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Preface 

When asked during the writing of this book what topic could divert us for so 
long from the pleasures of a normal life we would answer: "It is about how 
small particles absorb and scatter light." "My goodness," would be the 
response, "who could possibly be interested in that?" As it happens, scientists 
and engineers from a surprising variety of disciplines-solid-state physics, 
electrical engineering, meteorology, chemistry, biophysics, astronomy-make 
forays into this field, some never to escape. To completely satisfy such diverse 
groups, each with its peculiar conventions, notation, terminology, and 
canons, is an impossible task: physicists prefer the language of elementary 
excitations-phonons, plasmons, and all that; electrical engineers are more 
comfortable with the language of antennas and waveguides; chemists and 
biophysicists might not like either. We have therefore striven for the middle 
ground with the hope of, if not pleasing everyone, at least not antagonizing 
anyone. Ultimately, however, our point of view is that of physicists. Quantum
mechanical concepts are introduced where they serve to elucidate physical 
phenomena, but otherwise our approach is primarily classical. 

Like so many other books, this one began its existence as lecture notes. 
Separately and jointly we have given lectures to graduate students and re
searchers with the kinds of diverse backgrounds and interests we expect our 
readers will have. Although more of an advanced monograph than a textbook, 
this book has a pedagogical flavor because of its origins. Indeed, many of the 
topics covered are in direct response to questions asked either in classrooms or 
by our colleagues. 

There is one important idea, the raison d 'etre of this book, that we should 
like to implant firmly in the minds of our readers: scattering theory divorced 
from the optical properties of bulk matter is incomplete. Solving boundary-value 
problems in electromagnetic theory may be great fun and often requires 
considerable skill; but the full physical ramifications of mathematical solutions 
are hidden to those with little knowledge of how refractive indices of various 
solids and liquids depend on frequency, the values they take, and the con
straints imposed on them. Accordingly, this book is divided into three parts. 

Part 1, Chapters 1 through 8, is primarily scattering theory. After an 
introduction there is a chapter on those topics from electromagnetic theorv 
l"~~l"ntial to an understanding of the succeeding six chapter" on exact :1r1tl 
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approximate solutions to various scattering problems. Because uninterrupted 
strings of mathematical formulas tend to pall, computational and experimental 
results are interspersed throughout these chapters. 

Bulk matter, rather than particles, is the subject of Part 2. In Chapter 9 we 
discuss classical theories of optical properties based on idealized models. Such 
models rarely conform strictly to reality, however, so Chapter 10 presents 
measurements for three representative materials over a wide range of frequen
cies, from radio to ultraviolet: aluminum, a metal; magnesium oxide, an 
insulator; and water, a liquid. 

Part 3 is a marriage of Parts I and 2, the offspring of which are chapters on 
extinction (Chapter 11), surface modes (Chapter 12), and angular scattering 
(Chapter 13). Applications are not totally absent from the first thirteen 
chapters, but there is a greater concentration of them in Chapter 14. 

We did not attempt an exhaustive list of references, even assuming that were 
possible. Instead, we concentrated on the years since publication of Kerker's 
book ( 1969), which cites nearly a thousand references. Even with this restric
tion we were selective, guided by our tastes rather than some ideal notion of 
completeness. 

We avoided irritating statements such as "it can be shown"; while implying 
calm, they usually signal rough sailing ahead. Of course, we do not give all the 
details of lengthy derivations, but we do provide enough guideposts so that a 
reader can, with a bit of effort, duplicate our results. We always chose the 
simplest derivations, preferring physical plausibility over mathematical rigor. 
Those who demand the latter are reminded that one man?s rigor is another 
man's mortis. 

This book was not written with scissors: all derivations are our own, as are 
most of the figures, many of them generated with the computer programs in 
the appendixes. Even much of the experimental data was taken with an eye 
toward examples for the book. Any errors, therefore, are solely ours. 

University Park, Pennsylvania 
Tucson, Arizona 
January 1983 

CRAIG F. BOHREN 

DoNALD R. HuFFMAN 
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Chapter 1 
Introduction 

Cumulus clouds in the summer afternoon sky present a striking contrast of 
white against a bright blue sky. During a sudden thundershower the primary 
and secondary rainbows display their multicolored arches. Other colors in 
nature are the dark green of forest foliage and the red and orange hues of the 
Grand Canyon in early morning. High in the mountains or on the desert when 
the air is clean one can clearly see dark patches in the bright band of the Milky 
Way. Chimney smut turns all it touches to dirty blackness, and iridescent opal 
shimmers with a variety of colors. All these visual phenomena and many more 
are manifestations of scattering and absorption of light by small particles, 
which is the subject of this book. We do not, however, restrict ourselves to 
visible light. 

The study of light scattering and its applications is an enormous field, much 
too large to be treated successfully in one book. We limit our treatment, 
therefore, to scattering by single particles within the framework of classical 
electromagnetic theory and linear optics. Not all the examples given above fall 
within these restrictions. The colors of rocks and foliage, for example, involve 
complicated interactions of light with many densely packed centers of scatter
ing and absorption. Nevertheless, all detailed treatments of the more com
plicated phenomena begin with those that we shall study. 

1.1 PHYSICAL BASIS FOR SCATTERING AND ABSORPTION 

Scattering of electromagnetic waves by any system is related to the heterogene
ity of that system: heterogeneity on the molecular scale or on the scale of 
aggregations of many molecules. Regardless of the type of heterogeneity, the 
underlying physics of scattering is the same for all systems. Matter is composed 
of discrete electric charges: electrons and protons. If an obstacle, which could 
be a smgle electron, an atom or molecule, a solid or liquid particle, is 
illuminated by an electromagnetic wave (Fig. 1.1), electric charges in the 
<2bstacle are set into oscillatory motion by the electric ~~~!.~ ... ?.r~he_}l1cident 
wave. Acceieratoo electnc cliarges rad1ate electromagrrettc-·energy in··an--d1rec
tiOns; it is this secondary radiation that is called the radiation scattered by the 
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INCIDENT ;' ~ SCATTERED 

~ 
OBSTACLE 

Figure 1.1 Scattering by an obstacle. 

obstacle: 

Scattering = excitation + reradiation 

In addition to reradiating electromagnetic energy, the excited elementary 
charges may transform part of the incident el~tromagneti~~~ 1m& other 
forms (thermal ene,!gy, for example), a process called !JI!!~· Scattering 
and absorption are not mutually independent processes, and although, for 
brevity, we often refer only to scattering, we shall always mean absorption as 
well. 

1.2 SCA TIERING BY FLUCTUATIONS AND BY PARTICLES 

Everything except a vacuum is heterogeneous in some sense. Even in media 
that we usually consider to be homogeneous (e.g., pure gases, liquids, or solids) 
it is possible to distinguish the individual heterogeneities (atoms and mole
cules) with a sufficiently fine probe. Therefore, all media scat er li t. In fact, 
many phenomena that are not usually referred to as scattering phenomena are 
ultimately the result of scattering. Among these are: (l) diffuse reflection by 
rough surfaces; (2) diffraction by slits, gratings, and edges; and (3) specular 
reflection and refraction at optically smooth interfaces. Let us examine the 
third example in more detail. The directions of the reflected and refracted rays 
in Fig. 1.2 are specified by the law of specular reflection and Snell's law. These 
luws have been known empirically for a long time. They can, however, be 
\lcrived by using the Maxwell equations, and in so doing one also obtains the 
aamplitudes and phases of the reflected and refracted rays (i.e., the Fresnel 
~uations). It is also possible, although far from easy, to derive these laws by 
t"ll.phdtly considering the molecular nature of matter. The transparent medium 
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Figure 1.2 Reflection and refraction at an optically smooth interface. 

on which light is incident (Fig. 1.2) is an aggregation of very many molecules. 
The field in the neighborhood of a given molecule induces an oscillating dipole 
moment in the molecule, which in turn gives rise to secondary dipole radiation. 
Solids, liquids, and many gases are optically den~e: the molecular separation is 
much less than the wavele~th of the inciden.!J!gb_t. In solids and liquids the 
molecular separation is about ~' whereas for gases at standard tempera
ture and pressure (STP) the ~e separation ~-~~1!.!. 30 A. Thus, ~ 
molecule is acted on not only by the incidf?ptJi~!Q. but al§Q_ b_y the r~§..Yltant .. of 
ffie secondary fieids'Oratri1ie oiher · moles\!Jes. But the secondary field of a 
molecule depends-ontlie·.rrera-fo wlllch It is exposed. Therefore, we have an 
electromagnetic many-body problem: the molec~les ~£.f.O!!Pk.P. The net result 
of the solution to this problem, subject~to suitable approximations, is that 
inside the medium the secondary wave.~~ s_upetp.os~ on each 9ther ap.Q on the 
.!_ncident wave to give just a reffacte~_wave with pro~gatiQ!!._velO£~!.Y-~il.l, 
where c is the speed of light in vacuo and n is the refractive index. The incident 
wave is completely extinguished inside the medium; this is called the Ewald
Oseen extinction theorem. Outside the medium the secondary waves superpose 
to give a specularly reflected wave. As we shall see in Chapter 9, n depends on 
the number of molecules per uni~~~!.'!.~£ .. ~_mtJ.tlUQ!~~~ili_tY.. ()f ;:t single 
molecule; this underscores the assertion that refraction is a scattering phenom
enoilifl its essentials: the refractive index is a manifestation of scattering by 
the many molecules that compnse the medium. -· .. ------.. ·-----·-~·- ... 

Careful observation of the configuration shown in Fig. 1.2 reveals a phe
nomenon that contradicts the familiar law of refraction. Suppose that we 
completely darken the surroundings and illuminate a transparent medium. 
which could be pure water, with an intense laser beam. Even if the medium 1" 
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free from all particulate contamination, the path of the beam in tl!~eQ!um 
can b._e dimly perceived (this might require a suitable detector) if w~1Q9_kin 
directions other than in the plane of incidence. This is not compatible with 
Snell's law, which asserts that the refracted ray lies in the plane of incidence 
and which takes no account of light other than in this plane. Therefore, Snell's 
law is only a first approximation, and we must probe deeper to discover the 
origins of this light weakly scattered in all directions, which is superposed on 
the more intense unidirectional refracted beam. 

It is assumed in the usual analysis of the interaction of a beam of light with 
an optically smooth interface that the refracting medium is perfectly homoge
neous, whereas, in fact, it is only statistically homogeneous. That is, the average 
number of molecules in a given volume element is constant, but at any instant 
the number of molecules in this element will be different compared with any 
other instant. It is these density fluctuations which give rise to scattering in 
optically dense media. Although we, and others, refer to scattering by fluctua
tions for brevity, we must emphasize that molecules are the scattering agents. 
But one can ignore them and imagine that their scattering is the result of local 
density fluctuations in an otherwise homogeneous medium. It would be more 
precise, therefore, to refer to the fluctuation theory of scattering by molecules 
rather than to scattering by fluctuations. 

There are other types of fluctuations. For example, if sugar is dissolved in 
water, after thorough stirring the sugar concentration will be statistically 
homogeneous, but concentration fluctuations will give rise to scattering. If the 
molecules are nonspherical, there will be orientation fluctuations. 

All such scattering by fluctuations is excluded here; we confine ourselves to 
scattering by particles, and a fluctuation is not a particle in our sense. It is 
important to distinguish between scattering by fluctuations and scattering by 
particles because there is a large body of literature on "light scattering" which 
is clearly distinct from the subject of this book. Although the mathematical 
expressions are often similar, the underlying physics is somewhat different: 
scattering by fluctuations, for example, involves thermodynamic arguments, 
whereas scattering by particles does not. Moreover, there is common terminol
ogy, which is a possible source of confusion. For example, scattering by density 
fluctuations in ideal gases has the same functional form as scattering by dilute 
suspensions of particles small compared with the wavelength. We shall call the 
latter type of scattering Rayleigh scattering, but in the theory of scattering by 
fluctuations the term may have a somewhat different meaning. We refer the 
reader to an article by Young ( 1982) in which he attempts to sort out all the 
different ways in which "Rayleigh scattering" is used and misused. 

The basic problem to which we confine our attention is the interaction of 
light of arbitrary wavelength with a single p_article (i.e., a well-_<!_~f~ned aggr~
gtHC of vecy many atoms or molecules), which is embedded in an otherwise 
homogeneous medium (Fig. 1.3). By homogeneous is meant that the atomic or 
mulet:ular heterogeneity is small compared with the wavelength of the incident 
lq~hl. we nlso ignore scattering hy fluctuations. which is u ..... uallv 111111.:h It'"" than 
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INCIDENT 
LIGHT 

HOMOGENEOUS 
MEDIUM 

Figure 1.3 Interaction of light with a single particle. 

7 

scattering by particles. Although the particle may be complicated in shape and 
may have several homogeneous components, we assume that it is composed of 
maUer that is at every point describable in macroscopic terms. That is, the 
optical proper:_ties of a particle or regions thereof are completely specified by 
frequency-dependent optical constants; the interaction of photons with ele
mentary quantum excitations need not be considered explicitly. 

We restrict our treatment to elastic scattering: the frequency of the scattered 
light is the same as that of the incident light. This excludes from study inelastic 
scattering phenomena such as Mandel'stam-Brillouin and Raman scattering. 
Elastic scattering is sometimes denoted as coherent scattering, but elastic is 
more physically descriptive and the notion of coherence as a definite phase 
relation between different sources of radiation is firmly established in optics. 
To add to the confusion, Rayleigh scattering is sometimes used to denote 
scattering in which there is no change in frequency. Again, see the article by 
Young ( 1982) for clarification. 

1.3 PHYSICS OF SCA TIERING BY A SINGLE PARTICLE 

We can acquire a qualitative understanding of the physics of scattering by a 
single particle without invoking a specific particle or doing any computations. 
Consider an arbitrary particle, which we conceptually subdivide into small 
regions (Fig. 1.4). An applied oscillating field (e.g., an incident electromagnet it· 
wave) induces a dipole moment in each region. These dipoles oscillate at the 
frequency of the applied field and therefore scatter secondary radiation in .dl 
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Figure 1.4 The total scattered field at P is the resultant of all the wavelets scattered by the 
regions into which the particle is subdivided. 

directions. In a particular direction (i.e., at a distant point P ), the total 
scattered field is obtained by superposing the scattered wavelets, where due 
account is taken of their phase differences: scattering by the dipoles is 
coherent. In general, these phase relations change for a different scattering 
direction; we therefore expect the scattered field to vary with scattering 
direction. If the particle is small compared with the wavy}ength~_.alL1he 
secondary wavelet~---~e approximately in phase; for such a particle we do not 
expeci much variation of scattering with direction. That this is indeed so will 
be shown in Chapter 5. As the particle size is increased, however, the number 
of possibilities for mutual enhancement and cancellation of the scattered 
wavelets increases. Thus, t larger the particl mo;~-P~~-~~ 
~he__~£_atte~m. Shape is also important: if t e particle in Fig. 1.4 1s 
distortOO,ill the phaSe relations, hence the scattering pattern, are different. 

The phase relations among the scattered wavelets depend on geometrical 
factors:-~-~atien~i~4!~£!iQ.JJ, -~~-~ ~d sh~pe. But the amplit~~~ ~nd phase of-
the induced dipole moment for a given frequency depend on the material of 
which the particle is composed. Thus, for a full understanding of- ~attering 
und absorption by smill particies, we need to know how bulk matter responds 
to oscillatory electromagnetic fields; this is the subject of Chapters 9 and 10. 

Methods for calculating scattering by particles are physically equivalent to 
the procedure outlined above, although their mathematical form may obscure 
thr underlying physics. For certain classes of particles. however. the Sl·attered 
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field may be approximated by subdividing the particle into dipole ~eat· 
terers and superposing the scattered wavelets; this is what is done in the 
Rayleigh-Gans approximation (Chapter 6), where interactions amona the 
dipoles are ignore9. A more general computational technique in which interac
tions among the dipoles are accounted for is that of Purcell and Pennypacker 
(1973) (see Section 8.6). 

1.4 COLLECfiONS OF PARTICLES 

The fundamental problem under consideration is scattering and absorption hy 
single particles; in natural environments, however, we are usually confronted 
with collections of very many particles. Even in the laboratory, where it is 
possible to do experiments with single particles, it is more usual to make 
measurements on many particles. A rigorous theoretical treatment of scattering 
by many particles is indeed formidable (see, e.g., Borghese et al., 1979). But if 
certain conditions are satisfied, a collection poses no more analytical problems 
than does a single isolated particle. 

Particles in a collection are electromagnetically coupled: ~ach particle is 
excited· by the--external field and the resultant field scattered by all the other 
particles; -bufllie .. fiefd scattered by a particle depends on the total field to 
-whlch it is ~xp_Q~~.d. Considerable simplification results if we assume single 
scattering: the number of particles is sufficiently small and their separation 
sufficiently large that, in the neighborhood of any particle, the total field 
scattered by all the particles is small compared with the external field. With 
this assumption the total scattered field is just the sum of the fields scattered 
by the individual particles, each oL which is acted on by the external field in 
isolation from the other particles. It is difficult to state precise general 
conditions under which the single scattering criterion is satisfied; it is not 
satisfied, for example, by clouds, where multiple scattering can be appreciable. 
In laboratory experiments, however, it is usually possible to prepare dilute 
suspensions of sufficiently small size to ensure single scattering. 

We shall assume, in addition to sin~_ scattering, that the particles are many 
and their separations random, which implies incoherent scattenng.--that··-is~ 
there 1s no systemaiicrelatioii among the phases of the waves scattered by the 
individual particles; thus, the total irradiance scattered by the collection is just 
the sum of the irradiances scattered by the individual particles. Even, however, 
in a collection of randomly separated particles, the scattering is coherent in the 
forward direction, a subject to which we shall return in Chapter 3. 

1.5 THE DIRECT AND INVERSE PROBLEM 

There are two general classes of problems in the theory of the interaction of an 
electromagnetic wave with a small particle. 

The Direct Problem. Given a particle of specified shape, size, and composi
tion, which is illuminated by a beam of specified irradiance. polarization. and 
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Tracks 

Figure 1.5 (a) The direct problem: Describe the tracks of a given dragon. (b) The inverse 
problem: Describe a dragon from its tracks. 

frequency, determine the field everywhere. This is the "easy" problem; it 
consists of describing the tracks of a given dragon (Fig. 1.5a). 

The Inverse Problem. By a suitable analysis of the scattered field, describe 
the particle or particles that are responsible for the scattering. This is the 
"hard" problem; it consists of describing a dragon from an examination of its 
tracks (Fig. 1.5b ). 

Unfortunately, the problem that is most frequently of interest is the inverse 
problem, the type of problem to which Sherlock Holmes might have directed 
his powers had he been a physical scientist rather than a detective. For 
example, the composition of interstellar dust is one of the major unsolved 
mysteries in astronomy. Although there is little doubt about the existence of 
this dust, it has defied complete identification despite considerable effort. The 
only means for its investigation is analysis of light of various wavelengths that 
traverses the dust without undergoing scattering or absorption and, less 
commonly, the light scattered in various directions by the dust. In laboratory 
investigations, light scattering techniques are often used to determine the size 
of particles of known shape and composition. Radar backscattering can be 
used to discriminate between rain and hail. In all these applications the basic 
problem is to describe a dragon (or flock of dragons) by detailed examination 
of its tracks. To understand why we have labeled this the "hard" problem, 
consider that the information necessary to specify a particle uniquely is (I) the 
vector amplitude and phase of the field scattered in all directions, and (2) the 
field inside the particle (Hart and Gray, 1964). The field inside a particle is not 
usually accessible to direct measurement, although under certain conditions, 
which are not likely to be met except in the laboratory, this field can be 
nppruxlmated by the incident field (see Chapter 6). Even in this special case, 
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however, the amplitude and phase of the scattered field are re'luired~ ahhouah 
this is not impossible in principle, it is rarely achieved in practice. The 
measurements usually available for analysis are the irradiance of the scattered 
light for a set of directions. We are therefore almost always faced with the taAk 
of trying to describe a particle (or worse yet, a collection of particles) with a 
less than theoretically ideal set of data in hand. But this is not necessarily cau~ 
for despair. Often, supplementary information about the particles, some of 
which is obtained by means other than light scattering techniques, is sufficient 
to enable them to be described. Thus, we should not be too ready to discard 
what little information is available or might become available. One source of 
information sometimes neglected is the polarization properties of the scattered 
light, a subject we treat in detail in succeeding chapters. 

NOTES AND COMMENTS 

An excellent concise treatment of scattering-by molecules and particles, 
single and multiple-at an intermediate level is Chapter 14 of Stone (1963). 
Among the books devoted entirely to scattering by particles, that by Shifrin 
(1951) most closely resembles ours in that it discusses optical properties of 
bulk matter as well. But the two books that have influenced us most are those 
of van de Hulst ( 1957) and Kerker ( 1969); we are indebted to both authors. 
Another book on scattering, which emphasizes polydispersions, is by 
Deirmendjian ( 1969). 

There are also more limited treatments of scattering. McCartney (1976, 
Chaps. 4-6) confines his attention to scattering by atmospheric particles. This 
is also discussed by Twomey ( 1977, Chaps. 9-l 0) in his treatise on atmospheric 
aerosols. In Goody ( 1964, Chap. 7) ther~e discussions of absorption by gases 
and, in less detail, extinction by molecules and by droplets. Parts of books on 
electromagnetic theory or optics include the theory of scattering by a sphere, 
most notably Stratton (1941, pp. 563-573) and Born and Wolf (1965, pp. 
633-664). The latter also derive the Ewald-Oseen extinction theorem and 
apply it to reflection and refraction at a plane interface (pp. 98-104). 

The fluctuation theory of scattering by molecules is treated in books by 
Bhagavantam (1942), Fabelinskii (1968), and Chu (1974, Chap. 3). 

Two of the more venerable works on multiple scattering are the review 
article by Milne ( 1930) and the book by Chandrasekhar ( 1950). A long-awaited 
treatise on this subject by van de Hulst (1980) recently made its appearance. 
Two reports, with many references, edited by Lenoble (1977) and by Fouquart 
et al. ( 1980), have been published by the International Association of 
Meteorology and Atmospheric Physics. 

The inverse problem in scattering theory is discussed in the collections of 
papers edited by Baltes (1978, 1980). 



