
Relaxation and evolution of globular clusters 
 
The virial theorem and  the negative heat capacity of 
 gravitational systems 
 
Mass segregation, evaporation of clusters 
Monte Carlo, N-body and other simulation methods  
 
 
 



Why isn’t  galaxy bumpy? 

The physical collisions  
between  stars are very very 
rare, but close approaches  
are more frequent. We call  
them “collisions”. 















See book’s errata 



Histogram of trelax 



Relaxation effects in real systems: in globular clusters  
trlx=105–106 yr 



The virial theorem  (p. ~105 of textbook) 
refers to time averages of energies in a system in equilibrium: 
Ekin = total kinetic energy = sum of all  ½ mv2 

Epot = total potential energy  
E = total mechanical energy = Ekin + Epot 
Virial theorem: 
2Ekin +  Epot = 0 
2(E - Epot) + Epot = 0     =>   Epot = 2 E 
also        Ekin =  - E 
Mnemonic: using, as we almost always do, E as specific energy 
(en. per unit mass of test particle), the circular  Keplerian motion 
has Keplerian circular speed v, where 
v2 = GM/r  (derived from acceleration eq.: v2/r = GM/r2), thus 
Ekin =   ½ v2  = ½ GM/r  (kin. en. per unit mass) 
Epot =  -GM/r    (pot. en. per unit mass) 
E = - ½ GM/r      
thus  Epot = 2E, Ekin= -E, and 2Ekin = -Epot , i.e. virial relations! 



One interesting consequence of the Virial Theorem: 
 
As you know, temperature is just a rescaled thermal (kinetic) energy:  
Ekin = ½  N m <v2>  =    (3/2) N kBT        (gas of N atoms, molecules, stars,...) 
 
According to the Virial Theorem, E = - Ekin , so  
 
dE/dT = -(3/2) N kB  < 0 
 
We call dE/dT  the specific heat in thermodynamics. 
 
In gravitationally bound systems, specific heat is negative.  
Removing energy from the system makes it hotter (i.e. higher T)! 
 
We’ve seen this seeming paradox inside stars and gas clouds, too.  
It’s due to the gravity being always attractive: the potential wells are 
negative-valued. Sinking into them leads to faster motions è  
hotter system of particles, not colder like in laboratory 
thermodynamics, where potentials are positive. 



In a globular cluster,  
stars exceeding the  
escape speed vesc  
leave the system, or 
“evaporate”. 
 
That’s consequence #1  
of relaxation-driven 
evolution. 
 
Consequence #2 is the 
formation of gradually 
more compact and 
dense core.  
 



Small, dense cores in globular clusters M15 and M4. 



 The red, initial density profile  
ρ~ [1+ (r/b)2]-1     or a similar, so-called, King model 

Evolution of a globular 
cluster 
 
Results of a semi-analytic 
method using the so-called 
Fokker-Planck equation.  
 
Unlike the Monte Carlo 
method, these results are not 
subject to statistical noise. 
 
Typical time of evolution before  
core collapse is 20 trelax. 
 
Core collapse is the name for 
extreme compactification of the 
stellar system’s core. 

dt=trelax 



Evolution of a globular cluster 
 
Initial profile was a Plummer sphere. 
 
Comparison of results of a exact 
N-body simulations (symbols),  
usually with N=150-350, with  
semi-analytic Mte Carlo method 
(line). 
In Mte Carlo method, stellar orbits in 
a smooth potential are followed with 
occasional added jolts simulating  
the weak and strong encounters. 
Random number generators help  
to randomize perturbations. 
The results are subject to significant  
statistical noise. 
 
