensitivity and the viscous drag. The goal is to develop
constitutive relations capable of defining accurately the thermo-
viscoplastic behaviour of AA at wide ranges of strain rate and tem-
perature. The models proposed gather simplicity of formulation
and easy calibration. These constitutive relations have been cali-
brated and used to define the behaviour of two commercial AA,
namely AA 5083-H116 and AA 7075 frequently used in marine
and aeronautical applications. The analytical predictions of the
models are compared with those obtained from constitutive rela-
tions for AA reported in the literature (a modified Johnson–Cook
model and a phenomenological model). From the analysis conducted
the following conclusions can be reached:AAAA
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ded RK and PM models and comparison with experiments at To = 500 K [34]. (a)
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� The predictions provided by the extended RK models get satis-
factory agreement with the experimental data. Such agreement
is better than that obtained using the other constitutive rela-
tions examined for the whole range of strain rates and initial
temperatures considered.

� The introduction of a new stress component in the original for-
mulation of the RK model is necessary to obtain an accurate def-
inition of the DSA effect. Neglecting the NSRS of certain AA was
a common practice in traditional constitutive modeling. How-
ever, such procedure may lead to considerable disagreement
between analytical predictions and experimental data.

� The strain rate sensitivity of many FCC metals cannot be defined
using only the reciprocity strain rate-temperature proposed by
Arrhénius equation. At high strain rate those materials (among
others) show a strong increase of the flow stress due to viscous
drag. Such behaviour is defined by the addition of an athermal
stress-component to the original formulation of the RK model.
Such procedure allows for a correct definition not just of the
strain rate sensitivity but also of the temperature sensitivity of
the material.

Moreover, both RK extensions reported could be applied at the
same time in order to model a potential AA having NSRS and vis-
cous drag at high rate of deformation, Fig. 20.
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Appendix A. Derivatives of the extended RK constitutive
relations for implementation into FE code

The extended RK constitutive relations reported in the paper
can be implemented into FE code using for example the fully impli-
cit algorithm reported in [35]. In order to conduct such implemen-
tation is necessary to obtain the first derivatives of the model.
Those derivatives corresponding to the extensions proposed in this
paper are reported below:

� Extended RK model to negative strain rate sensitivity
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� Extended RK model to viscous-drag

drTð _�ep; �ep; TÞ
d _�ep

�����
�ep ;T

¼ a � v � expð�a � _�eÞ ðA-3Þ

The derivatives corresponding to the original formulation of the
RK model are reported in Rusinek et al. [44].
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