Chapter 2 
Electromagnetic Theory 

The treatment of absorption and scattering of light by small particles is a 
problem in electromagnetic theory, a subdivision of which is optics. Various 
aspects of this theory are found scattered throughout books on electricity and 
magnetism, optics, and polarization of light. To rely on such existing books as 
the basis for our development might, however, result in a confusing tangle of 
conflicting assumptions, notation, and conventions. Also, it is convenient to 
gather together in one place the mathematical and physical apparatus that 
underlies succeeding chapters. Thus, we present in this chapter our version of 
those concepts and equations from electromagnetic theory that are germane to 
the subject at hand; we shall have need of them throughout the remainder of 
the book. 

2.1 FIELD VECTORS AND THE MAXWELL EQUATIONS 

As stated in the introductory chapter, we adopt a macroscopic approach to __ the 
problem of determining absorption and scattering of electromagnetic waves by 
particles. Therefore, the logical point of departure is the Maxwell equations for 
the macroscopic electromagnetic field at interior points in matter, which in SI 
units may be written 

V' . D = pF, 

as 
vxE+-=0 at ' 

V · B = 0, 

(2.1) 

(2.2) 

(2.3) 

(2.4) 

where E is the electric field and B the magnetic induction. The electric 
diaplacement D and magnetic field Hare defined by 

D = e0 E + P, 

B 
H =-- M, 

l'o 

ll 

(2.5) 

(2.6) 
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where P is the electric polarization (average electric dipole moment per unit 
volume), M the magnetization (average magnetic dipole moment per unit 
volume), e0 the permittivity, and JLo the permeability of free space. Implicit in 
(2.5) is the assumption that quadrupole and higher moments are negligible 
compared with the dipole moment. In free space the polarization and magneti· 
zation vanish identically. The charge density pF and current density Jt are 
associated with ·so-called "free" charges. The terms "free" and "bound" are 
sometimes set in quotation marks, which indicates that they are slightly 
suspect. Indeed, Purcell (1963, pp. 342-347) has simply but convincingly 
shown that it is not always possible to unambiguously distinguish between free 
and bound charges in matter. Nevertheless, we shall assume in time-honored 
fashion that the ambiguity in the meanings of free and bound leads to no 
observable consequences in the problems with which we shall be concerned. 

Although there appears to be nearly .. universal agreement about the micro
scopic Maxwell equations, it is not trivial to provide a derivation of the 
macroscopic equations that will satisfy everyone. The process of so doing was 
begun by Lorentz some l 00 years ago, and new derivations appear regularly in 
the literature, each of which claims to be more general, freer from ambiguity, 
and more logically consistent than its predecessors. Without wishing to enter 
the lists of combatants, we direct the interested reader to Russakoff ( 1970) and 
Robinson ( 1973) for further discussion of the transition from the microscopic 
to the macroscopic field equations. We accept, therefore, (2.1 )-(2.6) as the 
macroscopic field equations without further comment; any attempt to justify 
this choice rigorously and to define all terms precisely would lead to a volume 
that would dwarf the present work. 

Equations (2.1 )-(2.6) are not sufficient in themselves; they must be supple
mented with constitutive relations, which are assumed to haye the form 

JF = oE, (2.7} 

B = p.H, (2.8} 

P = eoxE, (2.9} 

where a is the conductivity, JL the permeability, and x the electric susceptibility. 
The phenomenological coefficients a, p., and x depend on the medium under 
consideration, but will be assumed to be independent of the fields (the medium 
is linear), independent of position (the medium is homogeneous), and indepen
dent of direction (the medium is isotropic). There are many classes of materials 
for which these assumptions are not valid. Equations (2. 7)-(2.9) are not 
universal laws of nature; they merely describe a particular class of materials 
which, fortunately, has a large number of members. 

We shall not, however, assume that the phenomenological coefficients arc 
independent of frequency. To provide some insight into this assertion, we must 
digress hrieny. Consider, for example, the susceptihility. The polarization P 1" 
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the average dipole moment per unit volume of the medium, that is, the vector 
sum of the dipole moments in a unit volume. An isolated sample of matter 
(excluding electrets) is unpolarized (P = 0). But when placed in an external 
field, which we may assume to be time harmonic, it becomes polarized: the 
electric field induces a net dipole moment. For a linear hom<_?geneous isotropic 
medium, the relation 2.9) between P and E indicates that is a measure of 
how easily the material can e polarized; it represents the response of the 
-mat~rlal to the field E. In particular, x may be interpreted as the amplitude of 
the response to a unit field. Now it is well known (to those who know it well) 
that -~th.e'-response of a mechanical system to a periodic driving force is a 
sensitive function of the frequency. Therefore. by analogy. 1t 1s plausible that x 

1Sa functiOn of the frequency. The frequency dependence of xis discussed in 
much greater detail m Chapters 9 and 10. 

2.2 TIME-HARMONIC FIELDS 

The general time-harmonic field F has the form 

F = A cos wt + B sin wt, (2.10) 

where w is the angular frequency. The real vector fields A and B are indepen
dent of time but may depend on position. We note that F may be written as 
the real part of a complex vector: F = Re{Fe}, where 

Fe= Cexp( -iwt), C =A+ iB. (2.11) 

The vector Fe is a complex representation of the real field F. If all our 
operations on time-harmonic fields are linear (e.g., addition, differentiation, 
integration), it is more convenient to work with the complex representation. 
The reason this may be done is as follows. Let e be any linear operator; we can 
operate on the field (2.10) by operating on the complex representation (2.11) 
and then take the real part of the result: 

eF = eRe{FJ = Re{eFJ. 

Note that there is a degree of arbitrariness associated with the complex 
representation of a real field: F could just as easily have been written 
F - Re{Fe*}, where Fe* = C* exp(iwt) and the asterisk denotes the complex 
conjugate. Thus, there are two possible choices for the time-dependent factor 
In a complex representation of a time-harmonic field: exp(iwt) and exp(- iwt). 
It makes no difference which choice is made: the quantities of physical interest 
are always real. But once a sign convention has been chosen it must be used 
~un•latently in all analysis. We shall take the time-dependent factor to be 
cAp( - lt.JI ); this is the convention found in standard books on optics (Born 
•nd Wulf, 1965) and electromagnetic theory (Stratton. 1941; Jackson. 1975) as 
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well as being nearly universal in solid-state physics. If compurisun ia made 
between our expressions and similar expressions in the scientific literature. the 
sign convention must be carefully noted. 

If exp(- iwt) time dependence is assumed for all fields, and the constitutive 
relations (2.7)-(2.9) are substituted into (2.1 )-(2.4), we obtain 

V' • (eEJ = 0, 

V' •He = 0, 

where the complex permittivity is 

) 
• (J 

e = e0 (l +X + z-. 
w 

(2.12) 

(2.13) 

(2.14) 

(2.15) 

(2.16) 

If e * 0, the electric field is divergence free; this is the general condition for a 
transverse field. Except possibly at frequencies where e = 0, therefore, the 
medium cannot support lpngitudinal fields. 

Equations (2.12)-(2.16) will usually be our point of departure in scattering 
problems. However, to avoid a cluttered notation, we shall often omit the 
subscript c from the complex fields. In those instances where confusion might 
result, the subscript will be retained, although it should usually be clear from 
the context if we are dealing with real fields or their complex representations. 

2.3 FREQUENCY-DEPENDENT PHENOMENOLOGICAL 
COEFFICIENTS 

Although we gave some physical justification, the seemingly ad hoc introduc
tion of frequency-dependent phenomenological coefficients implies that they 
have a well-defined meaning only if the fields are harmonic in time. But this is 
very unsatisfactory: it is certainly not a law of nature that all electromagnetic 
fields must be harmonic in time. Thus, we must answer the questions: How are 
P and E (or B and H) related in general, and what is the meaning of 
frequency-dependent phenomenological coefficients? To answer these ques
tions we must invoke the mathematical apparatus of Fourier transforms. 

2.3.1 Fourier Transforms 

Consider a real function of time F(t). The Fourier transform 'lf(w) of F(t) is 
defined as 

§" ( w) = f 00 

F ( t} e iwt dt, 
~oo 

(2.17) 
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where w is real. We assume that the integral in (2.17) converges in some sense 
for all functions of interest. The inverse Fourier transform is given by 

I foo . F(t) =- §'(w)e-uM dw. 
2'1T -oo 

(2.18) 

According to (2.18), an arbitrary time-dependent function can be expressed as 
a superposition of time-harmonic functions exp(- iwt), where the complex 
amplitude§'( w) depends on the frequency w. The condition that F( t) be real is 
that §'*( w) = §' (- w ); therefore, F( t) can be expressed as a superposition of 
time-harmonic functions with positive frequency: 

F(t) = Re{Fc(t)}, 

Note that (2.17) and (2.18) are not unique: all complex functions could b~ 
replaced by their complex conjugates, and the factor lj2'1T could appear either 
in (2.17) or (2.18). If we want our expressions to appear more symmetrical, 
both integrals can have the common multiplicative factor 11 {fii. There is no 
universally accepted convention for Fourier transforms. However, once the 
form of the Fourier transform has been specified, the corresponding expression 
for the inverse Fourier transform is uniquely determined. 

If we Fourier analyze the Maxwell equations (2.1 )-(2.4), with 1\ = 0, and 
assume that the operations of integration and differentiation may be inter
changed, we obtain 

V' X t9(w) = iw~(w), 

V' X X ( w ) = ~f ( w) - i w 6J) ( w), 

where 

t9(w) = Joo E(t)eiwt dt; etc. 
-oo 

(2.19) 

(2.20) 

(2.21) 

(2.22) 

The _Fourier transformL.Of the fi.elds._are ..... ~nern.L._ .. p~sition dependent, 
although this is not explicitly indicated. Because the fields are real>we need 
ronsider only positive frequencies. Let us now assume that the Fourier 
tnll\,forms of the fields. rather than the fields themselves. arc nmnccted hy 
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linear constitutive relations: 

~(w} = e0 x(w}t9(w}, 

~f ( w ) = (J ( w ) t9 ( w ) ' 

~(w} = IL(w}X(w}, 

(2.23) 

(2.24) 

(2.2S) 

where x*(w) = x( -w), and so on. We also assume that x(w), a(w), and p.(w) 
are scalar quantities independent of position. As we shall see, the constitutive 
relations (2.23)-(2.25) reduce to familiar expressions when the fields are time 
harmonic but, in addition, answer the question posed above: How are arbi
trarily time-dependent fields related? 

Before we proceed we need one more result from Fourier transform theory. 
If the Fourier transform 'X( w) of a function X{t) is expressed as a product of 
Fourier transforms 

'X(w} = "1!(w}2:(w}, 

the convolution theorem states that 

X(t} = foo Y(t- t'}Z(t'} dt', 
-oo 

where 

l /00 . Y(t} =- "11( w }e_".,1 dw; etc. 
2'11' -oo 

If we apply the convolution theorem to the constitutive relation (2.23), for 
example, we obtain 

P(t} = foo G(t- t'}E(t'} dt', 
-oo 

(2.26} 

where 

l /00 . G(t} = -
2 

e0 x( w }e_".,1 dw. 
'1T -oo 

(2.27} 

Thus, a frequency-dependent susceptibility x ( w) implies that the polariza~!,Qn 
_ .!'._!!...!.@~- t depends on the electric field E at all other times J..~ .. This conclusion 
is consistent with simple physical reasoning. If, for example, a steady electric 
field is applied to a sample of matter for a sufficient period of time, a steady 
polarization will be induced in the sample. However, if the electric field were to 
be suddenly removed, the polarization would not immediately drop to zero but 
would decay according to characteristic times associated with microscopic 
processes. In this example it is clear that the polarization is not proportional_to 
lhe instantaneous field. . 

Let us now assume that the fields are time harmonic with angular frequency 

E( t) = A cos w0 t + 8 sin w0 t = Re{Ec}. 
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The Fourier transform of E( t) is 

S( w} = '1T{(A + iB}8( w- w0 ) + (A - iB}8( w + w0 }}, 

where 8 is the Dirac delta function. From the Fourier inversion formula (2.18) 
and the constitutive relation (2.23) it follows that 

1 !00 . P(t} = 2 e0 x(w }S(w )e-'"'1 dw 
'1T -oo 

If we use the relation x(- w0 ) = x*( w0 ), then 

Thus, the perhaps unfamiliar constitutive relations (2.23)-(2.25) yield familiar 
results when the fields are time harmonic; moreover, because of (2.26) and 
(2.27), physical meaning can now be attached to the phenomenological coeffi
cients even for arbitrarily time-dependent fields. 

Although we concentrated attention on the electric susceptibility, similar 
remarks hold for the conductivity and permeability. In particular, we note that 
p. can be frequency dependent and is not restricted to be real. Complex 
phenomenological coefficients imply differences in phase between the various 
time-harmonic fields. For example, if the permeability p. = p.' + ip." is com
plex, then for a real magnetic field H = H 0 cos wt, the corresponding magnetic 
induction B is ,UH0 cos( wt - 4> }, where the phase angle 4> is given by tan cp = 
p." jp.' and ,u = {(p.')2 + (p.") 2

}
112

• In Section 2.6 we shall show that if the 
imaginary part of any of the phenomenological coefficieQ~ __ Qf ~-m.~ghnn is 
n;,nzero, the amplitude of a plane wave will decrea~~!.J2£9J?~.,Sat~§_!h!QE.gh 
such a medium becau~e of absorption of t?l~trQmagnet.i&J;,~nergy. Thus, complex 
phenomenological coefficients or, alternatively, a phase difference between P 
and E (or B and H) are physically manifested by absorption, the detailed 
nature of which is hidden from view in a macroscopic approach. 

If the Fourier-transformed Maxwell equations (2.19)-(2.22) and the con
stitutive relations (2.23)-(2.25) are combined, we obtain 

V' •S(w} = 0, 

v<JC(w}=O, 

V' X S(w} = iwp.(w)X(w), 

V' X X(w) = -iwe(w)&~(w). 

(2.28} 

(2.29} 

(2.30) 

(2.3 J) 



2.3 FREQUENCY-DEPENDENT PHENOMENOLOGICAL C<>lo:lo'I•'ICIFNfS 19 

where e(w) = e0{1 + x(w)} + ia(w)jw. Note that the two sets of equations 
(2.12)-(2.15) and (2.28)-(2.31) are formally identical although interpreted 
differently. In the former set, (Ec, He) is the complex representation of a 
time-harmonic field; whereas in the latter set, ($,X) is the Fourier transform 
of an arbitrarily time-dependent electromagnetic field. But the same equations 
have the same solutions, so we need consider only time-harmonic fields; the 
general time-dependent field can be constructed by Fourier synthesis. 

Both the conductivity and the susceptibility contribute to the imaginary part 
of the permittivity: lm{e} = lm{x} + Re{ajw}. A nonzero value for lm{E} 
manifests itself physically by absorption of electromagnetic energy in the 
medium. We may associate lm{x} with the "bound" charge current density 
and Re{ a I w} with the "free" charge current density. Absorption is determined 
by the sum of these two quantities, however, and it is not possible to determine 
by absorption measurements their relative contributions. This underscores our 
assertion that there is no clearly defined distinction between "free" and 
"bound" charges. 

2.3.2 Kramers-Kronig Relations 

As an alternative we could have begun our discussion of constitutive relations 
with the assumption that P(t) and E(t) are related through the linear functional 
equation 

P(t) = foo G(t, t')E(t') dt'. 
-oo 

(2.32) 

Suppose that the electric field is a delta function applied at time t0 : E(t) = 
8(t - t 0 )E0 ; the corresponding polarization is therefore 

P(t) = G(t, t0 )E0 • 

Thus. G is the polarization resulting from a unit amplitude delta functionJL 
the properties of the medium do not change with time, the polarization must 
depend only on the tii'ii'eelapse<1·tsetweetl7Q~a1fcTc:--·~----~ >·-···-... ~ ··- ... , · 

G(t, t0 ) = G(t- t0 ). 

Therefore, we obtain (2.26), which when inverted yields the constitutive 
relation (2.23). We note that causality- the system cannot squeal before it is 
hurt-requires that G( T) = 0 forT < 0. 

The susceptibility is the Fourier transform of G(t): 

(2.:n) 

and 1s a complex-valued function of the real variahlc w. l.ct u~ dt·(ln,· .1 
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complex-valued function of the complex variable w by 

where w = wr + iw;. The function x(w) coincides with x(w) when w is a point 
on the real axis. For any t ~ 0, G(t)eiwt is an analytic function of w, and 
IG(t)eiwtl ~ IG(t)l if w; > 0. Therefore, if the integral 

(2.34} 

converges, then 

converges to an analytic function in the upper half of the complex w plane. 
Convergence of (2.34) is assured if x(O) is finite; this follows from (2.33). If 
x(w) is analytic, so is x(w)j(w- w) except at the pole w = w. Cauchy's 
theorem states that 

jt(w}dw = o, 
c 

provided that the closed contour C encloses no poles of the analytic function 
f(w). Let us apply Cauchy's theorem to the function x(w)j(w- w), where w 
is a point on the real axis, and the contour C, shown in Fig. 2.1, is the union of 
four curves with parametric representations 

(-A ~ 0 ~ w - a), 

(0 ~ 0 ~ 'TT), 

(w +a~ 0 ~A), 

(0 ~ 0 ~ 'TT). 

Therefore, from Cauchy's theorem 

fw-a x(O} fA x(O} 1'/T iAe;ox(Ae;o} 
--dO + --dO + .

0 
dO 

-A 0 - W w+a 0 - W 0 Ae' - w 

The integral over the curve C4 vanishes as A tends to infinity if lim 
1 
.. --;

1 
••• x< w) 
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Figure 2.1 Contour of integration. 

= 0; this implies that 

(2.35) 

where the symbol P denotes the Cauchy principal value of the integral, defined 
by 

lim ~w-a x(O) dO+ joo x(O) dO. 
a--+0 - oo 0 - W w+a 0 - W 

We were slightly careless in our derivation of (2.35): x(w) was required to be 
analytic in the upper half of the complex w plane, whereas part of the contour 
C included the real axis. But this can easily be remedied, and a more general 
form of (2.35) is 

i7Tlimx(w + i17) = limP/
00 

x<g + iTI) dO, 
TJ--+0 TJ--+0 -00 - w 

from which (2.35) follows if x( w) is continuous. 
The fundamental relation (2.35) can be written as two real integral rela

tions: 

x'( w) = !:._ Ploo Ox"(O) dO, 
7T o 02- w2 

(2.36) 

x"(w) = -2w Ploo x'(O) dO, 
7T o 02- w2 

(2.37) 

where x = x' + ix" and we have invoked the crossing condition x•< w) ~ 
x<- w ). Equations (2.36) and (2.37) are an important example of a rather 
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remarkable class of mathematical relations called Kramers-Kronig or disper
sion relations. Their implication, which is unexpected on physical grounds and 
therefore has an aura of black magic, is that the real and imaginary parts of x 
are not independent but are connected by integral relations; this imposes a 
constraint on physically realizable susceptibilities. Moreover, if x' is known 
over a sufficiently large range of frequencies around w, x"( w) can be obtained 
by integration, and vice versa. An interesting corollary of (2.36) is the sum rule: 

x'(O) = ~loo x"(O) dO. 
'IT 0 g 

Although the Kramers-Kronig relations do not follow directly from physi
cal reasoning, they are not devoid of physical content: underlying their 
derivation are the assumptions of linearity and causality and restrictions on the 
asymptotic behavior of x. As we shall see in Chapter 9, the required asymp
totic behavior of xis a physical consequence of the interaction of a frequency
dependent electric field with matter. 

The derivation of Kramers-Kronig relations for the susceptibility was 
relatively easy, perhaps misleadingly so. With a bit of extra effort, however, we 
can often derive similar relations for other frequency-dependent quantities that 
arise in physical problems. Suppose that we have two time-dependent quanti
ties of unspecified origin, which we may call the input X;(t) and the output 
X

0
(t ); the corresponding Fourier transforms are denoted by ~;( w) and 

~0(w). If the relation between these transforms is linear, 

and causal (i.e., the output cannot precede the input in time), then 0t ( w) is an 
analytic function in the top half of the complex w plane. It is also necessary 
that 0t ( w) vanish on the circular arc C4 (Fig. 2.1) as A approaches infinity; if it 
does not, we are permitted to fiddle with it until it does. That is, we can change 
the asymptotic behavior of '3t( w) by multiplying it by some analytic function 
g( w ), or adding g( w) to it, without changing its analyticity. Of course, in so 
doing, we may also change the crossing condition, and the resultant dispersion 
relations may be different from (2.36) and (2.37). Techniques of fiddling with 
0t until it behaves properly are best illustrated with specific examples, which 
we shall encounter later in this chapter and elsewhere in the book. 

2.4 SPATIALDISPERSION 

We have shown that a frequency-dependent susceptibility implies femporal 
disp_ersion: the polarization at time t depends on the electric field at all times 
previous to t. It is also possible under some circumstances to have spatial 
dispersion: the polarization at point x depends on the values of the electric field 
at points in some neighborhood of x. This nonlocal relation hctwccn P and E 
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leads to the concept of a susceptibility that depends on frequency and wave 
vector. To understand this it is helpful to introduce the three-dimensional 
Fourier transform of an arbitrary real function F(x): 

where the integration is taken over all space. The inverse Fourier transform is 

F(x) = -
1

- j'F(k) eik·x dk. 
(27T )3 

Let us Fourier analyze the polarization and the electric field: 

<8> (k, w) = f f P(x, t) e- i(k·x- wt) dx dt, 

t9 (k, w) = f f E( X' t) e - i(k ·x - wt) d X dt. 

If we assume that there is a linear relation <8>(k, w) = e0 x(k, w )&(k, w ), the 
convolution theorem yields 

where 

P(x, t) = j j G(x- x', t- t')E(x', t') dx' dt', 

G(x, t) = _1_4 f f eox(k, w )ei<k·x-wt) dk dw. 
(277) 

Thus, a susceptibility that depends on irequency and wave vector implies that 
the relation between P( x, t) and E( x, t) is nonlocal in time and space. Such 
spatially dispersive media lie outside our considerations. However, spatial 
dispersion can be important when the wavelength is comparable to some 
characteristic length in the medium (e.g., mean free path), and it is well at least 
to be aware of its existence: it can have an effect on absorption and scattering 
by small particles (Yildiz, 1963; Foley and Pattanayak, 1974; Ruppin, 1975, 
1981). 

2.5 POYNTING VECTOR 

Consider an electromagnetic field (E, H), which is not necessarily timl' 
harmonic. The Poynting vectorS = E X H specifies the magnitude and dirl'c
tion of the rate of transfer of electromagnetic energy at all points of spacl': tl 1' 
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of fundamental importance in problems of propagation, absorption, and 
scattering of electromagnetic waves. If the orientation of a plane surface with 
area A is specified by a unit normal vector i\, the rate at which electromagnetic 
energy is transferred across this surface is S • i\A, provided that Sis constant 
over the surface. When S is a function of position and the surface has arbitrary 
shape, this can be generalized to 

js·i\dA. 