Upper lines show radius enclosing  
90% of mass, middle lines 50%, and  
the lower show 10% of total mass. 



core collapse  (suspected also in M15, but not common) 

       



3-body interaction 
 
 
a binary comes  
from the left 
 
encounters a single 
 
and the components 
trade places 



Parallax and distance measurement 
Luminosity and mass functions - a few basic facts 
Kinematics of the solar neighborhood 
Thin disk, thick disk  
Open and globular clusters  

   - metallicity, age, distribution, motion  
Infrared view  
Galactic bulge and center 
Rotation 
 
 
 



Step number one:  
 
Measure the parallax  (the Hipparcos satellite, 1989-1993) 
Measure the apparent magnitude m. 
This could be done for 0.12 mln bright stars,  
with positional accuracy ~milliarcsec (1 milliarcsec = 1°/3600000) 
 
Step number two: 
Derive distance from     (d / 1pc) =  (1” / parallax)  
 
Derive the absolute magnitude M from distance modulus 
m - M = 5 log (d/10pc) = 5 log (0.1” / parallax). 
Knowing M for certain classes of stars gave accurate distances  
to a few hundered pc. 
 



The most numerous stars in the Galaxy have mass  0.3-0.5 Msun 

Frequency of stars with different masses = a power-law with exponent (index) -2.35 

Brown  
dwarfs M* (Salpeter IMF) 



Thin and thick  
disks of the Galaxy  



small dispersion of velocity 

large dispersion of velocity 

huge dispersion of velocity 

ag
e 



Vertical velocity w.r.t. sun (W) as a function of stellar age:  
stars are born in a thin disk with small W; older stars are in a thicker disk 



Vertical velocity w.r.t. sun (W) as a function of stellar age:  
stars are born in a thin disk with small W; older stars are in a thicker disk 

-10 km/s 



Open clusters - e.g., Pleiades, Hyades 

100 Myr 
16 Myr 

Foreground  
gas nebulae 

(Pop I) 



 
47 Tucanae is the second  
brightest globular cluster. 
It contains ~1 mln star. 
 
It can only be seen from 
the Southern Hemisphere.  
 
This image is 34 arcmin 
across, ~0.56 degrees 
(comparable with Moon, Sun). 
  
The infrared colors of all these  
stars are very similar.  
  



Globular clusters - e.g. omega Centauri, 47 Tucanae 
(Pop II) 

Connection between kinematics and geometry: thick disk of high-metallicity  
globular clusters (left-hand panel) is made of objects on low-inclination, nearly-circular  
orbits   <=>  the system has some prograde rotation. 
Spherical system (right panel) has completely disorganized motions, no rotation  
on average; some clusters have prograde, some retrograde motion; orbits are highly  
inclined.  The same facts about rotation apply to individual stars in the Galaxy.  

thick disk 

spherical system 



Age, distance, metallicity  
are varied in models until  
the predicted H-R diagram 
(below) matches the  
observations (above). 
 
For instance, 47 Tuc has  
[Fe/H] = -0.83 and age  
~12 Gyr 
 
Cluster M30 has fewer  
metals  [Fe/H] = -2.31  
and older age ~14 Gyr 
 
 
One also uses RR Lyr variables 
(pulsating low-mass stars with 
L~50 Lsun) in glob. clusters 
as standard candles 
 



SPECTRAL  WAVELENGTH  TEMPERATURE   

REGION  (microns)         (Kelvin)                 WHAT WE SEE   

Near-Infrared  0.8  to 5    740 to  5200   Cooler red stars,  

      Red giants, Dust is transparent 
  

Mid-Infrared  5 to  25   90 to 750                Planets, comets, asteroids 
         Dust warmed by starlight  
         Protoplanetary disks   

Far-Infrared  25 to 350   10 to 100       Cold dust 
      Central regions of galaxies 
      Very cold molecular clouds  

…………………………………………………………………………………………… 

Sub-mm and mm    850-2000          10 to 30  Larger (~mm), cold dust grains 

Radio   e.g., 21 cm HI line                           Global structure of the Galaxy, 

       hydrogen clouds  
     

INFRARED & RADIO   VIEW of our GALAXY 



         Infrared view of the center of  the Galaxy:  
 
   optical view             2MASS (2 micron all-sky) survey  

Picture made from star counts 
(not a direct image) 
total of 250 mln stars measured 
in 2MASS.  



