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1 Introduction

Human beings are exceptionally complex signal processing machines. We are continuously
collecting, decoding, and translating information from the environment into meaningful expe-
riences. This process is so innate and automatic that we hardly recognize the great difficulty
behind this remarkable ability until we attempt to manually construct artificial signal pro-
cessing systems. It is extremely frustrating to quickly discover that even the most complex
of artificial systems have difficulty performing task that are trivial to us.

Among the various classifications of technical difficulties in signal processing, the presence
of noise in communication channels is one of the most prominent issues (Haykin, 1986).
To understand the basic idea of noise, let’s consider a standard communication scenario
between two communicators, say Alice and Bob, as they try to convey a message across
some communication channel. The efficiency of communication ultimately hinges on how
the channel influences the input signals. To start, the channel is said to be noiseless if for
every input signal that is transmitted across the medium, the output is perfectly correlated
with its input (Diniz, 1997). In such a case, Bob is able to uncover the exact message sent
by Alice. However, the problem begins when the channel itself begins to play a part in the
dynamics of Alice and Bob’s communication. The unpredictable interference of a channel
between the communication of Alice and Bob is regarded as noise.

Figure 1: Binary Symmetric Channel. The input and output possibilities are (0, 1). p represents
the probability of the channel flipping the bit to the opposite state; this value is also referred to as
the noise parameter. p = 1/2 represent the highest level of noise.

Here is a simple example to illustrate the notion of noise with a discrete communication
channel called the binary symmetric channel. In this channel, the input signal is either a
0 or 1 and the output signal is also 0 or 1. The output, or Bob’s signal, is correlated with
its input via a probability distribution {p, 1− p}. If p = 0 or p = 1, then there is a perfect
correlation between the input signal and the output response. That is, if Bob receives an
output of 0 from the channel, then he knows for certain that Alice inputted 0 (assuming
p = 0) (Diniz, 1997). However, the difficulty begins for all intermediate values of p. In such
a case, the channel begins to interfere with Alice’s inputs, and it is not clear to Bob what
exactly was Alice’s initial response. This is a basis of noise - a probabilistic alteration of
input signals into a set of output signals. Our understanding of the channel is essentially an
understanding of how noise interacts with the input.
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It is important to note that when we refer to signal processing in artificial systems, we
are particularly making a reference to digital signal processing. Such systems collect physical
input signals like sound or light, and translate this information into a range of frequencies, as
opposed to the discrete analogy given above. Therefore, in digital signal processing, Alice’s
signal is actual a superposition of a range of frequencies, and the interrupting noise is also
a set of harmonics. This convolution of frequencies is the returning information that Bob
must decipher.

The topic of this paper aims to answer the next logical question from this development:
Can the interfering effect of noise be removed from the output signal? If yes, then to what
extent can we restore the original signal once it is corrupted? The answer to these series
of questions on the ability to recover interfered or corrupted data is related to the idea of
a filter. In everyday use, the word filter has many meanings. But, in the scope of this
paper, we are particularly referring to electronic filters. Such devices analyze the range of
frequencies emitted from a source and select a particular span to emit.

The filter’s output spectrum is derived from the input spectrum. In this sense, a filter may
be regarded as a mathematical function that transforms an input into an output based on
some mathematical transform (Ling, 2007). The first part of our paper analyzes the regime
of linear transformations. Such filters are the simplest of transformation take a superposition
of inputs F (ax+by) to aF (x)+bF (y). Our next develop aims to view what kind of noise can
be best dealt with linear filters. The simplest form of noise is additive noise. When the de-
sired signal S gets a linear addition of noise according to some noise distribution N , the filter
aims to subtract out N and leaving S, assuming the output is a resultant N+S (Stein, 2000).

In our last section, we recognize that the many real-life information sources often try
to communicate across noisy channels where the introduced noise is not additive and is
intricately convoluted with the source signal. In this regime, the simple linear filter is shown
to be insufficient to effectively decipher the original source signal. This problem calls for
nonlinear filters. We particularly consider three examples of nonlinear filter: Median, Mixer,
and Multilayer filters.

2 Understanding Linear Filters

The two driving questions initiated in the introduction was whether noise can be removed
from an input signal and, if it can, to what extent noise be removed. The answer to the first
part came in the form of a filter.

We may use a filter to perform three basic information processing task (Ling, 2007):

1. Filtering: extraction of information about a quantity of interest

2. Smoothing: distinguishing between a pattern of interest from irregularities, and re-
moving and replacing these irregularities with model patterns
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3. Prediction: forecasting a future trend based on collected information.