The net rate W at which electromagnetic energy crosses the boundary of a 
closed surface A which encloses a volume V is 

W=-jS·i\dA. 
A 

(wh:y the minus sign? There are two choices for the unit normal to a closed 
surface: inward and outward. We have chosen the outward normal. If Sandi\ 
are oppositely directed at a given point (S • i\ < 0), the minus sign ensures that 
the contribution to W is positive. Therefore, W is positive if there is a net 
transfer of electromagnetic energy into the volume. A positive W implies that 
electromagnetic energy is absorbed in V; that is, electromagnetic energy is 
converted int~ other forms of energy (e.g., thermal en~rgy) wit~n v) . 

(The formation of the vector product of two vectors IS not a linear' operatiOn. 
Therefore, if the electromagnetic field is time harmonic, it is not true that 
S = Re{Ec X He}, although it is true that) 

S = Re{EJ X Re{Hc}. (2.38) 

The instantaneous Poynting vector (2.38) is a rapidly varying function of time 
for frequencies that are usually of interest. Most instruments are not capable of 
following the rapid oscillations of the instantaneous Poynting vector, but 
respond to some time average (S): 

(S) = _!_ ft+'T S( t') dt', 
T t 

where -r is a time interval long compared with Ijw. The time-averaged 
Poynting vector for time-harmonic fields is given by 

1 
(S) = 2 Re{Ec X H~}. 

When it is clear from the context that it is the time-averaged Poynting vector 
weth which we are dealing. the brackets enclosing S will he omitted. 
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2.6 PLANE-WAVE PROPAGATION IN UNBOUNDED MEDIA 

Let us "look for" plane-wave solutions to the Maxwell equations (2.12)- (2.1 S). 
What does this statement mean? We know that the electromagnetic field (E, H) 
cannot be arbitrarily specified. Only certain electromagnetic fields, those that 
satisfy the Maxwell equations, are physically realizable. Therefore, because of 
their simple form, we should like to know under what conditions plane 
electromagnetic waves 

(2.39} 

where E0 and H 0 are constant vectors, are compatible with the Maxwell 
equations. The wave vector k may be complex 

k = k' + ik", (2.40} 

where k' and k" are real vectors. If (2.40) is substituted in (2.39), we obtain 

Ec = E0exp(- k" • x}exp( ik' • x - iwt }, 

H c = H 0exp(- k" • x}exp( ik' • x - iwt). 

E 0exp(- k" • x) and H 0exp(- k" • x) are the amplitudes of the electric and 
magnetic waves, and <1> = k' • x - wt is the phase of the waves. An equation of 
the form K • x = constant, where K is any real vector, defines a plane surface 
the normal to which is K. Therefore, k' is perpendicular to the surfaces of 
constant phase, and k" is perpendicular to the surfaces of constant amplitude. If 
k' and k" are parallel, which includes the case k" = 0, these surfaces coincide 
and the waves are said to be homogeneous; if k' and k" are not parallel, the 
waves are said to be inhomogeneous. For example, waves propagating in a 
vacuum are homogeneous. 

Let us briefly consider propagation of surfaces of constant phase. Choose an 
arbitrary origin 0 and a plane surface over which the phase <1> is constant (Fig. 
2.2). At time t the distance from the origin 0 to the plane is z, where 
k' • x = k' z and k' z - wt = <f>. In a time interval dt the surface of constant 
phase will have moved a distance dz, where 

k' z - wt = k' ( z + d z} - w ( t + d t} = <1>. 

Thus, the velocity of propagation of surfaces of constant phase, the phase 
velocity v, is 

dz w 
v=-=-

dt k'' 

and the vector k' specifies the direction of propagation. 
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Figure 2.2 Propagation of constant phase surfaces. 

The Maxwell equations for plane waves are 

k·E0 = 0, 

k·H0 = 0, 

k X E 0 = w.uH0 , 

k X H 0 = -weE0 • 

(2.41) 

(2.42) 

(2.43) 

(2.44) 

Equations (2.41) and (2.42) are the conditions for transversality: k is perpendic
ular to E0 and H 0 • It is also evident from (2.43) or (2.44) that E 0 and H 0 are 
perpendicular. However, k, E0 , and H 0 are, in general, complex vectors, and 
the interpretation of the term "perpendicular" is not simple unless the waves 
are homogeneous; for such waves, the real fields E and H lie in a plane the 
normal to which is parallel to the direction of propagation. 

If we take the vector product of both sides of (2.43) with k, 

and use the BAC-CAB vector identity: 

A X (B X C)= B(A·C)- C(A·B) 

together with (2.41), we obtain 

(2.45) 
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Our analysis shows that plane waves (2.39) are compatible with the Maxwell 
equations provided that k, E0 , and H 0 are perpendicular: 

In addition, the wave vector must satisfy (2.45); this equation may be written 

(2.46) 

Note that ep. is a property of the medium in which the wave propagates; the 
vectors k' and k", however, are properties of the wave. If k' and k" satisfy 
(2.46), they may otherwise be arbitrary: e and p. do not uniquely specify the 
details of wave propagation. 

The wave vector of a homogeneous wave may be written k = (k' + ik")e, 
where k' and k" are nonnegative and e is a real unit vector in the direction of 
propagation. Equation (2.45) requires that 

wN 
k = k' + ik" = -

c ' 

where c is the speed ·of light in vacuo and the complex refractive index N is 

N = c..(e; = ~ E/L . 
EoP.o 

(2.47) 

We shall write 

N = n + ik, (2.48) 

where n and k are nonnegative. Other notation commonly encountered for the 
complex refractive index is n' + in" and n(l + ilc); if we had chosen exp(iwt) 
time dependence, these would be written n' - in" and n(l - iK). The symbol 
k, where w{€/i = k, is widely used to denote the wave number. On the other 
hand, the use of k to denote the imaginary part of the complex refractive index 
is equally sacrosanct, particularly among those who actually undertake the task 
of its measurement. We shall adhere to both of these conventions; however, to 
differentiate between the two quantities, we shall use italic type for the 
imaginary part of the refractive index and Roman type for the wave number. 
The use of similar symbols to denote two physically distinct but not unrelated 
quantities may possibly lead to confusion; but even more befuddlement would 
undoubtedly result to many readers if we were to meddle with well-established 
conventions for the sake of symbolic precision. 

The free-space wave number is wjc = 2'1T/A, where A. is the wavelength in 
vacuo. Therefore, a plane homogeneous wave has the form 

( 
2'1TkZ) ( i2'1TnZ ) Ec = E0exp --X- exp -X- - iwt . 
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where z = ~ • x. Thus, the imaginary part of the complex refractive index 
determines the attenuation of the wave as it propagates through the medium; 
the real part determines the phase velocity v = cjn. The pair of quantities n 
and k are often referred to as the optical constants, terminology that is as 
widespread as it is misleading: the optical "constants" are not constant, they 
often strongly depend on frequenc . It is not unusual for k of many common 
solids to range over s1x or ers o magnitude within a relatively narrow range of 
frequencies. 

Although refractive indices of many transparent materials at visible wave
lengths have been accurately known for a long time, experimental determina
tion of optical constants is by no means trivial in wavelength regions where a 
solid or liquid is appreciably absorbing. Special techniques have had to be 
developed to measure optical constants for various materials in different 
portions of the electromagnetic spectrum, and lack of reliable optical constants 
is still a serious impediment to small-particle scattering and absorption calcu
lations in several areas of applied physics. 

The real and imaginary parts of the complex refractive index Sl!ti.sfy 
Kramers-Kronig relatio!!_s; sometimes this can be used to assess the reliability 
of measured optical constants. N( w) satisfies the same crossing condition as 
x( w ): N*( w) = N(- w ). However, it does not vanish in the limit of indefi
nitely large frequency: limw-+ooN(w) = 1. But this is a small hurdle, which can 
be surmounted readily enough by minor fiddling with N( w ): the quantity 
N( w) - 1 has the desired asymptotic behavior. If we now assume that N( w) is 
analytic in the top half of the complex w plane, it follows that 

n(w)- 1 = !:..ploo Ok(O) dO, 
7T o 02- w2 

(2.49) 

k(w) = -2w ploo n(O) dO, 
7T o 02- w2 

(2.50) 

where we used 

(2.51) 

in the derivation of (2.50). 

2.6.1 Absorption of Electromagnetic Energy 

The Poynting vector of a plane wave is 

S = !Re{E X H*} = Re{ EX ~~I'~ E*) }• 

where E X (k* X E*) = k*(E • E*) - E*(k* ·E). If the wave is homogeneous, 
k • E = 0 implies that k • • F: = 0; for such a wave propa~atin~ in the ~ 
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direction, we have 

-'Not surprisingly, S is in the direction of propagation. The magnitude of S, 
which we shall denote by the symbol I, is called the irradiance and its 
dimensions are energy per unit area and time. (The term intensity is often used 
to denote irradiance; however, intensity is also used for other radiometric 
quantities, and we shall therefore tend to avoid this term because of possible 
confusion. E is now the recommended symbol for irradiance, but this hardly 
seems appropriate in a book where the electric field and irradiance often 
appear side by side.) As the wave traverses the medium, the irradiance is 
exponentially attenuated: 

where the absorption coefficient a is 

47Tk 
a=--

"A 
(2.52) 

and I 0 is the irradiance at z = 0. Throughout this chapter we adopt the 
viewpoint that bulk matter is homogeneous. However, this is only approxi
mately true; even in media that are usually considered to be homogeneous, 
such as bulk samples of a pure liquid or solid, a beam of light is attenuated 
both by absorption and by scattering. Although absorption is usually the 
dominant mode of attenuation in such media, scattering is not entirely absent, 
and unless special techniques are used a measurement of attenuation unavoida
bly yields the combined effect of absorption and scattering. In later chapters 
we shall discuss attenuation by collections of material particles; such attenua
tion may or may not be dominated by absorption depending on the size and 
optical properties of the particles. 

The rate at which electromagnetic energy is removed from the wave as it 
propagates through the medium is determined by the imaginary part of the 
complex refractive index. If the irradiances I 0 and I 1 (or rather their ratio) are 
measured at two different positions z = 0 and z = h, then a, and hence k, can 
be obtained in principle from the relation 

(2.53) 

This equation is strictly valid only if the detector is optically identical with the 
medium for which the absorption coefficient is to be measured (Fig. 2.Ja ). a 
condition that is difficult to satisfy. The usual experimental configuration 1' 
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Figure 2.3 Measurement of absorption: (a) in principle and (b) in practice. 

shown schematically in Fig. 2.3b. The transmission 11/10 may be determined 
from the detector response with and without the sample interposed between 
source and detector. But a cannot be obtained from such a measurement 
unless reflections at the two interfaces are negligible. 

2.7 REFLECTION AND TRANSMISSION AT A PLANE 
BOUNDARY 

The considerations in the preceding section make it worthwhile to discuss 
reflection and transmission at plane boundaries: first, one plane boundary 
separating infinite media, then in the next section two successive plane 
boundaries forming a slab. In addition to providing useful results for bulk 
materials, these relatively simple boundary-value problems illustrate methods 
used in more complicated small-particle problems. Also, the optical properties 
of slabs often will be compared to those of small particles-both similarities 
and differences- to develop intuitive thinking about particles by way of the 
more familiar properties of bulk matter. 

2.7.1 Normal Incidence 

Consider a plane wave propagating in a nonabsorbing medium with refractive 
index N2 = n2 , which is incident on a medium with refractive index N 1 = n 1 + 
ik 1 (Fig. 2.4). The amplitude of the incident electric field is E,. and we assume 
that there are transmitted and reflected waves with amplitudes E, and E,. 
respectively. Therefore, plane-wave solutions to the Maxwdl equations at 
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REFLECTED 

Figure 2.4 Reflection and transmission of normally incident light. 

interior points on both sides of the boundary between the media are 

E,exp[iw( ~z - t )] (z > 0), 

E,exp[ iw( N:z - t)] + E,exp[ -iw( N:z + t)] (z < 0). 

The tangential components of the electric field are required to be continuous 
across the boundary z = 0: 

Continuity of the tangential magnetic field yields the condition 

NI 
E;-Er= NEt, 

2 

(2.54) 

(2.55) 

where we have used (2.43) and also assumed that J.L 1 = J.L 2 • Equations (2.54) 
and (2.55) are readily solved for the amplitudes Er and E 1: 

where the reflection and transmission coefficients are 

I -m 
f=--

1 + m' 
- 2 
t=--

1 + m' 

(2.56) 

(2.)7) 



32 ELECTROMAGNETIC THEORY 

and N1/ N2 = m = n + ik is the refractive index of medium 1 relative to 
medium 2. The reflectance R for normally incident light, defined as the ratio of 
reflected to incident irradiance, is 

(2.58) 

Note that R X 100% is close to 100% if either n >> 1 or n << 1 or k >> 1. One 
might think that a material with k >> 1 would be highly absorbing. But such a 
material is highly reflecting, and an incident wave cannot "get into" the 
material to be absorbed. 

The amplitudes E; and Er in (2.56) may be interpreted as the Fourier 
transforms of the incident and reflected fields; therefore, from the general 
considerations at the end of Section 2.3, it follows that the real and imaginary 
parts of r satisfy Kramers-Kronig relations of the form (2.36) and (2.37). 
Although this is perhaps interesting, it is not terribly useful; but with a bit of 
effort we can derive Kramers-Kronig relations of great practical utility. To do 
so we must express r in terms of its amplitude (or modulus) r and phase (or 
argument) e: 

(2.59) 

where r = /R. The reflection coefficient may also be written as an explicit 
function of nand k: 

r= 1 - n2
- k 2 

(1 + nf + k 2 

from which it follows that 

1-R 
n=-------

1 + R + 2/R cos e ' 

. 2k -z-----
(l+n)2+k2' 

(2.60) 

-2/Rsine 
k=-------

1 + R + 2/R cos e · 
(2.61) 

For k to be positive, sin 9 must be negative. The function log f, defined by 

logf = Logr + i9, 

where Log r = lnr, is analytic in the domain r > 0, 7T ~ 9 < 27T. Because of 
causality, the function f( w) is analytic in the top half of the complex w plane. 
If the values of r( w) lie in the domain of definition of log f, then the function 
log f( w) is also analytic in the top half of the complex w plane. However, the 
asymptotic behavior of log r is unacceptable: we shall show in Chapter 9 that 
limw-+cx/(w) = 1. Once again, we are permitted to do some fiddling: the 
function 

F( w) = log f( w) 
w 
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vanishes as w increases without limit. Moreover, F( w) is analytic in the lop 
half of the complex w plane. Therefore, F( w) satisfies the relation (2.35 ). The 
phase shift dispersion relation then follows from the crossing condition F*( w) -

-F( -w): 

e(w) = -2w p1oo Logr(O) dO. 
'IT o g2- w2 

(2.62) 

Equation (2.62) is not merely a mathematical curiosity: from (2.61) it follows 
that at a given frequency w the optical constants are determined by the 
reflectance and phase; however, if the reflectance is measured over a suffi
ciently large range of frequencies about w, the phase can be obtained from 
(2.62). 

2.7.2 Oblique Incidence 

All plane waves normally incident on a plane boundary are reflected and 
transmitted according to (2.56) and (2.57) independently of their state of 
polarization (i.e., the direction of E; ). This is analogous to scattering in the 
forward or backward directions by an isotropic sphere or a collection of 
randomly oriented particles, where the polarization is of no importance. 
However, when a plane wave is obliquely incident on a plane boundary, or 
when scattering angles other than forward or backward are considered, the 
polarization of the incident wave is indeed important. Incident unpolarized 
light may, upon reflection from a plane boundary or scattering by a particle, 
become highly polarized at certain angles. In treating reflection of a wave 
incident at an arbitrary angle on a plane boundary we therefore consider two 
polarizations: electric field vectors parallel and perpendicular to the plane of 
incidence (Fig. 2.5), defined by the direction of propagation of the incident 
wave and the normal to the boundary. An arbitrary wave may be written as the 
superposition of waves of these two kinds. Moreover, the two polarizations are 
independent of each other: if the incident wave is polarized parallel to the 
plane of incidence, for example, the reflected and transmitted waves are so 
polarized. 

We first consider the electric vectors to be parallel to the plane of incidence. 
The tangential components of the electric and magnetic fields are required to 
be continuous across the boundary: 

H.l.; + H.l.r = H.l.t' 

(2.63) 

(2.64) 

If we use (2.43) and also take the permeabilities to be equal in both media, 
(2.64) becomes 

(2.6)) 
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(a) 

(b) 

Figure 2.5 Reflection and transmission of obliquely incident light for electric vector parallel (a) 
and perpendicular (b) to the plane of incidence. 

We also have er = e; from the law of specular reflection, and et is determined 
from the generalized Snell's law: 

sine; 
sine=-

t m (2.66) 

Note that sin el' and hence en is complex when medium I is absorbing. For 
such media the transmitted wave is inhomogeneous, although the incident and 
reflected waves are homogeneous ( N2 is real). In Fig. 2.5, 4>t is the angle 
between the normal to the boundary and the direction of propagation of the 
surfaces of constant phase. The surfaces of constant amplitude are planes 
parallel to the boundary. If medium 1 is nonabsorbing, et = 4>t. In general, 
however, the relation between et and geometrical properties of the transmitted 
wave is complicated. Rather than sink into the morass of trying to interpret a 
complex angle of refraction physically, it is much less frustrating to look upon 
et in (2.63) and (2.66) as merely a mathematical quantity. 

Equations (2.63) and (2.65) are readily solved for the reflection and trans
mission coefficients 

_ E 11 r coset- mcose; 
r =- = -~~---....:. 

II E
11

; coset+ mcose;' 
(2.67) 

- E 11 t 2cose; 
t = - = ------=---

11 E
11

; coset+ mcose; 
(2.68} 

When the electric vectors are perpendicular to the plane of incidence a similar 
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Figure 2.6 Reflectances for electric vector parallel (R 11 ) and perpendicular (RJ.) to the plane of 
incidence. R is the reflectance for unpolarized incident Lght. 

analysis yields 

_ E .l. r cos 9; - m cos 9 1 r = -- = __ ....:....._ ___ ____;_ 
.l. E.l.i cos9; + mcos91 ' 

(2.69) 

- E.l.t 2cos9; 
t = -- = -------'---

.l. E .l.; cos 9; + m cos 9 1 

(2.70) 

Equations (2.67)-(2.70) are the Fresnel formulas for reflection and transmission 
of light obliquely incident on a plane boundary. 



J6 ELECfROMAGNETIC THEORY 

The ratio of reflected to incident irradiance is more readily measured than 
the ratio of amplitudes; the reflectances for the two polarization states of the 
incident light are 

(2.71) 

One sometimes encounters the notation R P and R s for R 
11 

and R J.. , where the p 
and s stand for the German parallel and senkrecht (perpendicular); R'IT and Ra 
are also used. The two reflectances (2.71) and the reflectance R = !(R

11 
+ RJ..) 

for incident unpolarized light are shown as a function of the angle of incidence 
ei in Fig. 2.6. The refractive indices are those for liquid water at visible 
wavelengths ( N1 ::::: 1.33) and aluminum at a wavelength of 4958 A( N1 = 0. 771 
+ i5.91); medium 2 is taken to be a vacuum (N2 = 1) in both cases. Note that 
for water, an insulator, R J.. is always nonzero, but there is an angle of 
incidence ei = eP for which R

11 
= 0. This angle is called the polarizing or 

Brewster angle, and it follows from (2.66) and (2.67) that 

tanep = n. 

For aluminum, a conductor, R
11 

is always nonzero, although it does have a 
minimum at a particular angle. If the angle of incidence is other than 0 or 90°, 
R J.. is greater than R

11 
for an insulator or a conductor; therefore, if unpolarized 

light is incident on a plane boundary, the reflected light is partially polarized 
perpendicularly to the plane of incidence. At the Brewster angle (for an 
insulator) the reflected light is completely polarized. 

2.8 REFLECTION AND TRANSMISSION BY A SLAB 

We now consider reflection and transmission of a wave Eiexp[iw(N2zjc- t)] 
normally incident on a plane-parallel slab of arbitrary material embedded in a 
nonabsorbing medium (Fig. 2.7). The reflected and transmitted waves are 

E,exp[ -iw( N;z + t) ], 

and to satisfy all the boundary conditions we must postulate waves inside the 
slab that propagate in the + z and - z directions: 

The field amplitudes are written as scalars because reflection and transmission 
at normal incidence are independent of polarization. At the first boundary 
( z = 0), the amplitudes satisfy the usual boundary conditions: 

Nl ( I ) E,- Er = N2 Et - Et . 
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N2 = n2 N1 = n1 + ik 1 N2 = n2 

Figure 2.7 Reflection and transmission by a slab. 

and at the second boundary ( z = h) we have 

E~exp(ikN1 h) + £ 1-exp( -ikN1h) = E1exp(ikN2h), 

N 
E~exp(ikN1h)- E 1-exp( -ikN1h) = N2 E1exp(ikN2h), 

1 

37 

where k = wjc = 2'1T/A. The reflection and transmission coefficients are ob
tained by solving these four simultaneous equations: 

_ Er r[ 1 - exp(i2kN1h )] 
rslab = E; = 1 - r2exp(i2kN

1
h) ' 

(2.72) 

- E1 4m exp( -ikN2 h) 

tslab = E; = -( m-+-1 )-2 [ exp(- ikN
1 
h) - r 2exp( ikN

1 
h)] ' 

(2.73) 

where r is the reflection coefficient (2.57). More algebra yields the slab 
transmittance: 

where 

T _ i 2 _ ( 1 - R) 
2 + 4 R sin2 1/; 

slab - I slabl - R2e- ah + eah - 2R cos(f + 21/;) ' 

,. = 4'1Tn 1h 
~ A , 

4'1Tkl 
a=-A ' 

(2.74) 
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Transmission experiments are usually carried out with the slab in air 
(n 2 ::::: 1) and are feasible only if a measurable amount of light is transmitted. 
This in turn requires that for all but very thin samples (say, h <<X) k 1 must be 
small compared with unity. With this restriction l/; is small compared with ~, 
and the slab transmittance is to good approximation given by 

T = (I - R)2 
stab R 2e- a.h + ea.h- 2R cos~ 

(2.75) 

Interference bands in slab transmission may be observed because of the 
oscillatory term cos~ in (2.75). Transmission maxima occur when~ = 27rp( pA. 
= 2n 1h), where p = I, 2, 3, .... If a maximum occurs at a wavelength X, 
neighboring maxima occur at X + LlA., where 

LlA. A. ( A. ) -t 
T = ± 2n

1
h 1 + 2n

1
h ' 

provided that n 1 does not vary greatly over this interval. 
We have taken the incident beam to be perfectly monochromatic up to this 

point. Such beams are produced easily enough on paper-a few strokes of the 
pen are sufficient! However, real beams with which experimenters must 
contend are composed of a finite spread, albeit narrow, of wavelengths. Thus, 
for practical purposes, ~lab in (2.74) should be looked upon as an average over 
a range of wavelengths. If the wavelength spread of the beam is 8A., inter
ference bands are observable only if 8A. << lilXI. Another tacit assumption is 
that k 1 does not vary greatly over the wavelength region of interest; if not, the 
absorption spectrum may obscure transmission maxima and minima that are 
the result of interference. This is obvious from inspection of (2.75): for 
sufficiently large absorption ( ah) the oscillatory term is negligible compared 
with exp( ah ). Interference bands in transmission by a thin MnS crystal are 
shown in Fig. 2.8, where optical density, defined as log 10 (1/~1ab), is plotted as 
a function of wavelength. Note that in the vicinity of the absorption band at 
about 6000 A the interference bands are damped somewhat. 