Infrared view of the Galaxy: 2MASS (2 micron all-sky) survey  



Infrared view of  
the Galaxy  

 hR = 2 to 4 kpc, both for the thin (hz ~ 0.3 kpc) and the thick disk (hz ~ 1.5 kpc) 
 
Beyond  R=15 kpc, the disk density is rapidly declining. The brightness distributions of  
other galaxies show similar downturns.   



Infrared view of the Galaxy: 2MASS (2 micron all-sky) survey  

20% of Galaxy’s light from the bulge, R~1 kpc 
Stars: few Gyr old, metal-rich unlike the metal-poor stars of the  
galactic halo, the inner halo is also more round and does not show rotation 
(bulge rotates in the prograde sense, like the sun, but slower:  
<Vc> ~ 100 km/s) 
 
 
 
A slight asymmetry of the bulge and additional kinematic data 
show that the Milky Way has a central bar extending to  
R=2-3 kpc. It is a Sbc galaxy or SABbc( r)  -  there can be no  
perfect agreement when looking at multi-wavelength data! 
 
The center of the Galaxy (nucleus)  is a very exotic place,  
with the Sagittarius A* radio source, surrounded by a torus (R=7 pc) of molecular  
gas, which flows in at a rate of 0.001-0.01 Msun/yr and formed dozens of   
massive stars within the last 3-7 Myr. Nucleus (right panel, showing gas) is  
much smaller than the black dot in the background picture. 
A fairly dark and inactive, ‘starved’  black hole (m= 2-3 mln Msun) lurks  
in the center of Galactic Nucleus  (white dot). 

. 
Bulge Galactic Nucleus 



21 cm - line data are used to determine basic Galactic rotation 
(  parameters 



Rotation curve of Milky Way is approximately flat: 



Decomposition of rotation curves  
 into disk, bulge, halo components 
 Two basic types of rotation curves. 

Grand design spirals vs. flocculent spirals 
Leading vs trailing spirals & how to tell one from the other 
Material arms & the winding problem 
Stochastic star formation  
Kinematic waves: a step in the right direction 
 



(next slide) 

(superposition 
principle for  
gravitation) 



Decomposition of the rotation curve of NGC 7331- 
a Milky Way-like galaxy 



Decomposition of the rotation curve of NGC 7331 giving the best 
fit to the observations 

If there are several  
subsystems (e.g. gas,  
stars in a disk, halo) 
contributing to M(<R),  
then the rotation curve  
is a sum of squares 
of several rotation  
curves.  



A spherically-symmetric dark halo density-velocity model  
often used for spiral galaxies  
 
 
 
 
 
 
 
 
 
 
 
 
total rotation curve contributions sum up quadratically: 

V2
total

   =   V2
stars  +  V2

gas  +  V2
halo 



The previous example  
is typical – most galaxies 
have rotation curves that  
do not fall toward zero at  
the largest observed radii  



Dark matter  
(DM) contents 

Gradual rise 
of rotation curve: 
a sign of large 
core of DM halo 

Asymptotic 
velocity 

Notice how the three aspects of dark matter vary with galaxy type  



Tully-Fisher  
relationship,  
a correlation  
between the luminosity 
and maximum  
rotation speed  
of disk galaxies 



Tully-Fisher 



SPIRAL STRUCTURE 
is seen in ~70% of nearby galaxies;  few are pure 
ellipticals; there are actually more irregulars 
 
 
 
 
 
 
 
 
 
 
~77% of disks 
have bars 
 



M 74 



A typical radio-map of HI at 20cm 

Optical image, for comparison: 
(not to scale) 

A grand-design spiral: M51 



R 
R 

Notice two different types of rotation curves 



About 1/3 of spiral galaxies are very regular (so-called 
grand design spirals) 
 
 
 
 
 
 
but most galaxies are flocculent, with short, torn arms 

NGC 2841     (cf. Fig 5.26 in textbook)     M33 

M81               M51 



Most barred galaxies show regular spirals,  
often attached to the bar’s ends. Bars are 
producing those spirals, according to theory, 
via the so-called Lindblad resonances  

      





One early idea was that the arms we see are  
material spiral arms,  
made of concentrations of stars and gas, which never leave the 
arms. It has the winding problem: if the rotation curve is flat,  
the angular speed is ~1/R, and the pitch angle decreases 
as i~1/t  toward i=0 too fast, in just several galactic  
years (turns). 