In the regime of linear filters, these devices never produce frequency outside the domain
of existing input domain. They are mathematical functions that take input from the same
domain to the same (Mitra & Sicuranza, 2001).

The frequency response of a filter can be classified into a number of different band forms
describing which frequency bands the filter passes and which it rejects. Low-pass filters are
filters that pass DC and low frequencies, but block or strongly attenuate high frequencies.
High-pass filters pass high frequencies but block or strongly attenuate low frequencies and DC
(Ling, 2007). Band-pass filters block both low and high frequencies, passing only frequencies
in some pass-band range. Band-stop filters do the opposite, passing everything not in a
defined stop-band. Notch filters are extreme examples of band-stop filters, they pass all
frequencies with the exception of one well defined frequency (Mitra & Sicuranza, 2001).

3 Understanding Additive Noise

Signals in nature contain noise and each time we observe it, the graph of its intensity looks
completely different. This property characterizes noise and whether we can predict the
difference or not depends on the type of noise attached to the signal. The different obser-
vations of the noise signal are termed as realizations of the noise. Although not the same,
realizations contain similarities which is exploited in Digital Signal Processing (DSP). The
similarities include statistical attributes such as mean, variance and standard deviation in
the frequency distribution. We classify noise signals as stationary (when these attributes are
time-independent) and non-stationary (time-dependent attributes). The figure below depicts
4 realizations of a noise whose statistical attributes are roughly the same (Stein, 2000).

Figure 2: Four realizations of a Gaussian noise signal. Few values in the plot appear discontinuous
due to scaling of the plot and not the noise (Stein, 2000).

The statistical attributes of a noise can be summarized with probability distribution
functions, p(x), probability that a signal will take on the value x. We can estimate the
probability distribution using a large collection of realisations of the signal. Any probability
distribution has to be normalized to give an unit total sum of the probabilities of possible
signal values. There are four primary distributions of noise in practice, as shown in the figure
below.

A normal or Gaussian distribution is practically useful as it includes all the possible signal
values with a most probable value, forming a bell-shaped curve. The Gaussian probability
distribution can be mathematically written as the equation below, where µ is the mean and
σ is the standard deviation (Stein, 2000):
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Figure 3: Four probability distributions: (A) Uniform, (B) Exponential, (C) Gaussian and (D)
Bimodal, a mix of two Gaussians (Stein 2000).

p(x) =
1√
2πσ

exp

(
1

2

(x− µ)2

σ2

)
. (1)

Noises can be broadly classified into deterministic (predictable) noise and indeterministic
(unpredictable) noise. Examples of the former include pseudo-random signals and chaotic
signals while the latter mainly includes stochastic signals. There are other wider classifica-
tions of noise called white and colored noise. White noise is a spectrum that has a constant
amplitude over all frequencies. It is produced in a theoretical process of randomness but
experiments have shown that thermal noise closely resemble white noise in a reasonably wide
range of frequencies. The flat spectrum of a white noise makes it almost impossible to pro-
cess output signals, yet thermal noises are very common. On the other hand, colored noises
are concentrated in a narrow frequency bandwidth, similar to the electromagnetic spectrum
(Kalivas, 2009).

3.1 Additive Noise and Averaging

Let us consider a receiver signal yn, deterministic periodic sender signal xn and a linear
zero-mean noise signal νn. We call this noise additive if it can be represented as shown in
the equation below.

yn = xn + νn. (2)

A typical example of such a noise occurs in Radar (Radio detection and ranging) and the
basic model involves a transmitter that periodically shoots out an electromagnetic pulse in
the direction of interest. The pulse hits an object and part of its energy is reflected back to
the radar receptor which measures the Time Of Arrival (TOA). Knowing the speed of elec-
tromagnetic wave and measured time, the distance to objects are calculated. These waves
are interfered by natural and man-made noise that need to be removed in order to measure
precise distances to objects. The time between a pulse transmission and its TOA is termed
as lag. A primitive model will involve transmitting several pulses and subtracting successive
TOAs to calculate the lag. However this fails if the reflected pulses are hidden inside noise
(Stein, 2000).

The received signal yn is always different from the desired sender signal xn due to the
added noise as it can be seen in the figure below. As the additive noise is linear, the average
of yn is the sum of averages of xn and νn. The zero-mean noise implies that although received
yn is not equal to the desired xn, the average of yn is the desired signal. Many such received
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pulses are averaged to estimate the desired signal. Increasing the number of pulses amplifies
the true echo signal while averaging out the noise better.

Figure 4: The added noise creates different realisations of the pulse signals. However, the same
pulse shape is used in averaging a zero-mean noise (Stein, 2000).