If 8A. >> lilA.I, distinct interference bands in the transmission spectrum will 
not be observed; in this case ~lab averaged over the wavelength interval 8A. is 

(2.76) 

The strict validity of (2.76) also requires that 8A.jA. << I, where X is the average 
wavelength in the interval8A.; this ensures that the maxima of cos~ are evenly 
spaced. 

Even if 8A. << lilA.!, this is not sufficient to ensure that the interference 
bands predicted by (2.75) are experimentally ohservahle. This equation also 
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Figure 2.8 Transmission bY. an MnS crystal (h ""'6.3 JLm, n 1 ""'2.68) measured with a Cary 14 
spectrophotometer ( ~")'.. :::.. 5 A). 

contains the implicit requirement that Bh << Aj4n 1, where Bh is the average 
departure from parallelism of the faces of the slab over the area illuminated by 
the incident beam. We shall encounter a similar restriction when we deal with 
scattering by spheres: maxima and minima in the scattering cross section for a 
suspension of spheres are observable only if the dispersion of sphere radii is 
sufficiently narrow. 

It is sometimes desirable to eliminate interference bands from transmission 
spectra; this is particularly true in the measurement of absorption spectra (a as 
a function of wavelength), where interference bands can be a nuisance. If 
Bh >> Aj4n 1, a condition that can be achieved by using a wedge-shaped 
sample, for example, then the observed transmittance is given by (2.76). 

Yet another implicit assumption underlying both (2. 75) and (2. 76), and 
indeed all expressions in this section, is that the surfaces are optically smooth; 
that is, the surface roughness is sufficiently small compared with the wave
length of the incident light. It is difficult to state a precise criterion for 
smoothness, but according to the Rayleigh criterion a surface is reckoned to be 
smooth if d < A/(8 cos 9), where d is the height of surface irregularities 
(Beckmann and Spizzichino, 1963, p. 9). If the surfaces are not smooth, 
incident light may be diffusely reflected over a distribution of angles rather than 
specularly reflected at a single angle. 

Equations (2.75) and (2.76) represent two extremes. The former applies to a 
"perfectly" monochromatic beam incident on a "perfectly" parallel, smooth 
slab (although perfection in this sense is not absolute but lies within certain 
tolerance limits). On the other hand, the latter equation is appropriate to what 
might be called the perfectly ~hlperfect case: a slab-beam combination that has 
been carefully prepared to eliminate all interference effects. Theory has little to 
say about cases intermediate between these two extremes. Thus, if quantitative 
data are to be extracted from transmission measurements, some care must he 
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taken. It takes little experimental ability to insert a sample into a spectropho
tometer and press the scan button. Some kind of spectrum will dutifully 
emerge from the instrument. But is is an entirely different matter to extract 
from such spectra accurate numerical values for n and k. 

Although (2.76) can be derived from (2.75) by integration, a more physically 
satisfying approach is to consider the multiple reflections and transmissions of 
an incident beam. The assumption of nonparallel slab faces or a sufficient 
spread of wavelengths is equivalent to assuming that we may deal with the 
beam without regard to its phase. Consider a beam with irradiance I; that is 
incident on a slab (Fig. 2.9). A fraction R of the incident light is reflected at 
the first interface and the unreflected fraction traverses the slab undergoing 
attenuation by a factor exp(- ah ). At the second interface part of the light is 
reflected and an amount 1;(1 - R) 2exp( -ah) is transmitted. The reflected 
light traverses the slab, is reflected at the first interface, again traverses the 
slab, and an amount 1;(1 - R) 2R 2exp(- 3ah) emerges-and so on into the 
long hours of night. In this manner we obtain the total transmitted irradiance 

and the infinite series is readily summed to yield (2.76). One further approxi
mation is useful: if R 2e- 2ah is small compared with unity, which is true for the 

I; 

Figure 2.9 Transmission by a slab. Only the first two component~ that contribute to the total arc 
shown. There is no systematic relationship among the pha~e~ of tht· vanou~ componcnb 
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large class of nonconductors at visible wavelengths, then (2. 76) becomes 

2.9 EXPERIMENTAL DETERMINATION OF OPTICAL 
CONSTANTS 

The optical constants n and k are not directly measurable but must be derived 
from measurable quantities (e.g., reflection and transmission coefficients, re
flectances and transmittances, and angles of refraction) by interposing a 
suitable theory. Most of the necessary theory has been discussed in the 
preceding two sections. Therefore, before considering the analogy between a 
particle and a slab, it is worthwhile to consider briefly how the solutions to 
electromagnetic boundary-value problems for plane surfaces can be used to 
solve the inversion problem for homogeneous media, that is, how to determine 
the optical constants. At a given wavelength there are, in general, two optical 
constants to be determined. This is tum implies that two or more measure
ments are required. The following methods may be used. 

1. Measurement of refraction angles, such as the angle of rmrumum 
deviation of a prism; n is obtained from Snell's law. This requires samples of 
high transparency ( k ::::: 0). 

2. Measurement of the transmittance and reflectance of a slab for light at 
near-normal incidence. The samples must be sufficiently transparent for mea
surable transmission in thin slabs, but not as transparent as required in 
method 1. 

3. Measurement of reflectance at near-normal incidence over a wide range 
of frequencies. The phase shift of the reflected light is obtained from a 
Kramers-Kronig analysis. This technique is of great value in spectral regions 
where the sample is highly opaque, but requires measurements over an ex
tended region and extrapolations into unmeasured regions. 

4. Ellipsometric techniques in which amplitude ratios and phase shifts for 
reflected light are directly measured as opposed to the previous technique in 
which the phase shift is indirectly obtained. This is difficult to do over large 
wavelength regions because of requirements on optical elements such as 
polarizers and retarders. 

5. Measurement of reflectances for incident light of various polarization 
states and two oblique angles of incidence; the results are analyzed with the 
Fresnel formulas. Large angles are required for high accuracy, and this requires 
large sample surfaces. 

These methods and their variations are the principal means of measurin~ 
optical constants. As noted. none of them is clearly superior in all instann·.., 
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Further details may be found in the references listed at the ends of this chapter 
and Chapter I 0. 

2.10 THE ANALOGY BETWEEN A SLAB AND A PARTICLE 

We have seen that the response of a plane surface to an incident beam can be 
rather complicated. Yet we are familiar with many of the resulting phenomena 
because of everyday experiences with them: reflection of sunlight from a 
smooth pond or a glass window; a shiny piece of metal; the colors of a soap 
film. Many readers probably have performed simple laboratory experiments 
such as measuring the dispersion of natural light by a prism or determining the 
Brewster angle using polarizers. All these contacts help to build intuition about 
bulk optical effects. By way of contrast, we have fewer opportunities to observe 
directly scattering and absorption by small particles the size of which may be 
comparable with the wavelength. Because of useful analogies between the more 
often experienced and inherently simpler phenomena and those less commonly 
experienced, we encourage the use of such analogies while recommending a 
good bit of caution. Many have come to grief by adhering too strongly to the 
analogy between small particles and plane surfaces. A classical example is the 
unnecessary confusion that occurred during the period in which the blue color 
and polarization of skylight were topics of keen scientific interest. Because of 
Tyndall's ex eriments, small particles, which we now know to be the ~r 

-mo ecules themselves. were a strong candidate for the source o[_the -~Y· 
But one of the obstacles to the acceptance of this explanation was the 
polarizing angle. It was observed that the light scattered by small particles at 
90° to the direction of the incident beam was highly polarized regardless of the 
composition of the particles. In the language of planar surfaces we would say 
that the polarizing angle for such particles is always 45 o. This was considered 
by some to be a problem: the polarizing angle for planar surfaces is a function 
of refractive index and, hence, composition. Rayleigh's response (1871) to this 
objection is worth quoting: 

I venture to think that the difficulty is imaginary, and is caused mainly by misuse 
of the word reflection. Of course there is nothing in the etymology of reflection 
and refraction to forbid their application in this sense; but the words have 
acquired technical meanings, and become associated with certain well-known 
laws called after them. Now a moment's consideration of the principles according 
to which reflection and refraction are explained in the wave theory is sufficient to 
show that they have no application unless the surface of the disturbing body is 
larger than many square wave-lengths; whereas the particles to which the sky is 
supposed to owe its illumination must be smaller than the wave-length or else the 
explanation of the colour breaks down. The idea of polarization by reflection is 
therefore out of place, and that "the law of Brewster does not apply to matter in 
this condition" (of extreme fineness) is only what might have been inferred from 
the principles of the wave theory. 



2.10 THE ANALOGY BE1WEEN A SLAB AND A PARTIU.t: 

INTERNAL (REFRACTED) 

WAVES 

~~\t/ 
~ ~ERED 

INCIDENT 
WAVE 

WAVE 

Figure 2.10 Analogy between scattering by a particle and reflection-transmission by a slab. 

Rayleigh adds in a footnote that "in many departments of science a tendency 
may be observed to extend the field of familiar laws beyond their proper 
limits." It is well to keep Rayleigh's words in mind when comparison is made 
between slabs and particles. 

The formal analogy between scattering by a particle and reflection-trans
mission by a slab, in its most general aspect, is shown schematically in Fig. 
2.10 and in Table 2.1. We mentioned in Section 2.7 that unpolarized incident 
light may become polarized upon reflection from a plane interface or by 
scattering from a particle; throughout the rest of this book we shall be alert to 
further analogies, both as an aid to understanding and as a guide into the 
investigation of new and unfamiliar phenomena. 

Table 2.1 Analogy between Slab and Particle 

Slab 

Incident wave 
Reflected wave+ transmitted wave 
Internal (refracted) waves 

Particle 

Incident wave 
Scattered wave 
Internal field 
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2.11 POLARIZATION 

In addition to irradiance and frequency, a monochromatic (i.e., time-harmonic) 
electromagnetic wave has a property called its state of polarization, a property 
that was briefly touched on in Section 2.7, where it was shown that the 
reflectance of obliquely incident light depends on the polarization of the 
electric field. In fact, polarization would be an uninteresting property were it 
not for the fact that two waves with identical frequency and irradiance, but 
different polarization, can behave quite differently. Before we leave the subject 
of plane Waves it is desirable to present polarization in a systematic way, which 
will prove to be useful when we discuss the polarization of scattered light. 

Consider a plane monochromatic wave with angular frequency w and wave 
number k which is propagating in the z direction in a nonabsorbing medium. 
In discussions of polarization it is customary to focus attention on the electric 
field E: 

E = Re{Ec} = Re{(A + iB)exp(ikz- iwt)} 

= A cos(kz - wt) - B sin(kz - wt ), (2.77) 

where the real vectors A and B are independent of position. The electric field 
vector at any point lies in a plane the normal to which is parallel to the 
direction of propagation. In a particular plane, say z = 0 for convenience, the 
tip of the electric vector traces out a curve: 

E( z = 0) = A cos wt + B sin wt. (2.78) 

Equation (2.78) describes an ellipse, the vibration ellipse (Fig. 2.11). If A = 0 
(or 8 = 0), the vibration ellipse is just a straight line, and the wave is said to be 
linearly polarized; the vector B then specifies the direction of vibration. (The 
term plane polarized is also used, but it has become less fashionable in recent 
years.) If lA I = IBI and A • B = 0, the vibration ellipse is a circle, and the wave 
is said to be circularly polarized. In general, a monochromatic wave of the form 
(2.77) is elliptically polarized. 

A given vibration ellipse can be traced out in two opposite senses: clockwise 
and anticlockwise. The vibration ellipse in Fig. 2.11 is rotating clockwise as 
viewed from above the page. However, as viewed from the opposite direction, 
it is rotating in the anticlockwise sense. Thus, these terms do not have absolute 
meaning but depend on the direction from which the ellipse is observed. The 
two opposite senses of rotation lead to a classification of vibration ellipses 
1u.:cording to their handedness, and herein lies a problem: there are two 
l'onventions for assigning handedness to vibration ellipses. On the one hand, 
the vlhnttion ellipse may be designated as right-handed if the rotation is 
duck wi~ as viewed by an observer who is looking toward the source of light. 
I h111 t\, if the direction of the vector A X 8 is opposite to the direction of 
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Figure 2.11 Vibration ellipse. 

propagation, the vibration ellipse is said to be right-handed. Among the 
adherents to this convention are chemists (Djerassi, 1960) and optical physi
cists (Jenkins and White, 1957; Shurcliff, 1962; Stone, 1963). This convention 
might be called "traditional" and, as such, has been adopted by Born and 
Wolf (1965, p. 28), who nonetheless are slightly uncomfortable with the 
seeming unnaturalness of their choice-it is not compatible with the rotation 
behavior of a right-handed screw. Clarke (1974), however, has argued that the 
traditional convention need not tread on notions of what is or is not natural if 
we lay aside our screwdrivers and concentrate instead on the helix traced out 
in space by the electric field. At any instant of time (say, t = 0) the locus of all 
points described by the tip of the electric field vector is 

E(t = 0) = Acoskz- Bsinkz, (2.79) 

which is the equation of a helix; (2. 79) is a "snapshot" of the electric field at a 
particular time. With increasing time the helix moves in the direction of 
propagation and, in so doing, its intersection with any plane z = constant 
describes a vibration ellipse (Fig. 2.12). If the helix is right-handed, the 
corresponding vibration ellipse is also right-handed according to the traditional 
convention. Because the handedness of a helix is independent of the direction 
from which it is observed, the helix associated with a given wave unambigu
ously assigns a handedness to that wave. We therefore adopt the traditional 
convention according to which an elliptically polarized wave is reckoned 
right-handed if the vibration ellipse is rotating in the clockwise sense as viewed 
by an observer looking toward the source. The opposite convention seems to 
be favored by astronomers (van de Hulst, 1957; Hansen and Travis, 1974; 
Gehrels, 197 4a ). 

We shall be concerned primarily with media through which plane waves of 
arbitrary polarization propagate without change of polarization state. How
ever, there are many materials that do not possess this property. For example, 
there are materials which, for a given direction of propagation, have different 
refractive indices depending on the state of linear polarization of the wave. If 
the real parts of the refractive indices are different, the material is said to ht· 
/inear~y hirefringent: if the imaginary parts of the refractive indices arc differ 



ELEcrROMAGNETIC THEORY 

z z z z 

cb 
z 

kz =0 

Wt = 0 Wt =77"/8 Wt =77"/4 Wt =377"/8 Wt =77"/2 

Figure 2.12 A series of snapshots of the electric fjeld. 

ent, it is said to be linearly dichroic. Similarly, there are circularly birefringent 
and circularly dichroic media, those for which the complex refractive index 
depends on handedness. The terms "birefringent" and "dichroic" are often 
used without qualification, particularly if their meaning is clear from the 
context. To describe such birefringent and dichroic media at the phenomeno
logical level, the constitutive relations (2.7)-(2.9) must be modified somewhat. 
We shall encounter specific examples in later chapters. 

In addition to its handedness, a vibration ellipse is characterized by its 
ellipticity, the ratio of the length of its semiminor axis to that of its semimajor 
axis, and its azimuth, the angle between the semimajor axis and an arbitrary 
reference direction (Fig. 2.13). Handedness, ellipticity, and azimuth, together 
with irradiance, are the ellipsometric parameters of a plane wave. 

2.11.1 Stokes Parameters 

Although the ellipsometric parameters completely specify a monochromatic 
wave of given frequency and are readily visualized, they are not particularly 
conducive to understanding the transformations of polarized light. Moreover, 
they are difficult to measure directly (with the exception of irradiance, which 
l·an easily he measured with a suitahle detector) and arc not adaptahlc to a 
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Figure 2.13 Vibration ellipse with ellipticity b/a and azimuth y. 

discussion of partially polarized light. The irradiances of two incoherently 
superposed beams are additive, but no such additivity exists for the other three 
ellipsometric parameters. As we shall see, the Stokes parameters are an equiva
lent description of polarized light, but one of greater usefulness, particularly in 
scattering problems. 

In previous sections we stated that the polarization state of a wave may be 
changed by interaction with a suitable optical system (e.g., reflection at the 
polarizing angle or transmission through a dichroic medium). An arbitrary 
monochromatic wave may be expressed as a superposition of two orthogonal 
components: horizontal and vertical; right-circular and left-circular; and so on. 
This decomposition is more than just a mathematical device: we can construct 
polarizers that have the property of transmitting only one of these components. 
For the moment we regard such a polarizer Pas a black box into which light is 
fed. 

Let us consider a series of hypothetical experiments which can be performed 
with an arbitrary monochromatic beam, a detector, and various polarizers (Fig. 
2.14). The detector responds to irradiance independently of the polarization 
state, and the polarizers are assumed to be ideal: they do not change the 
amplitude of the transmitted component. The electric field E referred to 
orthogonal axes e

11 
and e .l , which we shall call "horizontal" and "vertical," 

respectively, is 

E = E 0exp( ikz - iwt); 

E j_ = a j_ e - '~ 1 • 
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Figure 2.14 The detector measures the irradiance of the beam transmitted by the polarizer P. 

Experiment I. No Polarizer. If there is no polarizer in the beam the irradiance 
I recorded by the detector is E

11 
E

1
j + E .L Ej_ , where for convenience we omit 

the factor kj2wJL 0 • 

Experiment II. Horizontal and Vertical Polarizers. ( 1) Let P be a horizontal 
polarizer; the amplitude of the transmitted wave is E

11 
and the irradiance /

11 

recorded by the detector is E
11 
E

1
j. (2) Let P be a vertical polarizer; the 

amplitude of the transmitted wave is E .L and the irradiance I .L recorded by the 
detector is E .L Ej_ . The difference between these two measured irradiances is 

/
11
-/.1 = E

11
Et- E.LE'j_. 

Experiment III. + 45° and - 45° Polarizers. To analyze this experiment it is 
convenient to introduce another orthonormal set of basis vectors e+ and e_, 
which are obtained by rotating e

11 
by +45° and -45° (Fig. 2.15): 

A I (" + A ) A I (A A ) e+= ..fi e 11 e.L , e_= ..fi e 11 - e.L . 

" eu ~-----;f----~ 

e_ 
Figure 2.15 Basis vectors e , and e 
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The electric field E0 may be written E0 = E+e+ + E_e_, where 

I 
E _ = If ( E

11 
- E .l) . 

(1) Let P be a +45° polarizer; the amplitude of the transmitted wave is 
(E

11 
+ E .1)/ ..fi and its irradiance I+ is (E

11
E

1
j + E

11
E! + E .L E

1
j + E .L E!)/2. 

(2) Let P be a -45° polarizer; the irradiance of the transmitted wave is 
I_= (E

11
E

1
j- E

11
E! -E.LE

1
j + E.LE!)/2. The·difference between these two 

irradiances is 

Experiment IV. Circular Polarizers. We need to introduce one more set of 
basis vectors e R and e L: 

" I (" •A ) eL = ..fi e 11 - ze .L . 

These basis vectors represent right-circularly and left-circularly polarized waves 
and are orthonormal in the sense that 

The incident field may be written E0 = EReR + ELev where 

(1) Let P be a right-handed polarizer; the transmitted irradiance IRis (E
11
E

1
j -

iE
1
jE.L +iE! E

11 
+ E.L E!)/2. (2) Let P be a left-handed polarizer; the trans

mitted irradiance IL is (E
11
E

1
j + iE .J. E

1
j - iE

11
E! + E .L E!)/2. The difference 

between these two irradiances is 

We have now done enough thought experiments to determine the Stokes 
parameters I, Q, U, V: 

(2.80) 
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where the phase difference 8 is 8
11 

- 8 .L • Note that we have omitted the factor 
kj2wJL0 from (2.80); it is unimportant because relative, rather than absolute, 
irradiances are what are usually measured. Our notation for the Stokes 
parameters is by no means universal: there are many other symbols in use. 
Stokes (1852) himself used A, B, C, D; I, Q, U, V are favored by Walker (1954), 
Chandrasekhar (1950), and van de Hulst (1957); Perrin (1942) and Shurcliff 
(1962) find I, M, C, S more to their liking; Collett (1968) prefers s0 , s 1, s2 , s3 . 

Rozenberg ( 1960) makes no attempt to conceal his contempt for the "irration
ality" of the symbols usually employed in the "foreign literature," and he 
offers us S1, S2 , S3 , S4 • To add to the confusion, the definition of the Stokes 
parameters can be changed without serious damage: various linear combina
tions of the Stokes parameters (2.80), particularly I and Q, can be, and are, 
used as suitable Stokes. parameters. Caution is therefore in order when one 
leaves the pages of this book. 

The Stokes parameters are related to the ellipsometric parameters as fol
lows: 

Q = c2 cos 2TJ cos 2y, 

U = c2 cos 2TJ sin 2y, 
(2.81) 

where 

c2 = a 2 + b2 = (semimajor axis)
2 + (semiminor axis)

2
, 

y = clockwise angle between ~ 11 and major axis (azimuth) (0 ~ y ~ 71 ), 

b ( 71 71) !tan 111 =a (ellipticity) - 4 ~ 11 ~ 4 . 