A better idea: spirals as kinematic waves forming a steady pattern    

It’s a nice idea but to make it work,  
we would need to assure that all  
the orbits precess (turn) at the  
same rate: only an additional,  
dynamical force can do this:  
self-gravity! This effect can only be 
properly calculated in a density  
wave theory 



The best idea: spirals = density waves, or traffic jams in which  
new stars are born 





Finally, galactic encounters can also generate grand-designs 



Density wave theory  
 The WKB dispersion relation for waves in disks 

            Toomre stability (gravitational stability) of disks 
  4 possible types of waves in galactic disks 

Density wave theory of Lin & Shu 
Spiral pattern = Waves + Resonances (resonant cavity)  

   + Wave amplification + Feedback 
(or w/o amplification & feedback, if waves are driven by  
external forces like the gravity of bars or by encounters) 
Growing mode cycle theories (competing!):  
  1. WASER amplification scheme, a slow WKB wave growth 
  2. SWING amplification as non-WKB rapid amplification mode 



 Waves, stability and fragmentation of disks 
In the gas-dynamics approximation to stellar ‘fluid’ 

Self-gravity, velocity dispersion (or soundspeed in gas), 
and the epicyclic oscillations, are the 3 main physical 
effects governing the motion of disk elements. 
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To study waves in disks, we substitute into the equations of  
hydrodynamics the wave in a WKBJ (WKB) approximation, often used in  
quantum mechanics. Assume that waves are sinusoidal, tightly wrapped, 
or that kr >>1. All quantities describing the flow of gas in a disk, such as the  
density and velocity components (let’s call them X), are given by cosines as: 

                                                                                               (observed: real part!) 

Gregor Wentzel (1898-1978) German/American physicist     
Hendrick A. Kramers (1894-1952) Dutch physicist                                    1926 
Léon N. Brillouin (1889-1969) French physicist 
Harold Jeffreys (1891-1989) English mathematician, geophysicist, and    
astronomer, established a general method of approximation of ODEs   in  1923 

 

Some history              WKB applied to Schrödinger equation (1925) 

, 
(k>0 is a trailing, k<0 a leading spiral) 

Euler formula (all the math you’ll need 
to understand the exponential notation below). 
We write complex quantities, but remember to  
take a real part of any result in the end. It pays off... 
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λ
π2

=k
(...If you ever need to 
find the wavelength 
in the radial direction, 
use this general formula, 
binding wavelength and 
wave number) 

Notice the typical values of pitch angle 
for Sa, Sb, Sc types of: 5°, 12°, and 15°-25°,  
respectively 



Example of a crest of the spiral  
wave   ~X1 exp[ … ] 
for k=const >0 , m=2,   
and constant time frequency 

The argument of the 
exponential function is 
constant on the spiral 
wave-crest 

The wave-crest shape 
and angular speed 
(trailing wave) 
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This spiral  
pattern has a constant  
shape and rotates  
with a constant angular  
speed, which we can  
find by taking one point 
 r = const  on a wave-crest  
(equation on the right),  
and looking at how the  
azimuthal angle depends on time:  
 
 
 
 
which shows that the whole pattern 
rotates counter-clockwise at angular  
speed 
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almost all  
observed patterns  
consist of trailng  
spirals 



A dispersion relation is, as in all the physics, a relation  
between the time and spatial frequencies, 
 
The one describing a simple harmonic (sinusoidal) sound  
wave in the air:  
 
 
 
 
 
 
the waves in a non-rotating medium w/o gravity are simply pure  
pressure (sound) waves.  
 
The complications due to rotation lead to a spiral shape of  
either a sound wave, or a fully self-gravitating pressure wave. 
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(don’t use that 
relation for galaxies, 
it’s only good for sound 
or other waves travelling 
through uniform medium or 
space at speed c !) 