The averaging technique to can be used to reduce noise in any desired signal that is
periodic in nature, where each observation improves the Signal to Noise Ratio (SNR). It has
to be highlighted that this technique involves the assumption of a zero-mean. This technique
can be used in the case of slowly oscillating signals where the additive noise is white (high
flat frequency profile). In such cases, the desired signal vary considerably slower than the
high-frequency white noise. This implies that averaging over adjacent values attenuates the
white noise. This averaging can be pictured as a low-pass filter that freely allows only the
lower frequency signal while attenuating the high-frequency noise (Stein, 2000).

Radio waves used in cellular General Packet Radio Service (GPRS), satellite Digital Video
Broadcasting (DVB) and other broadband communications need to implement sophisticated
architect such as varying amplifier gains to mix and modify frequency bandwidth that aid
eliminate noise by averaging (Kalivas, 2009).

4 Nonlinear Extension of Noise and Filters

We have come to see a filter beyond just a physical unit that distills input like a coffee
filter or drinking water filter. Filters are mathematical functions that take an input and per-
form a set of algebraic operations to distill particular range of frequencies predefined as noise.
The output spectrums fidelity with the original input represents how well the filter performs.

The next line of reasoning leads us to ask how well do filters perform as linear functions
and, more importantly, what are their limits. Nonlinear filters are a solution to this question.
Why should we study nonlinear filters? There are two good reasons. No realistic physical
system is perfectly linear. Like most linear theories in physics, these constructs are ideal
limits and often artificial to allow the physicist to explore basic properties. In the case of
filters, all linear analogs systems are nonlinear at appropriately chosen scales and demands.
When filters are pushed to their limits, even relatively small nonlinearities can great influence
how noise is perceived and dealt with. Second, there are certain nonlinear processes that
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cannot be dealt with with linear filters. Particularly, high demand of input signals may
require some form of damping from the filter, like a logarithmic output.

4.1 Median Filter

The first filter we study are called Median filters. Linear filters are optimal at recovering
signals that are masked by additive Gaussian, but they are less adapted at removing inter-
ference from unwanted or unpredicted interferences. That is, our previous model on filters
and noise in the first section assumed that the distribution of noise on the input signal was
well known. However, in more realistic signals, it may be very difficult for a communicator
to account for all the interferences. It is important to acknowledge that there may be un-
accounted interruptions in the signal. Median filters have a more powerful ability to isolate
these incorrect signal values, which are referred to as outliers.

Figure 5: Comparison of a linear filter with a median filter. (A) demonstrates the orignial signal.
The deviate spike-like irregularites represent outliners in the data; (B) the signal has been processed
with a linear low-pass filter; the outliners still presist; (C) the median filter has significantly reduced
the spikes. (Stein, 2000)

The figure provides an illustration of this effect. Figure 2A shows the output signal that
Bob receives from channel. One of the features that are clearly evident on this signal is
the presence of sharp peaks; these components are referred to as outliers or unexpected and
incorrect features on the output signal. Figure 2B shows how the signal has been filtered by
a linear low-pass filters. The filter has failed to recognize the peaks as a discrepancy. While
Figure 2C clearly shows how a median filter would be able to smooth these divergences
(Stein, 2000).

P (X < m) = P (X > m) =

∫ m

−∞
f(x)dx =

1

2
(3)

The nonlinearity of the median equation arises from the square of the probability function
and the sampling algorithm. The novelty of this filter is centered in the sorting algorithm.
However, this repetitive back-and-forth analysis of the maximum and minimum value also
results in nonlinearity (Mitra & Sicuranza, 2001).
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4.2 Multilayer Nonlinear System

One of the defining features of the linear filter was the principle of superposition. However,
one problem that often arose is that adding linear filters beyond a certain threshold did not
often enhance the filtering process. These filters often had common domains of frequency
influences and the threshold defined a maximum effectiveness. Complex nonlinear filters can
be built from simpler ones placed in series, a process known as cascading. Consider the
following analogy with low pass filters (Stein, 2000).

yn = h0xn + h1xn−1 + h2xn−2 + ...+ hL−1xL−1. (4)

Figure 6: A general nonlinear two-layer feedforward system. Each node has an exponentially
increasing degree of complexity. (Stein, 2000)

4.3 Mixer

A mixer is a system that does a frequency shift to the spectrum of an output signal. Rather
than a simple linear shift of the frequency, a mixer has a potential to readjust the overall
spectrum of output frequency. As you may reason, such domain shift result in frequencies
beyond the input spectrum.

Figure 7: The effect of mixing an arrow-band analog signal with spectral inversion. (Stein, 2000)
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