The sign of V specifies the handedness of the vibration ellipse: positive denotes 
right-handed and negative denotes left-handed. We also have the relations 

u 
tan2y =-

Q' 
(2.82) 

Thus, the Stokes parameters are equivalent to the ellipsometric parameters; 
although less easily visualized, they are operationally defined in terms of 
measurable quantities (irradiances). Additional advantages of the Stokes 
parameters will become evident as we proceed. Note that Q and U depend on 
the choice of horizontal and vertical directions. If the hasi~ vector~ i.\

11 
and (\ 1 
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Figure 2.16 Rotation of basis vectors. 

are rotated through an angle tJ; (Fig. 2.16), the transformation from (I, Q, U, V) 
to Stokes parameters (I', Q', U', V') relative to the rotated axes ej

1 
and e'.1. is 

(~:) (! 
0 

cos2tJ; 
-sin2tJ; 

0 

0 
sin2tJ; 
cos2tJ; 

0 

(2.83) 

It is fairly obvious from either (2.81) or (2.83) that there are three quantities 
associated with the Stokes parameters that are invariant under rotation of the 
reference directions: I, Q2 + U 2, and V. In addition, the Stokes parameters 
are not all independent: 

A few representatives sets of Stokes parameters, written as column vectors, are 
shown in Table 2.2; the irradiance I is normalized to unity. 

Although a strictly monochromatic wave, one for which the time depen
dence is exp(- iwt), has a well-defined vibration ellipse, not all waves do. Let 
us consider a nearly monochromatic, or quasi-monochromatic beam: 

E = E 0 (t)exp(ikz- iwt), 

where the complex amplitudes £
11 

and E .1. are now functions of time but vary 
slowly over time intervals of the order of the period 2rrjw. However, for time 
intervals long compared with the period, the amplitudes fluctuate in some 
manner, perhaps independently of each other, or perhaps with some correla
tion. If E

11
(t) and E .1. (t) are completely uncorrelated, the beam is said to be 

unpolarized; so-called natural light (e.g., light from the sun, incandescent and 
fluorescent lamps) is unpolarized. In such a beam of light the electric vector 
traces out a vibration ellipse the parameters of which-handedness, ellipticity, 
and azimuth-vary slowly in time. Moreover, there is no preferred vibration 
ellipse: over a sufficiently long period of time vibration ellipses of all shape~. 
orientations, and handedness will have heen traced out. I Iurwit1 ( 194~) ha' 
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Table 2.2 Stokes Parameters for Polarized Light 

Linearly Polarized 

oo 90° +45° -45° y 
+-+ t '\. ,? 

w [-~I (i) (-i) 
[ ~;2y I 

sm2y 
0 

Circularly Polarized 

Right Left 

c n 

(~) ( j) 
discussed the statistical properties of unpolarized light in an interesting and 
instructive paper. If E

11 
and E J. are completely correlated, the light is said to be 

polarized. This definition of polarization includes strictly monochromatic light 
but is somewhat more general: a

11
, a J. , 8

11
, 8 J. may separately fluctuate pro

vided that the ratio a
11
ja J. of the real amplitudes and the phase difference 

8
11 

- 8 J. are independent of time. If E
11 

and E J. are partially correlated, the light 
is said to be partially polarized. A partially polarized beam exhibits a prefer
ence for handedness, or ellipticity, or azimuth. But this preference is not 
perfect: there is some statistical fluctuation. 

The Stokes parameters of a quasi-monochromatic beam are given by 

I= (E
11
E

1
j + El. Ej_ ), 

Q = (E
11
E

1
j- El. Ej_ ), 

U= (E
11
Ej_ +Ej_E

1
j), 

V = i ( E
11 
E j_ - E .1. E

1
j), 

(2.84) 

where the angular brackets indicate time averages over an interval long 
compared with the period. From (2.84) it follows that 

Qz + uz + vz = J2- 4((alf)(a~)- (alla.Le;8)(alla.1e-;8)), 

which implies that 

(2.R5) 
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Equality holds if the light is polarized; if the light is unpolarized, Q - U • V 
= 0. The inequality (2.85) leads naturally to the notion of deree of polarization 
VQ 2 + U 2 + V2 jl, as well as degree of linear polarization Q 2 + U 2 j/, and 
degree of circular polarization VI I. For a partially polarized beam the sign of V 
indicates the preferential handedness of the vibration ellipses traced out by the 
electric vector: positive indicates right-handed and negative indicates left
handed. We may interpret the quantities U/Q and Vj VQ 2 + U2 [see (2.82)] 
as specifying the preferential azimuth and ellipticity of the vibration ellipses. 

If two or more quasi-monochromatic beams propagating in the same 
direction are superposed incoherently, that is to say, there is no fixed relation
ship among the phases of the separate beams, the total irradiance is merely the 
sum of the individual beam irradiances. Because the definition of the Stokes 
parameters involves only irradiances, it follows that the Stokes parameters of a 
collection of incoherent sources are additive. 

In the derivations above of the Stokes parameters we began with monochro
matic light and then extended our results to the more general case of quasi
monochromatic light. However, the operational definition of the Stokes 
parameters in terms of a set of elementary experiments involving a detector 
and various polarizers, as opposed to the formal mathematical definitions 
(2.80) and (2.84), is independent of any assumed properties of the beam. 
Unless otherwise stated, we shall assume that all beams of interest are 
quasi-monochromatic, which includes as a special case monochromatic light. 

2.11.2 Mueller Matrices 

We may represent a beam of arbitrary polarization, including partially polarized 
light, by a column vector, the Stokes vector, the four elements of which are the 
Stokes parameters. In general, the state of polarization of a beam is changed 
on interaction with an optical element (e.g., polarizer, retarder, reflector, 
scatterer). Thus, it is possible to represent such optical elements by a 4 X 4 
matrix (Mueller, 1948). The Mueller matrix describes the relation between 
"incident" and "transmitted" Stokes vectors; by "incident" is meant before 
interaction with the optical element, and by "transmitted" is meant after 
interaction. As an example, consider the Mueller matrix for an ideal linear 
polarizer. Such a polarizer transmits, without change of amplitude, only electric 
field components parallel to a particular axis called the transmission axis. 
Electric field components in other directions are completely removed from the 
transmitted beam by some means which we need not explicitly consider. The 
relation between incident field components (E

11
;, E J.;) and field components 

( £11 ~' E J.t) transmitted by the polarizer is 

( 
E 11 t ) ( cos

2 ~ 
E 1. 1 = sin ~cos ~ 

(2.86) 
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where~ is the (smallest) angle between ~ 11 and the transmission axis. After a bit 
of algebra, we obtain from (2.86) the Mueller matrix for an ideal linear 
polarizer: 

cos2~ sin2~ 0 

1 cos2~ cos2 2~ cos 2~ sin 2~ 0 
2 sin2~ sin 2~ cos2~ sin2 2~ 0 

(2.87) 

0 0 0 0 

The irradiance transmitted by the linear polarizer (2.87) is 

Thus, as the polarizer is rotated so that ~ varies, the irradiance 11 also varies. 
The maximum and minimum values of 11 occur for ~ = y and ~ = y + 'lT /2, 
respectively, where tan 2y = U;/Qi: 

/min= !(I;- Q;cos2y- U;sin2y). 

From (2.88) we obtain the degree of linear polarization 

/max- /min 
/max+ /min. 

(2.88) 

Therefore, by rotating a linear polarizer in an arbitrary beam and noting the 
maximum and minimum transmitted irradiance, the degree of linear polariza
tion can be measured regardless of the value of V. 

An ideal linear retarder divides a given incident electric vector into two 
linearly polarized components E 1 and £ 2 , which are mutually orthogonal, and 
introduces a phase difference 81 - 82 between them; there is no dimunition of 
irradiance. Thus, the relation between incident field components and field 
components transmitted by such a retarder is 

-sin f3) ( ei81 

cos /3 0 
0 ) ( cos /3 
ei82 -sin f3 

sin /3 ) ( Eli; ) , 
cos/3 E J..i 

(2.89) 

where /3 is the angle between e
11 

and e1 (Fig. 2.17). It is straightforward, hut 
laborious, to show that (2.89) yields the Mueller matrix for an ideal linear 



retarder: 
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0 
C 2 + S 2 cos 8 

SC(l -cos 8) 
Ssin8 

Figure 2.17 e I and ez specify the axes of an 
ideal linear retarder. · 

0 
s c ( 1· - cos 8) 

S2 + C 2 cos 8 
- Csin8 

0 
-Ssin8 

Csin8 
cos8 

(2.90) 

where C = cos2/3, S = sin2/3, and the retardance 8 is 81 - 82 • 

The usefulness of the Mueller formulation becomes apparent when we 
realize that Mueller matrices give us a simple means of determining the state of 
polarization of a beam transmitted by an optical element for an arbitrarily 
polarized incident beam. Moreover, if a series of optical elements is interposed 
in a beam, the combined effect of all these elements may be determined by 
merely multir 1ying their associated Mueller matrices. As an example, let us 
consider how a circular polarizer can be constructed by superposing a linear 
polarizer and a linear retarder. The beam is first incident on a linear polarizer 
with horizontal transmission axis ( ~ = 0°), the Mueller matrix for which is 
obtained from (2.87): 

_!_ ( ! 
2 0 

0 

I 
I 
0 
0 

0 
0 
0 
0 

(2.91) 

The beam transmitted by the polarizer (2.91) is then incident on a retarder 
with 8 = 90° and f3 = 45 °, the Mueller matrix for which is obtained from 
(2.90): 

(~ 
0 0 
0 0 
0 I 
I 0 

-~) 0 . 

0 

The comhincd effect of polarizer and retarder is ohtaincd hy matrix multipltc.t 



tion: 

! ( 6 
2 0 

0 

0 
0 
0 
1 

0 
0 
1 
0 
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I 
I 
0 
0 

0 
0 
0 
0 

~) =!(6 0 2 0 
0 I 

1 
0 
0 
I 

0 
0 
0 
0 

~ 1. (2.92) 

Thus, if unpolarized light or, indeed, light of arbitrary polarization is incident 
on the optical system described by the Mueller matrix (2.92), the transmitted 
light will be 100% right-circularly polarized. Note that matrix multiplication is 
not commutative: the order of elements in a train must be properly taken into 
account. Further details about Mueller matrices and experimental means for 
realizing polarizers, retarders, and other optical elements are found in the 
excellent book by Shurcliff (1962). 

NOTES AND COMMENTS 

There are many good books on Fourier transforms. One we have found 
particularly useful for our purposes is by Champeney (1973). 

Toll ( 1956) examines the logical foundations of causality and the dispersion 
relations. Goldberger ( 1960) begins his article with a good historical survey; 
another discussion within the context of high-energy physics is by Scadron 
( 1979, pp. 326-329), whereas optical properties of solids form the backdrop for 
Stern's (1963) discussion. And an entire book by Nussenzveig (1972) is devoted 
to dispersion relations. 

Spatial dispersion is the subject of a review article by Rukhadze and Silin 
( 1961) and a book by Agranovich and Ginzburg ( 1966). 

A good review article on optical constants and their measurement is that by 
Bell (1967). Determination of optical constants from reflectance measurements 
is treated by Wendlandt and Hecht (1966) and from internal reflection 
spectroscopy by Harrick (1967). Ellipsometric techniques are discussed at 
length by Azzam and Bashara ( I977). 

In Section 2.I 0 we made an analogy between slabs and particles while 
cautioning not to push this analogy too far. That caution is necessary is evident 
from calculations of volumetric absorption by slabs and spheres of the same 
material (Faxvog and Roessler, 1981). 

McMaster (1954) takes a quantum-mechanical approach to the Stokes 
parameters and polarized light. Two books are devoted entirely to polariza
tion: Shurcliff (1962) and Clarke and Grainger (1971). And a splendid collec
tion of papers on many aspects of polarized light has been edited by Gehrels 
( 1974a). Another collection worth consulting is that compiled by Swindell 
(1975); it contains several of the classical papers on polarization. 



Chapter 3 
Absorption and Scattering 

by an Arbitrary Particle 

When a particle is illuminated by a beam of light with specified characteristics, 
the amount and angular distribution of the light scattered by the particle, as 
well as the amount absorbed, depends in a detailed way on the nature of the 
particle, that is, its shape, size, and the materials of which it is composed. This 
presents us with an almost unlimited number of distinct possibilities. N everthe
less, there are some features common to the phenomena of scattering and 
absorption by small particles. In this chapter, therefore, our goal is to say as 
much as possible about such phenomena without invoking any specific par
ticle. This will establish the mathematical and physical framework underlying 
all the specific problems encountered in later chapters. 

3.1 GENERAL FORMULATION OF THE PROBLEM 

Our fundamental problem is as follows: Given a particle of specified size, 
shape and optical properties that is illuminated by an arbitrarily polarized 
monochromatic wave, determine the electromagnetic field at all points in the 
particle and at all points of the homogeneous medium in which the particle is 
embedded. Although we limit our consideration to plane harmonic waves, this 
is less of a restriction than it might seem at first glance: in Section 2.4 we 
showed that an arbitrary field can be decomposed into its Fourier components, 
which are plane waves. Therefore, regardless of the illumination we can obtain 
the solution to the scattering-absorption problem by superposition. 

The field inside the particle is denoted by (E 1, H 1); the field (E2 , H 2 ) in the 
medium surrounding the particle is the superposition of the incident field 
(Ei, HJ and the scattered field (E

5
, H

5
) (Fig. 3.1): 

where 

E, = E0exp(ik•x- iwt), H; = H 0exp(ik • x- iwt ), 

and k is the wave vector appropriate to the surrounding medium. The fil'ld-. 
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INCIDENT 

CE,.H1) 

Figure 3.1 The incident field (EP Hi) gives rise to a field (E 1, H 1) inside the particle and a 
scattered field (E s, H s) in the medium surrounding the particle. 

must satisfy the Maxwell equations 

yr • E = 0, 

yr • H = 0, 

yr X E = iwJLH, 

yr X H = -iweE, 

at all points where e and IL are ,continuous. The curl of (3.3) and (3.4) is 

and if we use the vector identity 

yr X (yr X A)= yr(yr ·A)- yr ·(vrA) 

we obtain 

{3.1) 

(3.2) 

(3.3) 

{3.4) 

(3.5) 

(3.6) 

where k2 = w2e~t and yr 2A = yr • ( yr A). Thus, E and H satisfy the vector wave 
equation. Any vector field with zero divergence that satisfies the vector wave 
equation is an admissible electric field; the associated magnetic field is related 
to the curl of the electric field through (3.3). Caution: The symhol yr 2 in (3.6) 
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should be looked upon as shorthand notation for the vector operator V • v; 
that is, vA is a dyadic which when operated on by the divergence operator v • 
yields a vector. Alternatively, we can consider (3.5) to define v 2A. It is not true 
that the components of E separately satisfy the scalar wave equation 

V2t/; + ~zt/1 = 0, 

as a superficial glance at (3.6) might lead one to believe, except in the special 
case where E is specified relative to a rectangular Cartes~an coordinate system. 

3.1.1 Boundary Conditions 

The electromagnetic field is required to satisfy the Maxwell equations at points 
where e and p. are continuous. However, as one crosses the boundary between 
particle and medium, there is, in general, a sudden change in these properties. 
This change occurs over a transition region with thickness of the order of 
atomic dimensions. From a macroscopic point of view, therefore, there is a 
discontinuity at the boundary. At such boundary points we impose the 
following conditions on the fields: 

[E2{x)- EI(x)] X ft = 0, 

[H 2 (x)- HI(x)] X ft = 0, 
xonS, (3.7) 

where ft is the outward directed normal to the surface S of the particle. The 
boundary conditions (3.7) are the requirement that the tangential components 
of E and Hare continuous across a boundary separating media with different 
properties. 

At this point we depart from the traditional derivation of (3.7)-what might 
be called the "pharmaceutical approach" of constructing pillboxes and loops 
that straddle the boundary and taking various limits-and give a physical 
justification of these boundary conditions by appealing to conservation of 
energy. Consider a closed surface A, with outward normal ft, which is the 
boundary between regions 1 and 2 (Fig. 3.2). There are no restrictions on the 
properties of these regions. The rate at which electromagnetic energy is 
transferred across a closed surface arbitrarily near A in region 1 (shown by the 
dashed line in Fig. 3.2) is 

(3.8) 

where the electromagnetic field (E I, HI) is not restricted to be time harmonic. 
Similarly, the rate of electromagnetic energy transfer across a closed surface 
arbitrarily near A in region 2 (shown by the dotted line in Fig. 3.2) is 

(1.9) 
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A 

Figure 3.2 Closed surface separating regions 
I and 2. 

If the boundary conditions (3.7) are imposed, then E 2 X ft = E 1 X ft, H 2 X ft 
= H 1 X ft, and the integrals (3.8) and (3.9) may be written 

f S 1 • ft dA = f H 1 • ( ft X E 1 ) dA = f H 1 • ( ft X E 2 ) dA , 
A A A 

where we have used the permutation rule for the triple scalar product: 
A • (B X C) = B • (C X A) = C ·(A X B). Therefore, there are no sources or 
sinks of electromagnetic energy on A: 

J S 1 • ft dA = J S2 • ft dA . 
A A 

Thus, the requirement that the tangential components of the electromagnetic 
field are continuous across a boundary of discontinuity is a sufficient condition 
for energy conservation across that boundary. 

3.1.2 Superposition 

Our fundamental task is to construct solutions to the Maxwell equations 
(3.1 )-(3.4), both inside and outside the particle, which satisfy (3. 7) at the 
boundary between particle and surrounding medium. If the incident electro
magnetic field is arbitrary, subject to the restriction that it can be Fourier 
analyzed into a superposition of plane monochromatic waves (Section 2.4), the 
solution to the problem of interaction of such a field with a particle can be 
obtained in principle by superposing fundamental solutions. That this is 
possible is a consequence of the linearity of the Maxwell equations and the 
boundary conditions. That is, if Ea and Eh are solutions to the field equations, 
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their sum Ea + Eb is also a solution; and if 

then 

where E2 = Ea2 + Eb2 and E 1 = Ea1 + Ebi· This, therefore, is our justification 
for considering only scattering of plane monochromatic waves. An arbitrarily 
polarized wave can be expressed as the superposition of two orthogonal 
polarization states (Section 2.11 ). Therefore, we need only solve each scattering 
problem twice (for a given direction of propagation) in order to determine the 
scattering of an arbitrarily polarized plane wave. 

3.2 THE AMPLITUDE SCA TIERING MATRIX 

Consider an arbitrary particle that is illuminated by a plane harmonic wave 
(Fig. 3.3). The direction of propagation of the incident light defines the z axis, 
the forward direction. Any point in the particle may be chosen as the origin 0 
of a rectangular Cartesian coordinate system (x, y, z), where the x andy axes 
are orthogonal to the z axis and to each other but are otherwise arbitrary. The 
orthonormal basis VeCtOrS ex, ey, ez are in the directions of the positive X, y, 
and z axes. The scattering direction er and the forward direction ez define a 
plane called the scattering plane, which is analogous to the plane of incidence 
in problems of reflection at an interface (Section 2.7). The scattering plane is 
uniquely determined by the azimuthal angle </> except when er is parallel to the 
z axis. In these two instances (er = ± ez) any plane containing the z axis is a 
suitable scattering plane. It is convenient to resolve the incident electric field 
E;, which lies in the xy plane, into components parallel (E

11
;) and perpendicu

lar (E J..i) to the scattering plane: 

where k = 2wN2j)\ is the wave number in the medium surrounding the 
particle, N2 is the refractive index, and )\ is the wavelength of the incident light 
in vacuo. The orthonormal basis vectors e

11
; and e .l.i' where 

form a right-handed triad with ez: 

We also have 
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X 

INCIDENT BEAM 

Figure 3.3 Scattering by an arbitrary particle. 

where er, e(}l e-1> are the orthonormal basis vectors associated with the spherical 
polar coordinate system (r, 8, </> ). If the x andy components of the incident 
field are denoted by Ex; and Eyi' then 

At sufficiently large distances from t]J.e origin (kr >> 1), in the far-field 
region, the scattered electric field Es is approximately transverse (er • Es ~ 0) 
and has the asymptotic form (see, e.g., Jackson, 1975, p. 748) 

eikr 

Es- -.-k-A _, r kr >> 1, (3.10) 

where er ·A = 0. Therefore, the scattered field in the far-field region may he 
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written 

(3.11) 

The basis vector e
11
s is parallel and e J..s is perpendicular to the scattering plane. 

Note, however, that Es and E; are specified relative to different sets of basis 
vectors. Because of the linearity of the boundary conditions (3.7) the amplitude 
of the field scattered by an arbitrary particle is a linear function of the 
amplitude of the incident field. The relation between incident and scattered 
fields is conveniently written in matrix form 

(3.12) 

where the elements ~(j = 1, 2, 3, 4) of the amplitude scattering matrix depend, 
in general, on 8, the scattering angle, and the azimuthal angle</>. 

Rarely are the real and imaginary parts of the four amplitude scattering 
matrix elements measured for all values of (} and </>. To do so requires 
measuring the amplitude and phase of the light scattered in all directions for 
two incident orthogonal polarization states, a measurement impeded by the 
elusiveness of the latter quantity. Hart and Gray (1964) have described a 
procedure by which phases might be measured from the interference between 
light scattered by the particle of interest and a nearby particle with known 
scattering properties. But few such experiments have been performed, a 
notable exception being the microwave experiments of Greenberg et al. (1961). 
However, the amplitude scattering matrix elements are related to quantities the 
measurement of which poses considerably fewer experimental problems than 
phases; this will be explored in the following two sections. 

3.3 SCA TIERING MATRIX 

Once we have obtained the electromagnetic fields inside and scattered by the 
particle, we can determine the Poynting vector at any point. However, we are 
usually interested only in the Poynting vector at points outside the particle. 
The time-averaged Poynting vector S at any point in the medium surrounding 
the particle can be written as the sum of three terms: 

S, = t Re{E; X HT}, (3.13) 
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Figure 3.4 The collimated detector responds only to the scattered light. 

S;, the Poynting vector associated with the incident wave, is independent of 
position if the medium is nonabsorbing; Ss is the Poynting vector of the 
scattered field; and we may interpret sext as the term that arises because of 
interaction between the incident and scattered waves. 

Suppose that a detector is placed at a distance r from a particle in the 
far-field region, with its surface ~A aligned normal to er (Fig. 3.4). If the 
detector is suitably collimated, and if er is not too near the forward direction 
ez, the detector will record a signal proportional toSs· er~A (~A is sufficiently 
small so that Ss does not vary greatly over the detector). The detector "sees" 
only the scattered light provided that it does not "look at" the source of 
incident light. From (3.10) and (3.13) it follows that 

(3.14) 

where ~Q = ~Ajr 2 is the solid angle subtended by the detector. Thus, we can 
obtain 1 A 12 as a function of direction, to within a solid angle ~0, by recording 
the detector response at various positions on a hemisphere surrounding the 
particle. 