Dispersion Relation for non-axisymmetric waves in disks  
tight-winding (WKB) local approximation 
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Doppler-shifted  
frequency 

epicyclic 
frequency 

 self-          disk pressure 
gravity     (or velocity dispersion) 

e.g., 
in Keplerian disks, i.e. disks 
around point-mass objects 
 speedKeplerianangular=Ω=κ



Dispersion Relation in disks with axisymmetric (m=0) waves 
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It turns out that even at Q~1.5 there are unstable nonaxisymmetric 
global modes. They can be ‘grown’ numerically in an initially symmetric disk. 
Observed galaxies have Q > ~ 1.6 

(1960  -  1964) Alar Toomre (MIT) 



SPH =  
Smoothed 
Particle  
Hydrodynamics 
 
1 million particles 

   Mayer, Quinn, Wadsley, Stadel (2003)                               

Isothermal disk’s 
gravitational  
breakup  
 
(fixed velocity  
dispersion, a rather 
unrealistic model of 
a galaxy; stars not 
gaining random  
velocities from  
encounters with  
spiral arms.) 



From: Laughlin & Bodenheimer (2001) 
Disk in this SPH (Smoothed 
Particle Hydrodynamics)  
simulation initially had Q~1.8 
 
The m-armed global  
spiral modes of the form  
 
grow and compete with each other. 
But the waves in a stable 
Q~2 disk stop growing  and do  
not  form separate objects  
(baby galaxies). 
 
The same applies to all  real disks,  
which stay at Q ~ 1.4 - 2.5, 
as far as we can measure their Q 
factors. Close to instability, but  
safely stabilized by the heating effect 
 of  the huge nonlinear waves  
(negative feedback effect). 
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Dispersion Relation for non-axisymmetric waves in disks 
tight-winding (WKB) local approximation

Doppler-shifted 
frequency

epicyclic
frequency

 self-            gas
gravity       pressure

This is a quadratic equation for |k|, the absolute value of the wave  
number k. It has thus up to two solutions for |k| (one smaller, one 

larger), and hence up to four solutions for the wave-vector k:        
larger |k|, positive k   ==> Short Trailing waves             x <~~~ 
larger |k|, negative k  ==> Short Leading waves              x ~~~> 
smaller |k|, positive k  ==> Long Trailing waves               x ~~~> 
smaller |k|, negative k ==> Long Leading waves              x <~~~ 

The first type of waves are the ones we see as the spiral pattern 
in galaxies. They travel inward toward the galactic center (x)          
   Other waves travel in the indicated directions. Outward-going waves are 

also important, they provide the feedback for the amplification cycle of waves. 

22222 2 kckGm p +−=− ||)( ΣΩΩ πκ



Modal theory of density waves in galaxies (Lin-Shu theory) 
Quasi-stationary Spiral Structure hypothesis of C.C. Lin 
and F. Shu (1964) 
 
1. Pattern rotates at constant speed: 
it is a growing mode of oscillations 
2. Waves are of 4 types (S.T., S.L., L.T., L.L.) 
3. They propagate in a part of the galaxy  
bordered by resonances and/or turning-points which  
deflect (refract) waves in a differentially rotating disk. 
4. That part acts as a resonant cavity for waves 
5. Waves are growing in the stellar disk, but do not reach large amplitude 
(arm vs. interarm density contrast) before saturating (levelling off).  
6. Saturation is due to the transfer of wave energy to gas disk 
7. Gas disk is colder kinematically and responds much more vigorously 
to the gravitational forces of the spiral wave in a stellar disk than that disk  
itself. As a consequence, gas waves steepen into shock waves:  
the non-linear, easily visible density waves that we see. 
8.  Waves grow between the Inner Lindblad Resonance and Corotational Res. 
9.  Waves can propagate beyond Corotation to Outer LR.    LR’s kill waves. 
10. CR region acts as an amplifier of waves due to over-reflection (see below) 

Frank Shu 
(UC Berkeley, 
UC San Diego) 
a well-know  
astro-dynamicist 



Schematic stellar motion w.r.t. spiral arm  

The left-hand side is the frequency with 
which disk material (stars) encounters arms. 
Sometimes called the Doppler-shifted driving 
frequency 

ILR = Inner LR 
OLR = Outer LR 

(LR) 