By interposing various polarizers between particle and detector and record
ing the resulting irradiances in a manner identical to that discussed for a plane 
wave in Section 2.11, we obtain the Stokes parameters of the light scattered hy 
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Is= (EusEijs + EJ..sE'is), 

Qs = (EusEijs- EJ..sE'is), 

~ = (EusEis + EJ..sEI~), 

~ = i(E11sE'is- EJ..sEijs). 

(3.15) 

We again omit the multiplicative factor kj2wp. The relation between incident 
and scattered Stokes parameters follows from the amplitude scattering matrix 
(3.12): 

Is Su S12 sl3 sl4 Ii 

Qs S21 s22 S23 s24 Qi 

~ k2r2 S31 s32 S33 s34 ~ 
v: S41 S42 s43 s44 v; 

S u = ! (IS tl 2 + I S2l
2 + I S3l

2 + IS 41
2
), 

S12 = !(IS2I 2 - 1Stl2 + IS41 2 - IS31 2), 

S13 = Re{S2Sj + S1St}, 

S14 = Im{S2Sj - S1St}, 

S21 = !(IS2I 2 - 1Stl
2

- IS41 2 + IS31 2), 

S22 = -}(IS2I 2 + I Stl 2 - I S4l 2 - IS31 2 ), 

S23 = Re{S2Sj - S1St}, 

S24 = Im{S2Sj + S1St}, 

S31 = Re{S2St + S1Sj}, 

S32 = Re{S2St - S1Sj}, 

S33 = Re{S1Si' + S3St}, 

S34 = lm{S2Sf + S4Sj}, 

S41 = lm{Si'S4 + SjS1}, 

S42 = lm{Si'S4 - SjS1}, 

S43 = Im{S1Si - S3St}, 

S44 = Re{S1Si - s~s:}. 

{3.16) 



66 ABSORPTION AND SCATTERING BY AN ARBITRARY PARTICLE 

The 4 X 4 matrix in (3.16), the scattering matrix, is the Mueller matrix for 
scattering by a single particle; the term phase matrix is also used, a particularly 
inappropriate choice of terminology because the "phase" matrix relates 
scattered to incident irradiances. The 16 scattering matrix elements for a single 
particle are not all independent; only seven of them can be independent, 
corresponding to the four moduli IS11(J = 1, 2, 3, 4) and the three differences 
in phase between the~- Thus, there must be nine independent relations among 
the SiJ; these are given by Abhyankar and Fymat (1969). 

The Stokes parameters of the light scattered by a collection of randomly 
separated particles are the sum of the Stokes parameters of the light scattered 
by the individual particles. Therefore, the scattering matrix for such a collec
tion is merely the sum of the individual particle scattering matrices (we assume 
that the linear dimensions of the volume occupied by the scatterers is small 
compared with the distance r at which the scattered light is observed). In 
general, there are 16 nonzero, independent matrix elements, although this 
number may be reduced because of symmetry. We shall return to this matter of 
symmetry in later chapters when we consider specific scattering matrices and 
experimental means for their measurement. For the moment, we consider the 
most general scattering matrix. The SiJ must be independent of </> for any 
particle or collection of particles that is invariant with respect to arbitrary 
rotation about the z axis. 

If unpolarized light of irradiance I; is incident on one or more particles, the 
Stokes parameters of the scattered light are 

for convenience we omit the factor (kr)- 2
• Therefore, S11 specifies the angular 

distribution of the scattered light given unpolarized incident light. This scattered 
light is, in general, partially polarized with degree of polarization 

This clearly demonstrates a very general aspect of scattering by particles 
regardless of their nature: scattering is a mechanism for polarizing light. SiJ 
depends on the scattering direction and, therefore, so does the degree of 
polarization. 

If the incident light is right-circularly polarized, then the irradiance I R of the 
scattered light is S 11 + S14 (this notation should not mislead the reader that the 
scattered light is also right-circularly polarized: it is not, in general). Similarly, 
the irradiance IL of the scattered light, given incident left-circularly polarized 
light, is sll - SI4• Therefore, sl4 is readily interpretable in terms of the 
difference of the irradiances of scattered light for incident riv,ht-t·in:ularly and 
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left-circularly polarized light: 

At this point, it is well to remind ourselves that as the scattering direction 
varies, so does the scattering plane and, as a consequence, the Stokes parame
ters Q; and ~ (although Q[ + ~2 is independent of the scattering plane). U, 
for a given scattering direction, we consider incident light polarized parallel 
and perpendicular to the associated scattering plane, it follows that S12 is 

1 /11- I.l. 
s12 = 2 I. , 

I 

where 111 and I J.. are the scattered irradiances for incident light polarized 
parallel and perpendicular to the scattering plane. 

By considering incident light polarized obliquely to the scattering plane 
( +45° and -45°), we obtain a straightforward physical interpretation of the 
matrix element S13 • The remaining matrix elements are a bit more difficult to 
interpret individually,' although various combinations of them are related to 
changes in the state of polarization of incident light. As an example, let us 
consider the change in degree of polarization of incident light that is com
pletely polarized parallel to a particular scattering plane. The Stokes parame
ters of the scattered light are Is= (S11 + S12 )1;, Qs = (S21 + S22 )1;, ~ = (S31 
+ S32 )l;, ~ = (S41 + S42 )l;, and the degree of polarization is 

/<s21 + S22)
2 

+ (s31 + s32)
2 

+ (s41 + S42)
2 

sll + S12 
(3.17) 

If we are considering scattering by a single particle or a collection of identical 
particles (by identical is meant identical in size, shape, composition, and 
orientation relative to the incident beam), it follows from (3.16) and (3.17) that 
the scattered light is completely polarized. Although we chose a particular 
example, this general conclusion is true for arbitrary incident light that is 
completely polarized. Scattering by a single particle or collection of identical 
particles does not decrease the degree of polarization of 1 00% polarized 
incident light. Note, however, that the nature of the polarization will, in 
general, be changed; for example, linearly polarized incident light will be 
transformed into elliptically polarized light upon scattering. If, on the other 
hand, the collection is composed of nonidentical particles, then (3.17) will he 
less than (or at most, equal to) 100%. Therefore, scattering by a collection of 
nonidentical particles results in depolarization of incident polarized light. Thi~ 
is another general feature of scattering that is independent of the spct·ifil· 
nature of the particles. 



ABSORPTION AND SCATTERING BY AN ARBITRARY PARTICLE 

~ 

~ 

~ 

~ 

~ 

~ 

~ 

~ 

.... 

... 
INCIDENT 

Figure 3.5 Scattering by two identical particles. 

Light scattered in the forward direction (er = ez) has unique characteristics 
not possessed by light scattered in all other directions. No matter how small 
the solid angle ~0 subtended by the detector, it is not possible to separate the 
incident beam from the light scattered in the forward direction: the detector 
unavoidably responds to a superposition of incident and forward scattered 
fields. There is another singular aspect of the forward scattering direction. 
Consider a collection of identical particles, two of which are shown in Fig. 3.5. 
For a given scattering direction er, there is a difference in phase ~</> between 
the fields Es1(er) and Es2 (er) scattered by particles 1 and 2: 

E ( A ) - E (" ) iflcp s2 er - sl er e ' 

where Es is evaluated in the far-field region at points on the plane P normal to 
er, and the phase difference is 

(3.18) 

We have also assumed that r1 >> lr12 1, r2 >> lr12 1. Except near the forward 
direction, there is a random distribution of phase differences for light scattered 
by randomly separated identical particles in a large collection. As we approach 
the forward direction (er ---+ ez ), however, the phase difference (3.18) ap
proaches zero regardless of the particle separation. Therefore, scattering near 
the forward direction is coherent. If the particles are not identical, the dif
ference in phase between light scattered by various pairs of particles, does not, 
in general, vanish in the forward direction, although it is independent of 
particle separation; the phase difference may, however, depend on the relative 
orientation of the two particles. It is clear that scattering in or ncar the forward 
direction is sufficiently singular to require careful con-..idl'ration. 



3.4 EXTINCfiON, SCA TIERING, AND ABSORPTION 69 

3.4 EXTINCfiON, SCA TIERING, AND ABSORPTION 

Suppose that one or more particles are placed in a beam of electromagnetic 
radiation (Fig. 3.6). The rate at which electromagnetic energy is received by a 
detector D downstream from the particles is denoted by U. If the particles are 
removed, the power received by the detector is Zfo, where lfo > U. We say that 
the presence of the particles has resulted in extinction of the incident beam. If 
the medium in which the particles are embedded is nonabsorbing, the di f
ference U0 - U is accounted for by absorption in the particles (i.e., transforma
tion of electromagnetic energy into other forms) and scattering by the particles. 
This extinction depends on the chemical composition of the particles, t._he~r 

size, shape, orientation, the surroundin medium the number of articles, and 
the po anzatton state and frequency of the incident beam. Although the 
specifiC detru1i-of-extinctton-depeiid on alr111ese parameters,-certain general 
features are shared in common by all particles. 

Let us now consider extinction by a single arbitrary particle embedded in a 
nonabsorbing medium (not necessarily a vacuum) and illuminated by a plane 
wave (Fig. 3. 7). We construct an imaginary sphere of radius r around the 
particle; the net rate at which electromagnetic energy crosses the surface A of 
this sphere is 
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Figure 3.7 Extinction by a single particle. 

If »-:, > 0 (if Wa is negative, energy is being created within the sphere, a 
possibility we exclude from consideration), energy is absorbed within the 
sphere. But the medium is nonabsorbing, which implies that »-:, is the rate at 
which energy is absorbed by the particle. Because of (3.13) ~may be written 
as the sum of three terms: wa = W; - ~ + ~xt' where 

~xt = - f sext. erdA. 
A 

(3.19) 

W; vanishes identically for a nonabsorbing medium; u-: is the rate at which 
energy is scattered across the surface A. Therefore, »-:xt is just the sum of the 
energy absorption rate and the energy scattering rate: 

~xt= ~+ ~· (3.20) 

For convenience we take the incident electric field E; = Eex to be x-polarized. 
Because the medium is nonabsorbing, »-:,is independent of the radius r of the 
imaginary sphere. Therefore, we may chooser sufficiently large such that we 
are in the far-field region where 

eik(r-z) 

Es- .k XE, _, r (3 .21) 

and er ·X = 0. As a reminder that the incident light is x-polarized we use the 
symbol X for the vector scattering amplitude, which is related to the (scalar) 
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amplitude scattering matrix elements S1 as follows: 

X= (S2coscf> + S3sincp)e
11
s + (S4coscp + S1sincp)e_u· 

A-fter a considerable amount of algebraic manipulation we obtain 

W = -k 1E12Re{e-ikrjeikze •X*dA 
ext 2wp. ikr A x 

Equation (3.23) contains integrals of the form 

where p. = cos 0, which can be integrated by parts to yield 

eikrf(l)- e-ikrf( -1) ( 1 ) 
'k + 0 22' 1 r k r 
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(3.22) 

(3.23) 

provided that dfjdp. is bounded. The limiting value of ~xt as kr ~ oo is 
therefore 

where I; is the incident irradiance. The ratio of ~xt to I, is a quantity with 
dimensions of area: 

~xt 4'7T {( ) } Cext =-I-= -2 Re X· ex o-o. 
j k 

(3.24) 

It follows from (3.20) that the extinction cross section cext may be written as the 
sum of the absorption cross section cabs and the scattering cross section csca: 

(3.25) 

where Cabs= n:bs/I; and Csca = "W.s/I;. From (3.19) and (3.21) we have 

12'"197 1XI
2 

• j IXI
2 

~~ca = -
2
- sm 0 dO dcp = -

2
-dO. 

0 0 k 4'7T k 
(3.26) 
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The quantity I X 12 /k 2 is sometimes called the differential scattering cross 
section, a familiar term in atomic and nuclear physics, and denoted symboli
cally by dCscal dO; this should not be interpreted -as the derivative of a 
function of 0: the differential scattering cross section is formally written as a 
derivative merely as an aid to the memory. Physically, dCscafd~specifi~s the 
angu~distribution __ Q(_j_~~- _s.c;attered Jiiht: the amount of b@i (for unit 
incident irradiance) ~~ i_J:!!Q.~_u_!!it_ ~_<;>_!id_~~gk a~<?~t ~ ~vel! __ dirt?,~~ioiJ.. In 
light scattering theory one commonly encounters the term phase function, 
defined as 1X1 2/k2Csca and denoted by the symbolp; it is normalized: 

1 p dO= 1. 
4'1T 

We previously voiced our objection to the term phase used to designate 
irradiances. A less commonly encountered, although perhaps better term for 
the phase function is the scattering diagram. 

The average cosine of the scattering angle, or the asymmetry parameter g is 

g =(cosO)= 1 pcosOdO. 
4'1T 

For a particle that scatters light isotropically (i.e., the same in all directions), g 
vanishes; g also vanishes if the scattering is symmetric about a scattering angle 
of 90°. If the particle scatters more light toward the forward direction 
( 0 = 0°), g is positive; g is negative if the scattering is directed more toward 
the back direction ( 0 = 180°). 

We may define efficiencies (or efficiency factors) for extinction, scattering, 
and absorption: 

cext 
Qext = G' 

csca 
Qsca = G' 

cabs 
Qabs = G' 

where G is the particle cross-sectional area projected onto a plane perpendicu
lar to the incident beam (e.g., G = '1Ta 2 for a sphere of radius a). The word 
"efficiency," together with our intuitive notions molded by geometrical optics, 
might lead us to believe that extinction efficiencies can never be greater than 
unity. Indeed, if geometrical optics were a completely trustworthy guide into 
the world of small particles, the extinction efficiency of all particles would be 
identically equal to unity: all rays incident on a particle are either absorbed or 
deflected by reflection and refraction. In later chapters we shall see that there 
are very many particles of a rather common sort which can scatter and absorb 
more light, often much more, than is geometrically incident upon them. So the 
wisest course is to look on the efficiencies as merely dimensionless cross 
sections and not hobble our thinking with imagined constraints on the values 
they can take. 
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The expressions for Cext and Csca were derived under the assumption ot 
x-polarized incident light. It is clear, however, that the form of these exprea· 
sions is the same for arbitrary linearly polarized incident light: we need merely 
reinterpret what is meant by the x direction. We must keep in mind, however. 
that X depends on the direction of polarization ex. 

If the incident field E; = Exex + EYeY is arbitrarily polariZed, the expres
sions for the cross sections are 

where T = ExX + EYY and Y is th,e vector scattering amplitude for incident 
y-polarized light. For incident unpolarized light ( ( ExE:) = (EYE;), ( ExE;) 
= ( E: EY) = 0), these expressions yield 

csca = !( csca,x + csca,y), 

I' 

where subscripts x and y denote cross sections for incident x-polarized and 
y-polarized light. 

Equation (3.24) is one particular form of the optical theorem, the 100-year 
history of which has been related by Newton ( 1976). This theorem, which is 
common to all kinds of seemingly disparate scattering phenomena involving 
acoustic waves, electromagnetic waves, and elementary particles, expresses a 
very curious fact: extinction depends only on the scattering amplitude in the · 
forward direction. Yet extinction is the combined effect of absorption in the 
particle and scattering in all directions by the particle. To explain this, we must 
examine in more detail the measurement of extinction. In so doing, we shall 
rely heavily on a physically intuitive derivation of the optical theorem given by 
van de Hulst (1949). 

Consider a single arbitrary particle interposed between a source of light 
(taken to be x-polarized) and a detector D (Fig. 3.6). The power U incident on 
the detector is 

U= ff S;·ezdxdy + ff Ss·ezdxdy + ff Sext·ezdxdy 
D D D 

= u, + ~ + ~Xt' (3.27} 

where integration is taken over the area of the detector. The first term in (3.27) 
is just U, = I, A (D), where /, is the incident irradiance and A (D) is the area of 
the detector. We take the distance z between particle and detector to he 
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sufficiently large (kz >> 1) so that the detector is in the far-field region: 

1XI 2 

~ = I;jj --
2 

cosOdxdy. 
D (kr) 

(3.28} 

If Rlz << 1, where R is the maximum linear dimension of the detector, then 
!Xj 2

, cos 0, and rare approximately constant on D, and (3.28) is 

(3.29) 

where f2(D) ~ A(D)Iz 2 is the solid angle subtended by the detector. The third 
term ~xt is 

-ik(r-z) - JJ e .k sin 0 cos <t>(ez ·X*} dx dy 
D z r 

eik(r-z) ) - JJ .k (ex· X) dx dy . 
D z r 

Equation (3.30) contains integrals of the form 

J = JJ eikzf(x, Y)g( X' y} dx dy' 
D 

(3.30) 

(3.31) 

the asymptotic behavior of which have been investigated extensively by Jones 
and Kline (1958) using the method of stationary phase. The value of J is 
determined by the behavior off in the neighborhood of certain critical points 
interior to and on the boundary of D. The integrals in (3.30) are of the form 
(3.31) with f = r I z - 1. The only critical point in the interior of D is at x = 0, 
y = o, where! is stationary (a! 1 ax = a! 1 a y = 0). If the detector is chosen so 
that there are no critical points on the boundary of D, then 

27TiZ ( 1 ) 
J = -k-g(O, 0) + 0 k2z2 . (3.32) 

In particular, a circular boundary (centered at x = 0, y = 0) for D is excluded. 
We also require that kR 2jz >> 4TT, which ensures that the domain of integra
tion includes a large number of maxima and minima of the oscillatory function 
exp[ik(r- z)]. If we use (3.32), then (3.30) becomes 
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for sufficiently large kz. Therefore, the power received by the detector is 

(3.33} 

The third quantity in brackets in (3.33) is the amount of energy scattered into a 
solid angle O(D) centered about the forward direction; if this solid angle is 
sufficiently small, consistent with the requirement that kR 2 jz >> 4?T, then 

(3.34} 

Therefore, Cext is a well-defined observable quantity: we measure U with and 
without the particle interposed between source and detector. Because Cext is 
inherently positive, the effect of the particle is to reduce the detector area by 
Cext; this, then, is the interpretation of Cext as an area. In the language of 
geometrical optics we would say that the particle "casts a shadow" of area cext. 
However, as stated previously, this "shadow" can be considerably greater-or 
much less-than the particle's geometrical shadow. We note from (3.33) that 
cext is the maximum observable extinction. The scattering term O(D)IXI~=o/k2 

cannot be greater than csca and is positive; therefore, the observed extinction 
c:xt lies within the limits 

The full extinction Cext will be observed only if the detector subtends a 
sufficiently small solid angle. As the detector is moved closer to the particle, 
however, the observed extinction will decrease. We shall see when we consider 
specific examples that light scattered by particles much larger than the wave
length of the incident light tends to be concentrated around the forward 
direction. Therefore, the larger the particle, the more difficult it is to exclude 
scattered light from the detector. 

From (3.13) and (3.27) we have 

~xt = ff-! Re{E; X H~ + Es X Hi} ·erdA. (3 .35} 
D 

It is obvious from the form of the integrand in (3.35) that it is a manifestation 
of interference between the incident and forward scattered light. Conservation 
of energy then requires that the light removed from the incident beam by 
interference is accounted for by scattering in all directions and absorption in 
the particle. 

We derived Cext by two different methods. The first, integrating the Poynt
ing vector over an imaginary sphere around the particle, emphasized the 
conservation of energy aspect of extinction: extinction = scattering + absorp
tion. The second, focusing attention on what is measured in a hypothetical 
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extinction experiment, emphasized the interference aspect of extinction: extinc
tion = interference between incident and forward scattered light. 

Up to this point we have considered only extinction by a single particle. 
However, the vast majority of extinction measurements involve collections of 
very many particles. Let us now consider such a collection, which is confined 
to a finite volume, the scattering volume. The total Poynting vector is 

S = 1 Re{ E; X Hj + ~ {E; X H~J + Esj X Hj) + ~ Lk Esj X H~k}, 
J J 

where (EsJ' Hs1) is the electromagnetic field scattered by the jth particle. As 
before, we construct an imaginary sphere centered on an arbitrary point taken 
as origin in the scattering volume, the dimensions of which are small compared 
with the sphere radius r. The electric field scattered by the jth particle is 

eik(r-z) 

E - X e;61E 
sJ - ikr i ' 

where the incident field is taken to be x-polarized. The phase 81 is approxi
mately (r >> ~1 ) 

where ~J is the position vector of the jth particle relative to the origin and 
er = rjr is the scattering direction. If we integrate S over the surface of the 
sphere, we obtain 

cext, j = cabs, j + csca, j' 

provided that 81 ( 0 = 0 °) = k~ J j2 r << 1 and that 

(3.36) 

(i.e., the scattering is incoherent); cext, }' cabs,}' and csca, j are the single-particle 
cross sections. It is difficult to give precise criteria under which (3.36) is 
satisfied. It is necessary, however, that the separations between the particles be 
uncorrelated during the time required to make a measurement. 

If, in a measurement of extinction and scattering by a collection of small 
particles, a converging lens is placed in front of a detector which lies in the 
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focal plane of the lens, r becomes effectively infinite. Therefore, under condi
tions that are likely to be frequently met in practice, the cross sections of a 
collection of particles are additive. 

3.4.1 Extinction by a Slab of Particles 

As a final example of extinction by a collection of particles let us consider a 
semi-infinite region 0 ~ z ~ h, - oo < x < oo, - oo < y < oo, throughout 
which particles are more or less uniformly distributed (Fig. 3.8). The field E 1 at 
the point P is the sum of the incident field E; = E0eikzex and the fields 
scattered by the particles: 

Et = E; + LEsi' 
j 

(3.37) 

where the contribution to E 1 from the particle with coordinates (xi, yi, z) is 

We may assume without appreciable loss of generality that the particles are 
identical (Xi= X). A more important assumption is that CDL, the number of 
particles per unit volume, is sufficiently large such that the summation in (3.37) 
may be replaced by integration: 

.. 
.. .. .. .. .. .. .. .. 