Swedish theorist who 
proposed an early version of 
the density wave theory 



CR 

(CR) 



R 
R 

Typically one (or two) ILRs   typically no ILR 



Situation typical for a rapidly rising rotation curves with a bend/knee 
(like in a Plummer potential): there is one or two inner Lindblad resonances 

Density waves may exist  
in this ‘resonant cavity’ 

Two ILRs, one inner and one outer.              One OLR. 
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ΩΩCondition for ILR 



Just one ILR  in a Soneira-Bahcall model of Milky Way 

pΩ
ILR                        CR                 OLR 

Similar pictures drawn for the m=3,4,5,…. wave pattern generate much smaller radial  
ranges supporting these patterns (compared with 1.5-12 kpc for m=2 in this example).  
That explains why real galaxies select m=2 as their favorite mode. Creation of a mode  
(any m) is an energetically favorable: material of the galaxy flows inward, lowering E.  
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OLR condition: 



Peter Goldreich 
 (Caltech) -   
contemporary 
astrophysicist and 
top dynamicist 

This is the SWING amplification mechanism (non-WKB) 
proposed by Goldreich and Lynden-Bell (1965).  The S.T. wave arriving at the 
center passes through and reverses the sense of trailing (trailing to leading), 
providing positive feedback for the interesting corotational wave amplifier.  
The leading wave swings into a trailing one, and over-reflects by a large 
factor, to satisfy the conservation laws; a 3rd wave is sent “tunneling” through 
the evanescent zone surrounding CR, toward an OLR. (The outer wave is weak.) 

OLR 

(S.T. wave) 

The first type of amplification scenario, called SWING,   
applies only to galaxies without ILR 



The WASER amplification and cycle of waves in Lin-Shu theory 
(amenable to WKB analysis. WASER creates weaker spirals in Sa-Sb spirals) 
ILR is present, but shielded from the resonant cavity by  
the so-caller Q-barrier, where high values of Safronov-Toomre  
Q parameter cause a rapid refraction (turning away) of incoming waves. 
 

X  
(OLR) 

The over-reflection factor at CR zone is smaller than in SWING,  
and the stellar waves are growing to only ~5% amplitude (or density contrast)  

(S.T. wave) 



About 1/3 of spiral galaxies are very regular (grand design 
spirals) 
 
 
 
 
 
 
but most galaxies are flocculent, with short, torn arms 

NGC 2841     (cf. Fig 5.26 in textbook)     M33 

M81               M51 



Most barred galaxies show regular spirals,  
often attached to the bar’s ends. Bars are 
producing those spirals, according to theory, 
via the outer Lindblad resonances  

    

CR 
        OLR 



Summary of the origin of spiral patterns:  
  
Spiral pattern = Waves + Resonances (resonant cavity)  

   + Wave amplification + Feedback 
 
(or w/o amplification & feedback, if waves are driven by  
external forces like the gravity of bars or perturbing 
galaxies during galaxy encounters) 
 
Growing modes - cycles:  

 WASER amplification scheme: a slow wave growth  
    (obtained in WKB formalism) 
 SWING amplification: non-WKB rapid amplification mode 

 
 
(WKB = short-wavelength approximation, or in other words, tightly wrapped  
spiral approximation) 
 
 



Summary of the origin of different spiral patterns:  
 
Growth of spiral patterns (modes of density waves circulating in a 
disk between the CR and LR resonances) causes the observed 
spiral patterns 
 
Explanation of clear progression of seemingly unrelated features in  
Sa---Sb---Sc  spiral subtype sequence: 
 
Sa galaxies have bigger bulge à steeply rising rot. curve that  
turns flat roughly where the bulge ends à WASER à  
weaker and more tightly wrapped spirals 
 
Sc galaxies have a small bulge & dark matter is more dominant à  
gradually rising V(R) à SWING à strong and more open spirals 

This explains the many correlated characteristics of Sa-Sc Hubble 
classification  (bulge-to-disk ratio, rotation curve, strength and shape of spiral 
arms, presence of young stars in strong spiral arms) 
 
 
 