L ~ J J jCDLdxdydz. 
j 

p 
~~----~~-----+~----------~~z 

01 ° ,h d -d' 

Figure 3.8 
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Extinction by a slab of particles. 
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With this assumption, the discrete variables x1, yi' z1 are replaced by the 
continuous variables x, y, z, and 

h oo oo eik(R+z) 

LEsJ == E01 dz J J _ "kR X(e)'VL dx dy, 
j 0 -oo -oo l 

(3.38) 

where R = Vx 2 + y 2 + (d- z)
2 

and e = RjR. The integral over x andy in 
(3.38) can be evaluated in a straightforward manner by the method of 
stationary phase; although the limits of this integral are infinite, its value is 
independent of the lateral extent of the slab provided that it is large compared 
with / 4TTd jk . After performing the necessary integrations we obtain 

Although the incident light is x-polarized, the transmitted light has a y 
component if (X • ey)o=o * 0; that is, the direction of vibration of the incident 
beam is, in general, rotated on transmission through the slab. If we assume that 
there is no rotation and, moreover, if 12 7T 0t k- 2 h (X ·ex) 0 = 0 I << 1, we may 
write 

(3.39) 

The transmission coefficient of a homogeneous slab of thickness h and refrac
tive index N, which is embedded in a homogeneous medium with refractive 
index N, where N == N, is given by (2.73): 

i _ ei<k-k)h 
slab - ' (3.40) 

where k = 2TTN jA.. If we compare (3.39) and (3.40), we note that the slab of 
particles is equivalent, at least as far as transmission is concerned, to the 
homogeneous slab if 

N 
N 

(3.41) 

Therefore, within limits, we may interpret N in (3.41) as the effective refractive 
index of the slab of particles. This leads naturally to the question: To what 
extent is N similar to the refractive index of a homogeneous medium? For 
example, under what conditions, if any, will substitution of N into the 
expression for the reflection coefficient of a homogeneous slab yield physically 
correct results? We can answer the latter and more specific of these two 
questions by calculating the fieldEr at the point P' (Fig. 3.8), which is the sum 
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of the individual fields scattered by the particles: 

79 

(3.42) 

where R1 = -[x1ex + y1eY + (d + z)ezl· Again, we assume identical particles, 
and the summation (3.42) is approximated by an integral, which can be 
evaluated by the method of stationary phase: 

ikd( i2kh) i7TCJL Er = -E0e 1 - e k'X6 = 180 . (3.43) 

The reflection coefficient for a homogeneous slab with refractive index N :::::: N 
is, from (2. 72), 

- N- N ( i2kh) 
'slab :::::: 2N 1 - e . (3 .44) 

Thus, if we assume that (X· ey)o= 180 = 0, then (3.41) substituted into (3.44) is 
consistent with (3.43) provided that 

(3 .45) 

As we shall see in later chapters, (3.45) is satisfied for particles small compared 
with the wavelength. For a collection of such particles, therefore, the concept 
of an effective refractive index is meaningful at least as far as transmission and 
reflection are concerned. However, even if the particles are small compared 
with the wavelength, N should not be interpreted too literally as a refractive 
index on the same footing as the refractive index of a homogeneous medium. 
For example, attenuation in a strictly homogeneous medium is the result of 
absorption, which is accounted for quantitatively by the imaginary part of the 
refractive index. In a particulate medium, however, attenuation may be wholly 
or in part the result of scattering. Even if the particles are nonabsorbing, the 
imaginary part of the effective refractive index (3.41) can be nonzero. 

From (3.39) and the optical theorem (3.24) it follows that the irradiance is 
attenuated according to I 1 = I; exp( - a ext h) as the incident beam traverses the 
slab of particles, where the attenuation coefficient aext is 

(3.46) 

Although we assumed identical particles, this was done to avoid a cluttered 
notation, and it is not a restriction on the validity of our analysis; the results 
above are readily generalized to a mixture of different particles. For example, 
the attenuation coefficient of such a mixture is 

aext = LCJ!v}Cext,}' 
i 
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where 9"Lj is the number of particles of type j per unit volume and cext, j is the 
corresponding extinction cross section. 

Underlying (3.39), and hence exponential attenuation of irradiance in 
particulate media, is the requirement that aext h << 1. This condition may be 
relaxed somewhat if the scattering contribution to total attenuation is small 
(i.e., 9L Csca h << 1 ). To justify this assertion fully would take us somewhat 
afield into the theory of radiative transfer. But we can give a brief heuristic 
argument as follows. An amount of light di is removed from a beam propagat
ing in the z direction through an infinitesimal distance between z and z + dz in 
a slab of particles: 

di = -aexJ dz, (3.47) 

where I is the beam irradiance at z. However, light can get back into the beam 
by multiple scattering; that is, light scattered at other positions in the slab may 
ultimately contribute to the irradiance at z. Scattered light, in contradistinction 
to absorbed light, is not irretrievably lost from the system-it merely changes 
direction and is lost from a beam propagating in a particular direction-but 
contributes to other directions. Clearly, the greater the scattering cross section, 
number density of particles, and slab thickness h, the greater will be the 
multiple scattering contribution to the irradiance at z. Thus, if 9LCsca h is 
sufficiently small, we may ignore multiple scattering and (3.47) can be in
tegrated to yield It = I; exp( - a ext h). 

Sometimes it is of interest to compare attenuation of light by a given 
material in the bulk with that in the finely divided, or particulate, states. In 
order for the comparison to be fair, however, we have to consider equal masses 
or, equivalently, equal volumes of material in the two states. If 9L is the particle 
number density, I j9"L is the average volume allocated to a single particle, and 
the volume fraction f of particles in the collection is 9L v, where v is the volume 
of a single particle. Thus, we can write the attenuation coefficient (3.46) as 
aext = fCextlv. Imagine now that the particles are compressed into a homoge
neous slab (f = 1) without, however, losing their individual identities and 
properties. We shall call the resulting attenuation coefficient, which is the 
extinction cross section per unit particle volume, the volume attenuation 
coefficient av: 

cext 
a v = ----:;;-- . (3 .48) 

The mass attenuation coefficient am, defined as the extinction cross section per 
unit particle mass, is related to the volume attenuation coefficient by 

av 
a =-

m p' 
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where pis the density of the particle. If any quantity deserves to be called an 
extinction "efficiency," it is the extinction cross section per unit volume (or 
mass) rather than the extinction cross section per unit area. For it is the former 
quantity that tells us how effective a fixed mass of particles is in removing light 
from a beam. Suppose that we set on a chunk of material with a hammer and 
smash it to bits. What size should the bits be to most effectively extinguish 
light of a given wavelength? To answer this question, it is clear that we should 
plot cextfv as a function of size rather than, as is traditionally done, Qext· 

Sacrosanct though it may be, Qext conveys less physical information than 
cextfv, and we shall often present the latter rather than the former. 

A set of measurements of Itf I; over some range of wavelengths for a 
homogeneous slab of material is called the transmission, or absorption, spec
trum of the material. We may look on this spectrum as the fingerprints of the 
material. However, it is possible to smudge these fingerprints drastically. If, for 
example, we measure the transmission spectrum of a given homogeneous 
material and then divide it by some means into a collection of small particles, 
the transmission spectrum of the particulate medium will often bear little 
resemblance to that of the bulk parent material. The chemical composition is 
the same in both instances, but the state of aggregation has changed. An 
obvious source of difference between the two spectra is scattering: if fluctua
tions are ignored, the homogeneous slab does not scatter light, whereas the 
transmission spectrum of the particulate medium may be primarily the result 
of scattering. But the difference goes deeper than this: even if one could correct 
for scattering (e.g., by suitably collecting the scattered light), large differences 
might still exist. Thus, the gross optical properties (e.g., reflection and trans
mission) of a given material can and do differ appreciably depending on its 
state of aggregation. We shall encounter many examples of this in later 
chapters. 

NOTES AND COMMENTS 

Our derivation of (3.24) is similar to that of Jones (1955). 



Chapter 4 
Absorption and Scattering 

by a Sphere 

Perhaps the most important exactly soluble problem in the theory of absorp
tion and scattering by small particles is that for a sphere of arbitrary radius 
and refractive index. Although the formal solution to this problem has been 
available for many years, only since the advent of large digital computers has it 
been a practical means for detailed computations. In 1908, Gustav Mie 
developed the theory in an effort to understand the varied colors in absorption 
and scattering exhibited by small colloidal particles of gold suspended in 
water. About the same time Peter Debye considered the problem of the 
radiation pressure exerted on small particles in space. Debye's work, which was 
the subject of his doctoral dissertation, is one of the first applications of the 
theory to an astrophysical problem. Neither Mie nor De bye was the first to 
construct a solution to the sphere problem; however, establishing who precisely 
was the first is not an easy task, although Lorenz is a strong contender for this 
honor. Without trying to establish historical precedents, we shall accept the 
most common term, the Mie theory. A good concise but thorough treatment of 
the history of the sphere problem is given in Kerker ( 1969, pp. 54-59). 

The mathematical basis of the Mie theory is the subject of this chapter. 
Expressions for absorption and scattering cross sections and angle-dependent 
scattering functions are derived; reference is then made to the computer 
program in Appendix A, which provides for numerical calculations of these 
quantities. This is the point of departure for a host of applications in several 
fields of applied science, which are covered in more detail in Part 3. The 
mathematics, divorced from physical phenomena, can be somewhat boring. 
For this reason, a few illustrative examples are sprinkled throughout the 
chapter. These are just appetizers to help maintain the reader's interest; a fuller 
meal will be served in Part 3. 

Whereas the mathematics of the Mie theory is straightforward, if somewhat 
cumbersome, the physics of the interaction of an electromagnetic wave with a 
sphere is extremely complicated. It is a relatively easy matter to write the 
infinite series expansions of the electromagnetic fields at all points of space. It 
is an even easier matter these days to produce great reams of output from Mie 
computations. A more difficult task, however, is to visualize the fields, to 

82 
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categorize the significant electromagnetic modes inside and outside the sphere, 
and to acquire some intuitive feeling for how a sphere of given size and optical 
properties absorbs and scatters light. 

On the one hand, there are those who scoff at the use of the Mie theory to 
describe any properties of nonspherical particles, the type of particles that are 
likely to inhabit planetary atmospheres and the interstellar medium; on the 
other hand, there are those who unquestioningly use Mie theory for any and 
every aspect of light interaction with such particles. Neither attitude is enlight
ened. The Mie theory, limited though it may be, does provide a first-order 
description of optical effects in nonspherical particles, and it correctly de
scribes many small-particle effects that are not intuitively obvious. For exam
ple, we shall see in Chapter 11, where we consider nonspherical particles, that 
the sphere solution is an excellent guide to the changes that occur when 
absorption increases or size dispersion changes. Therefore, our approach will 
be to explore fully the Mie theory and the optical effects it describes and then, 
in succeeding chapters, to critically examine its failings in dealing with non
spherical particles. 

4.1 SOLUTIONS TO THE VECfOR WAVE EQUATIONS 

We showed in Chapter 3 that a physically realizable time-harmonic electro
magnetic field (E, H) in a linear, isotropic, homogeneous medium must satisfy 
the wave equation 

where k 2 = w2ep., and be divergence-free 

Y' • E = 0, Y' • H = 0. 

In addition, E and Hare not independent: 

Y' X E = iwp.H, Y' X H = -iweE. 

Suppose that, given a scalar function t.J; and an arbitrary constant vector c, we 
construct a vector function M: 

M = Y' X (ct./;). 

The divergence of the curl of any vector function vanishes: 

Y' • M = 0. 

If we use the vector identities 

Y' X (A X B)= A(Y' ·B)- B(Y' ·A)+ (B· Y')A- (A· Y')B, 

V'(A·B) =A X (Y' X B)+ B X (Y' X A)+ (B· Y')A +(A· Y')B, 



84 ABSORPTION AND SCA 1TERING BY A SPHERE 

we obtain 

Therefore, M satisfies the vector wave equation if t./; is a solution to the scalar 
wave equation 

We may also write M = - c X \i't./;, which shows that M is perpendicular to c. 
Let us construct from M another vector function 

N=\i'XM 
k 

with zero divergence, which also satisfies the vector wave equation 

We also have 

\1 X N = kM. 

Therefore, M and N have all the required properties of an electromagnetic 
field: they satisfy the vector wave equation, they are divergence-free, the curl 
of M is proportional to N, and the curl of N is proportional to M. Thus, the 
problem of finding solutions to the field equations reduces to the compara
tively simpler problem of finding solutions to the scalar wave equation. We 
shall call the scalar function t./; a generating function for the vector harmonics M 
and N; the vector cis sometimes called the guiding or pilot vector. 

The choice of generating functions is dictated by whatever symmetry may 
exist in the problem. In this chapter we are interested in scattering by a sphere; 
therefore, we choose functions t./; that satisfy the wave equation in spherical 
polar coordinates r, 8, cp (Fig. 4.1 ). The choice of pilot vector is somewhat less 
obvious. We could choose some arbitrary vector c. However, if we take 

( 4.1) 

where r is the radius vector, then M is a solution to the vector wave equation in 
spherical polar coordinates. In problems involving spherical symmetry, there
fore, we shall take M given in ( 4.1) and the associated N as our fundamental 
solutions to the field equations. Note that M is everywhere tangential to any 
sphere lrl = constant (i.e., r • M = 0). 

The scalar wave equation in spherical polar coordinates is 
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z 

y 

X 

i i i i t i i i 
Figure 4.1 Spherical polar coordinate system centered on a spherical particle of radius a. 

We seek particular solutions to (4.2) of the form 

l/;(r,8,cp) = R(r)E>(8)ci>(cp), 

which when substituted into (4.2) yield the three separated equations: 

(4.3) 

1 d ( . dE>) [ m
2 l sin 8 d 8 Sin 8 do + n ( n + 1) - sin2 8 E) = 0' (4.4) 

(4.5) 

where the separation constants m and n are determined by subsidiary condi
tions that l/; must satisfy. We first note that if, for a given m, ci>m is a solution to 
(4.3), then ci> _ m is not a linearly independent solution. The linearly indepen
dent solutions are 

tl>e = cos mcp, 4>
0 

= sin mcp, 

where subscripts e and o denote even and odd. We require that l/; be a 
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single-valued function of the azimuthal angle cp: 

lim t/;(cf> + v) = tJ;(cp) 
p-+2'1T 

(4.6) 

for all cp except, possibly, at points on the boundary between regions with 
different properties. However, we need not concern ourselves with such 
boundary points; we are only interested in solutions to the scalar wave 
equation at interior points of homogeneous regions. Condition ( 4.6) then 
requires m to be an integer or zero; positive values of m are sufficient to 
generate all the linearly independent solutions to ( 4.3). 

The solutions to ( 4.4) that are finite at 8 = 0 and 8 = 'lT are the associated 
Legendre functions of the first kind pnm(cos 8) of degree n and order m, where 
n = m, m + 1, ... (see, e.g., Courant and Hilbert, 1953, pp. 326, 327). These 
functions are orthogonal: 

! 1 m m _ 2 (n + m)! 
Pn (p.)Pn' (p.) dp.- 8n'n 2 1 ( )1' 

-1 n + n- m . 
(4.7) 

where p. = cos 8 and 8n'n' the Kronecker delta, is unity if n = n' and zero 
otherwise. When m = 0 the associated Legendre functions are the Legendre 
polynomials, which are denoted by Pn. 

If we introduce the dimensionless variable p = kr and define the function 
Z = R..[P, (4.5) becomes 

P~(P~!)+ [p2 -(n+t)2]z~o. (4.8) 

The linearly independent solutions to ( 4.8) are the Bessel functions of first and 
second kind Jp and y;, (the symbol Np is often used instead of y;, ), where the 
order v = n + -! is half-integral. Therefore, the linearly independent solutions 
to ( 4.5) are the spherical Bessel functions 

(4.9) 

(4.10) 

where the constant factor /'TT /2 is introduced for convenience. The spherical 
Bessel functions satisfy the recurrence relations 

2n + 1 
Zn-t(P) + Zn+t(P) = P zn(p), ( 4.11) 

d 
( 2 n + 1) d p z n ( p) = nz n _ 1 ( p) - ( n + 1 ) z n + 1 ( p) , (4.12) 
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where zn is either in or Yn- From the first two orders 

'() sinp Jo P = --, 
p 

( ) 
cos p 

Yo P = --
p ' 

i 
1 

( p) = sin
2 
p _ cos p , 

p p 

y 
1 

( P) = _ co~ p _ sin p , 
p p 
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higher-order functions can be generated by recurrence. Note that for all orders 
n, Yn(kr) becomes infinite as r approaches the origin. In Fig. 4.2 we show jn(x) 
and Yn(x)(n = 0, 1, 2, 3) for real values of x, although the spherical Bessel 
functions are not restricted to real arguments. 

Any linear combination of in and Yn is also a solution to ( 4.5). If the mood 
were to strike us, therefore, we could just as well take as fundamental solutions 
to ( 4.5) any two linearly independent combinations. Two such combinations 
deserve special attention, the spherical Bessel functions of the third kind 
(sometimes called spherical Hankel functions): 

h~l)(p) = in(P) + iyn(P ), 

h~2)(p) = in(P)- iyn(P ). 

(4.13) 

( 4.14) 

We hasten to add that we have introduced even more Bessel functions neither 
for "completeness" nor for the further aggrandizement of Friedrich Wilhelm 
Bessel (1784-1846), who, with a veritable zoo of functions to his credit, not to 
mention infinite series, a revered inequality, an interpolation scheme, and 
various other mathematical artifacts, needs no publicity; as we shall see, ( 4.13) 
and (4.14) will save some labor, a sufficient reason for admitting more 
functions into our larder. 

We have now done enough work to construct generating functions that 
satisfy the scalar wave equation in spherical polar coordinates: 

t.Jlemn =COS mcpPnm(cos O)zn(kr ), 

t./lomn = sin mcpPnm( cos O)zn(kr ), 

(4.15) 

( 4.16) 

where zn is any of the four spherical Bessel functions in, Yn' h~1 >, or h~2>. 
Moreover, because of the completeness of the functions cos mcp, sin mcp, 
pnm(cos 8), zn(kr), any function that satisfies the scalar wave equation in 
spherical polar coordinates may be expanded as an infinite series in the 
functions (4.15) and (4.16). The vector spherical harmonics generated by t.Jlemn 
and t.Jlomn are 
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Figure 4.2 Spherical Bessel functions of the first (a) and second (b) kind. 

88 



4.2 EXPANSION OF A PLANE WAVE IN VECTOR HARMONICS 89 

which, in component form, may be written 

Memn = -:m
0 

sin mcp pnm(cos O)zn(P )en 
sm 

dPnm( COS 0) A 

-cosmcp dO zn(p)e<t>, 

Momn = .m
0 

cos mcp pnm(cos O)zn(P )en 
sm 

. dPnm(cos 0) A 

- sm mcp dO zn(P )e.p, 

z (p) 
Nemn = _n __ cosmcpn(n + I)Pnm(cosO)er 

p 

dPnm( COS 0) 1 d A 

+cosmcp dO P dp[pzn(P)]en 

. pnm(cos 0) 1 d A 

-mslnmcp . 0 --d [pzn(P)]e<t>, sm p p 

Nomn = zn(P) sinmcpn(n + I)Pnm(cosO)er 
p 

. dPnm(cos 0) 1 d A 

+ sm mcp d 0 p d p [ pz n ( p)] en 

pnm (COS 0) 1 d A 

+mcos mcp . 0 - -d [pzn(P )]e<t>, s1n p p 

( 4.17) 

(4.18) 

( 4.19) 

(4.20) 

where the r-component of Nmn has been simplified by using the fact that pnm 
satisfies ( 4.4). Any solution to the field equations can now be expanded in an 
infinite series of the functions ( 4.17)-( 4.20). Thus, armed with vector harmon
ics, we are ready to attack the problem of scattering by an arbitrary sphere. 

4.2 EXPANSION OF A PLANE WAVE IN VECTOR 
SPHERICAL HARMONICS 

Expansion of a plane wave in vector spherical harmonics is a lengthy, although 
straightforward, procedure. In this section we outline how one goes about 
determining the coefficients in such an expansion. 

The problem with which we are concerned is scattering of a plane x-polarized 
wave, written in spherical polar coordinates as 

where 
ex = sin 0 cos cper + cos 0 cos cf>en - sin cf>e.p' 

( 4.21) 

(4.22) 

by an arbitrary sphere. The first step toward the solution to this problem is 



90 ABSORPTION AND SCA 1TERING BY A SPHERE 

expanding ( 4.21) in vector spherical harmonics: 

00 00 

E; = L L ( BemnMemn + BomnMomn 
m=On=m 

(4.23) 

Because sin mcp is orthogonal to cos m'cp for all m and m' it follows that Memn 
and Momn are orthogonal in the sense that 

j 2
'1T i'TT Mem'n' • Momnsin 0 dO dcp = 0 

0 0 
(all m, m', n, n'). 

Similarly, (Nomn' Nemn), (Momn' Nomn) and (Memn' Nemn) are mutually orthog
onal sets of functions. The orthogonality properties of cos mcp and sin mcp 
imply that all vector harmonics of different order m are mutually orthogonal. 

To prove that the functions (Memn' Nomn) and (Nemn' MomJ are orthogo
nal, we must show that the integral 

(4.24) 

vanishes for all n and n'. The associated Legendre function pnm is related to the 
mth derivative of the corresponding Legendre polynomial Pn, 

( 4.25) 

where JL = cos 0, from which it follows that pnm vanishes for 0 = 0 and 0 = '1T 

except when m = 0. Therefore, (4.24) vanishes for all m, n, and n'. 
The proof of the remaining orthogonality relations 

[2'17 ('IT (2'1T ('IT 
lo lo Memn • Memn'sin 0 dO dcp = lo lo Momn • Momn'sin 0 dO dcp = 0, 

i
2

'1T (" Nemn • Nemn'sin 0 dO dcp = (
2

'1T i'TT Nomn • Nomn'sin 0 dO dcp = 0, 
o lo lo o 

when n * n' and m-::~= 0, requires showing that 

( 4.26) 

Because both pnm and Pn"! satisfy ( 4.4), we have, after a bit of manipulation 

( 4.27) 
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from which, together with the orthogonality relations for the pnm' (4.26) readily 
follows. When m = 0, Nomn and Momn vanish; the orthogonality of the Memn 
and the Nemn when m = 0 also follows from (4.26) and (4.27). 

The orthogonality of all the vector spherical harmonics, which was estab
lished in the preceding section, implies that the coefficients in the expansion 
( 4.23) are of the form 

with similar expressions for Bomn• Aemn' and Aomn· It follows from (4.17), 
(4.20), and (4.22), together with the orthogonality of the sine and cosine, that 
Bemn = Aomn = 0 for all m and n. Moreover, the remaining coefficients vanish 
unless m = 1 for the same reason. The incident field is finite at the origin, 
which requires that in(kr) is the appropriate spherical Bessel function in the 
generating functions 1./J oln and 1./J eln; we reject Yn because of its misbehavior at 
the origin. We shall append the superscript ( 1) to vector spherical harmonics 
for which the radial dependence of the generating functions is specified by in· 
Thus, the expansion for E; has the form 

00 

E; = L (BolnM~'?n + AelnN~n). (4.28) 
n=l 

The integral in the denominator of the expression for Boln can readily be 
evaluated from (4.27); the numerator, however, contains the integral 

rr d . 
lo dO {sin OP~) e'pcos o dO. (4.29) 

From (4.25) we have 

P'= n (4.30) 

where the Legendre polynomials of degree n satisfy (4.4): 

d ( . dPn) ( ) . dO smO dO = -n n + 1 PnstnO. ( 4.31) 

Thus, ( 4.29) is proportional to 

The final step is Gegenbauer's generalization of Poisson's integral (Watson, 
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1958, p. 50): 

( 4.32) 

Without further fanfare, therefore, we arrive at the expansion coefficients 

( 4.33) 

The expansion coefficients Aemn are somewhat less tractable. For example, 
we are faced with the integral 

rr P 1sin OeipcosOsin 0 dO 
Jn n ' 0 

which may be integrated by parts to yield 

2n(n + 1)Jn(p)in 

ip 

(4.34) 

where we have also used (4.30), (4.31), and (4.32). The nastiest integral of the 
lot, however, is 

( cos 0--n + ___ n_ e'pcos 8sin 0 dO w( dPI pi ) . 
10 dO s1nO ' 

( 4.35) 

which may be brought to earth by first multiplying ( 4.32) by p and then 
differentiating the resulting expression with respect to p. After a good bit of 
algebra we obtain 

2n ( n + 1) in d ( . ) 
p dp PJn 

for ( 4.35). The expansion coefficients then follow straightforwardly: 

. ·n 2n + 1 
Aeln = -zEol n ( n + 1) . ( 4.36) 

The desired expansion of a plane wave in spherical harmonics 
- ~ f { I 

E = E ~ . n 2 n + 1 {M <I) - . No) ) 
i 0 4.-J l ( 1) oln l eln 

n= I n n + 
( 4.37) 

was not achieved without difficulty. This is undoubtedly the result of the 
unwillingness of a plane wave to wear a guise in which it feels uncomfortable; 
expanding a plane wave in spherical wave functions is somewhat like trying to 
force a square peg into a round hole. However. the reader who has painstak-
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ingly followed the derivation of ( 4.37), and thereby acquired virtue through 
suffering, may derive some comfort from the knowledge that it is relatively 
clear sailing from here on. 

4.3 THE INTERNAL AND SCA TIERED FIELDS 

Suppose that a plane x-polarized wave is incident on a homogeneous, isotropic 
sphere of radius a (Fig. 4.1 ). As we showed in the preceding section, the 
incident electric field may be expanded in an infinite series of vector spherical 
harmonics. The corresponding incident magnetic field is obtained from the curl 
of (4.37): 

_ - k ~ ·n 2n + 1 ( (I) . (I)) 
Hi- Eo 4.-J z ( l) Meln + zNoln · 

WJL n=I nn+ 
( 4.38) 

We may also expand the scattered electromagnetic field (Es, Hs) and the field 
(E 1, H 1) inside the sphere in vector spherical harmonics. At the boundary 
between the sphere and the surrounding medium we impose the conditions 
(3.7): 

(4.39) 

The boundary conditions ( 4.39), the orthogonality of the vector harmonics, 
and the form of the expansion of the incident field dictate the form of the 
expansions for the scattered field and the field inside the sphere: the coeffi
cients in these expansions vanish for all m =1= I. Finiteness at the origin requires 
that we take ln(k 1r), where k 1 is the wave number in the sphere, as the 
appropriate spherical Bessel functions in the generating functions for the 
vector harmonics inside the sphere. Thus, the expansion of the field (E 1, H 1) is 

00 

El = L En( cnM~1?n- idnN~n), 
n=I 

H - k 1 ~ E (d MO> . N< 1>) 
I = -- 4.-J n n eln + lCn oln ' 

WJLI n= l 
(4.40) 

where En = inE0 (2n + l)jn(n + 1) and t-t 1 is the permeability of the sphere. 
In the region outside the sphere in and Yn are well behaved; therefore, the 

expansion of the scattered field involves both of these functions. However, it is 
convenient if we now switch our allegiance to the spherical Hankel functions 
h~1 > and h~2>. We can show that only one of these functions is required by 
considering the asymptotic expansions of the Hankel functions of order v for 
large values of IPI (Watson, 1958, p. 198): 

H(l) ( p) - j2 ei[p- P'IT/2- 'IT/4] I: (- 1) m ( P, m) , 
P v -:;;p m=O (2ip) m 

H<2>(p)- {7; e-i(p-v'IT/2-'IT/4] I: (v, m), 
P v -:;;p m-0 (2ip )m 

(4.41) 



94 ABSORPTION AND SCA TfERING BY A SPHERE 

where (v, m) = f(p + m + 1/2)/m!f(p- m + 1/2) and r is the gamma 
function; f(n + 1) = n! if n is a nonnegative integer. It follows from (4.41) 
that the spherical Hankel functions are asymptotically given by 

( ·r ikr 
h~1)(kr) -

-z e 
(4.42) 

ikr 
kr >> n2 

h~2)(kr) -
ine- ikr 

( 4.43) 
ikr 

The first of these asymptotic expressions corresponds to an outgoing spherical 
wave; the second corresponds to an incoming spherical wave. If, on physical 
grounds, the scattered field is to be an outgoing wave at large distances from 
the particle, then only h~1 ) should be used in the generating functions. When we 
consider the scattered field at large distances we shall also need the asymptotic 
expression for the derivative of h~1 ); it follows from the identity 

d nz n _ 1 - ( n + 1) Z n + 1 

dp zn = 2n + 1 

and ( 4.42) that 

dh~1 ) _ ( -ireip 

dp p 
(4.44) 

The expansion of the scattered field is therefore 

00 

E - " E ( . N <3) - b M <3) ) s - i..J n lQ n e In n o In ' 
n=I 

( 4.45) 

H - ~ ~ E ( .b N<3) M <3) ) s - i..J n l n oln + an eln ' 
WJL n= I 

where we append the superscript (3) to vector spherical harmonics for which 
the radial dependence of the generating functions is specified by h~1 ). 

4.3.1 Angle-Dependent Functions 

It is now convenient to define the functions 

( 4.46) 

The angle-dependent functions 'TTn and Tn appear to pose no particular compu
tational problems-at least no one has complained about their misbehavior in 
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print-and can be computed by upward recurrence from the relations 

(4.47) 

where t-t = cos 0, beginning with 77'0 = 0 and 77'1 = 1; 7Tn and Tn are alternately 
even and odd functions of,_,.: 

(4.48) 

Although 7Tn and Tn are neither mutually orthogonal nor orthogonal to each 
other, it follows from (4.26) and (4.27) that 7Tn + Tn, as well as 7Tn - Tn, are 
orthogonal sets of functions: 

(m * n ). (4.49) 

We can now write the vector spherical harmonics (4.17)-(4.20) (with m = 1) 
in the expansions of the internal field( 4.40) and the scattered field ( 4.45) in a 
more concise form: 

Main= coS<f>7Tn(cosO)zn(p)e8 - sin<f>Tn(cosO)zn(p)e.p, 

Mein = -sin<f>7Tn(cosO)zn(p)e8 - cos<f>Tn(cosfJ)zn(p)e.p, 

No In = sin</> n ( n + 1 )sin 0 7Tn (cos fJ) zn ( P) er 
p 

(4.50) 

Superscripts will be appended to the functions M and N to denote the kind of 
spherical Bessel function zn: (1) denotes Jn(k 1r) and (3) denotes h~1 )(kr). As 
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noted previously, M has no radial component, and for sufficiently large kr the 
radial component of N for the scattered field is negligible compared with the 
transverse component. 

We have shown in Fig. 4.2 how the functions in and Yn behave, and the 
functions sin cf>, cos cf> are well known. Thus, it only remains for us to show the 
behavior of the functions '!Tn and Tn, which determine the () dependence of 
the fields. Polar plots of '!Tn and Tn for n = 1-5 are shown in Fig. 4.3; these 
plots are more pleasing to the eye if we allow () to range from 0 to 360°. Note 

0 'TTl 

180°------+----- 0° 

Figure 4.3 Polar plots of the first five angle-dependent functions 7711 and -r,. Both functions arc 
plotted to the same scale. 
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that these functions (except 77'1, which is constant) take on both positive and 
negative values; for example, T2 is positive from 0 to 45°, negative from 45 to 
135°, and positive from 135 to 180°. As n increases, the number of lobes 
increases, with the result that the forward-directed lobe becomes narrower (i.e., 
the first zero occurs at smaller angles). The absence of a back-directed lobe in 
the polar plots of 7Tn and Tn indicates that they are negative for backward 
directions; for example, T3 is negative for 0 between about 149 and 180°. All 
the functions have forward-directed lobes (i.e., are positive in the forward 
direction), but the backward lobes disappear for alternate values of n. As we 
shall see, the larger the sphere, the more high-order functions 7Tn and Tn are 
incorporated in the scattering diagram. Because of the behavior of these 
functions, therefore, the larger the sphere, the more heavily forward scattering 
directions are weighted compared with backscattering directions (alternate 
values of 7Tn or Tn tend to cancel in backscattering directions), and the narrower 
the forward scattered peak. 

4.3.2 Field Patterns: Normal Modes 

The scattered electromagnetic field has been written as an infinite series in the 
vector spherical harmonics M n and Nn, the electromagnetic normal modes of 
the spherical particle. In the following section we shall discuss the conditions 
under which a single normal mode might be excited; in general, however, the 
scattered field is a superposition of normal modes, each weighted by the 
appropriate coefficient an or bn. Diagrams from Mie's 1908 paper, which show 
the electric field lines corresponding to the transverse components of the first 
four normal modes, are given in Fig. 4.4. These diagrams have been repro
duced in, among other places, Stratton ( 1941, p. 567), where so little discussion 
is given that they are easily misinterpreted, and in Tricker (1970, p. 226), where 
an excellent discussion of them is found. The field lines are shown on the 
surface of an imaginary sphere concentric with, but at a distance from, the 
particle. For each n there are two distinct types of modes: one for which there 
is no radial magnetic field component, called transverse magnetic modes, and 
another for which there is no radial electric field component, called transverse 
electric modes. As an aid in translating the confusing terminology often found 
for these modes, we have included in Fig. 4.4 other terms sometimes used, such 
as electric type or E-waves for the transverse magnetic modes, and magnetic 
type or H-waves for the transverse electric modes. Below each diagram we 
indicate the corresponding vector spherical harmonic together with the ap
propriate scattering coefficient. Although we have shown only the electric field 
patterns, the magnetic field patterns are readily obtained by rotation through 
an azimuthal angle of 90°; this follows from the relations [see (4.50)] 

and the expansions ( 4.45). 
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EaN~, ~()~ 0 

Ea. Mo14 

TM MODES TE MODES 

(No Radial H Component) (No Radial E Component) 

ELECTRIC TYPE MAGNETIC TYPE 
E-WAVE H-WAVE 

Figure 4.4 Electric field patterns: normal modes (Mie, 1908). 

At first glance it may be confusing to see what appear to be free charges 
outside the particle, that is, points where the field lines appear to converge 
toward or diverge from. There clearly should be no free charges because each 
diagram represents field lines on the surface of an imaginary sphere in the 
medium surrounding the particle, which we may take to be free space. These 
apparent charge points are positions on the imaginary sphere at which the 
transverse field vanishes, and radial fields cannot be represented on a spherical 
surface. This can be made clearer by considering the radial component of the 
field for a particular mode. We have chosen the a 1 mode, which has particular 
importance later in the book; this is the field radiated by an oscillating electric 
dipole. Therefore, we can refer to the dipole radiation pattern for insight into 
the patterns shown in Fig. 4.4. Field lines in the xy plane ( 0 = '1T /2) corre-
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X 

Figure 4.5 Field of a radiating dipole. 

sponding to iN~i{ are shown in Fig. 4.5. Note that, for a given distance r, the cf> 

component of the field vanishes as we approach the x axis; along this axis the 
field is entirely radial. This, therefore, is why the field lines of the a1 diagram 
in Fig. 4.4 vanish near the poles. Similar effects occur in each of the more 
complicated diagrams of Fig. 4.4. 

4.3.3 Scattering Coefficients 

We have arrived at the point where further understanding of scattering and 
absorption by a sphere is difficult to acquire without some numerical exam
ples. What is needed now is some flesh to cover the dry bones of the formal 
theory; we should like to know how the various observable quantities vary with 
the size and optical properties of the sphere and the nature of the surrounding 
medium. To do so the first step is to obtain explicit expressions for the 
scattering coefficients an and bn. 

For a given n there are four unknown coefficients an, bn, en, and dn; thus, 
we need four independent equations, which are obtained from the boundary 
conditions ( 4.39) in component form: 

r =a. 
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From the orthogonality of sin cf> and cos cf>, the relations ( 4.49), the boundary 
conditions above, together with the expansions ( 4.37), ( 4.38), ( 4.40), ( 4.45), and 
the expressions (4.50) for the vector harmonics, we eventually obtain four 
linear equations in the expansion coefficients: 

Jn(mx)cn + h~1)(x)bn = Jn(x), 

J.t[mxJn(mx)]'cn + J.t 1 [xh~1 )(x)]'bn = J.t 1 [xJn(x)]', 

J.tmJn(mx)dn + ]l 1 h~1)(x)an = J.tJin(x), 

[mxJn(mx)]'dn + m[xh~1 )(x)]'an = m[xJn(x)]', 

( 4.51) 

where the prime indicates differentiation with respect to the argument in 
parentheses and the size parameter x and the relative refractive index m are 

X= ka = 2TTNa A , 

N1 and N are the refractive indices of particle and medium, respectively. The 
four simultaneous linear equations ( 4.51) are easily solved for the coefficients 
of the field inside the particle 

J.t 1 Jn(x)[xh~1)(x)]'- J.t 1 h~1)(x)[xJn(x)]' 
en= JlJin(mx)[xh~1)(x)]' -~-th~1)(x)[mxjn(mx)]'' 

d = ILJmJn(x)[xh~1)(x)]'- J.t 1 mh~1)(x)[xJn(x)]' 
n J.tm 2Jn( mx) [ xh~1 )( X)]' - ]l 1 h~1 )( X)[ mxjn ( mx )]'' 

and the scattering coefficients 

J.tm 2Jn( mx )[ xJn (x) ]' - JlJin (X )[mxjn( mx )]' 
an= J.tm 2Jn(mx)[xh~1)(x)]'- J.t 1 h~J)(x)[mxJn(mx)]'' 

JlJin( mx )[ xJn( X)]' - J.tJn( X)[ mxjn ( mx )]' 
bn = JlJin(mx)[xh~1)(x)]'- J.th~1)(x)[mxJn(mx)]'' 

( 4.52) 

( 4.53) 

Note thilt the denominators of en and bn are identical as are those of an and dn. 
If for a particular n the frequency (or radius) is such that one of these 
denominators is very small, the corresponding normal mode will dominate the 
scattered field. The an mode is dominant if the condition 

[ xh ~1 ) ( x)]' 
h~1 )( X) 

~-t 1 [ mxJn ( mx)]' 

J.tm 2Jn ( mx) 
(4.54) 
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is approximately satisfied; similarly, the bn mode is dominant if 

[ xh ~1 ) ( x)]' 
h~1 )( X) 

It [ mxJn ( mx)]' 

ltiin(mx) 
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( 4.55) 

is approximately satisfied. In general, of course, the scattered field is a 
superposition of normal modes. 

The frequencies for which ( 4.54) and ( 4.55) are exactly satisfied, the 
so-called natural frequencies of the sphere (Stratton, 1941, p. 554), are complex, 
and the associated modes are sometimes said to be virtual. If the imaginary 
parts of these complex frequencies are small compared with the real parts, the 
latter correspond approximately to the real frequencies of incident electromag
netic waves which excite the various electromagnetic modes. Fuchs and Kliewer 
( 1968) have thoroughly investigated the virtual modes of an ionic sphere with 
realistic frequency-dependent optical constants; they found that the modes fell 
naturally into three classes: low-frequency modes, high-frequency modes, and 
surface modes. In subsequent chapters we shall have more to say about 
electromagnetic modes in small particles, particularly in Chapter 12, where 
surface modes will be discussed at length. 

The scattering coefficients ( 4.53) can be simplified somewhat by introducing 
the Riccati-Bessel functions: 

If we take the permeability of the particle and the surrounding medium to be 
the same, then 

ml/;n( mx )1/;~(x) -l/ln(x )1/;~(mx) 
a = 

n ml/;n(mx)~~(x)- ~n(x)l/;~(mx) ' 
(4.56) 

b = l/1 n ( mx) l/;~ (X) - m l/1 n ( x) l/;~ ( mx) 

n l/ln(mx}~~(x)- m~n(x)l/;~(mx) 
(4.57) 

Note that an and bn vanish as m approaches unity; this is as it should be: when 
the particle disappears, so does the scattered field. 

As far as notation for the scattering coefficients is concerned, we have 
followed as much as possible van de Hulst (1957) and Kerker (1969), with the 
exception of the opposite sign convention for the time-harmonic factor 
exp( -iwt). Kerker (1969, p. 60) gives a table comparing the notation of 
various authors who have written on the theory of scattering by a sphere. 

4.4 CROSS SECTIONS AND MATRIX ELEMENTS 

Although we considered only scattering of x-polarized light in the preceding 
section, the scattered field for arbitrary linearly polarized incident light, and 
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hence any polarization state, follows from the symmetry of the particle. For 
example, the scattered electric fields for equal-amplitude incident x-polarized 
and y-polarized plane waves are related by 

Es ( cp; x-polarized) = Es ( cf> + I; y-polarized). 

Thus, if we have in hand the scattering coefficients an and bn, we can determine 
all the measurable quantities associated with scattering and absorption, such as 
cross sections and scattering matrix elements. 

4.4.1 Cross Sections 

We could obtain cross sections for a sphere by appealing to the expressions for 
an arbitrary particle that were derived in Section 3.4 by calculating the net rate 
~ at which electromagnetic energy crosses the surface of an imaginary sphere 
centered on the particle. If the surrounding medium is nonabsorbing, ~ is 
independent of the radius of this imaginary sphere, which for convenience was 
chosen to be sufficiently large that the far-field approximation for the electro
magnetic field could be used. However, it is possible to derive expressions for 
the cross sections of a spherical particle exactly, something that seems to have 
been overlooked by previous authors. Therefore, it seems worthwhile to 
provide such a derivation. In so doing, we shall show some of the mathematical 
properties of the spherical Bessel functions; we may also acquire a bit more 
confidence in the optical theorem. 

As before, we write~ as ~xt- ~'where 

( 4.58) 

and the radius r;;::: a of the imaginary sphere is arbitrary. On physical grounds 
we know that ~xt and ~ are independent of the polarization state of the 
incident light. Therefore, in evaluating the integrals ( 4.58) we may take the 
incident light to be x-polarized: 

k 
HaJ =- tancf>E;0 , 

wp. 
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where p = kr. The corresponding scattered field is 
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(4.59) 

If we assume that the series expansions ( 4.59) may be substituted in the 
integral for ~ and the resulting product series integrated term by term, we 
obtain 

where we have used ( 4.24) and the relation 

which follows from (4.27). The quantity gn, defined as - i~!~~' may be written 
in the form 

- ( *,/,f ,/,* I) "(·'·*•"' + * I) gn - Xn't'n - 't'nXn - l 't'n 't'n XnXn ' 

where the Riccati-Bessel function Xn is - PYn(P) and, therefore, ~n = l/ln - iXn· 
The functions l/; n and x n are real for real argument; therefore, if we use the 
Wronskian (Antosiewicz, 1964) 

(4.60) 

it follows that the scattering cross section is 

~ 2'7T ~ ( )( 2 2) 
csca = 1 = - 2 L..J 2n + 1 I ani + Ibn I . 

i k n=l 

(4.61) 

Similarly, the extinction cross section is 

W:xt 2'7T ~ ( } { } Cext = -
1

- = -
2 

L..J 2n + 1 Re an + bn , 
' k n= I 

(4.62) 
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where, as in the derivation of the scattering cross section, the key step is the 
relation ( 4.60). 

4.4.2 Examples of Extinction: Interference 
and Ripple Structure; Reddening 

We now pause in the mathematical development to consider a few examples of 
extinction. A more complete discussion of extinction will be given in Chapter 
11, which is devoted exclusively to this subject. The computational methods 
used to generate these examples will be discussed later in this chapter. For our 
brief look at extinction we have chosen water droplets in air; the 
wavelength-dependent optical constants-from radio to ultraviolet-that were 
used in these calculations are given in Chapter 10. Calculated extinction curves 
for three different radii are shown in Fig. 4.6, where extinction efficiency 
Qext = Cextf'!Ta 2 is plotted as a function of inverse wavelength 1/A.. This 
somewhat unconventional method of displaying extinction may cause some 
readers to reel in horror, particularly when it is noted that the curves in Fig. 4.6 
show marked deviations from those more commonly encountered; extinction 
efficiencies are usually shown as functions of x for a fixed refractive index m, a 
practice hallowed by tradition. Although the traditional method of displaying 
extinction is not necessarily incorrect, it is often misleading: x and m are 
mathematically independent variables but they may not be physically indepen
dent. This elementary fact is often lost sight of when x is considered to be 
merely a dimensionless variable that is indifferent to whether it changes 
because of varying wavelength or radius. For if the wavelength varies, so must 
m: no material substance has optical constants independent of wavelength 
except over a narrow range. Unfortunately, in some areas to which light 
scattering theory has been applied, full realization of this has only slowly 
dawned; the result has been spurious conclusions based on faulty reasoning. 
One of the central themes of this book is that full understanding of light 
scattering and absorption by particles requires understanding optical proper
ties of bulk matter. The reason for the traditional method of displaying 
extinction has more to do with convenience than with fidelity to physical 
reality: it is relatively easy to calculate Qext as a function of x for fixed m. The 
curves shown in Fig. 4.6, however, require considerably more effort than is 
usual: at each of the many wavelengths for which computations are done, the 
correct optical properties must be used. The effort .required to compute Qext 

per se is greatly overshadowed by that entailed in compiling optical constants 
from many sources and suitably interpolating between measured data points. 
The reward for this effort, however, is a more physically accurate picture of 
extinction. 

In the region where water is weakly absorbing (between about 0.5 and 5 
p.m- 1

) the extinction curve for a 1.0 p.m droplet has several features: (I) a 
series of regularly spaced broad maxima and minima called the interference 
structure, which oscillates approximately about the value 2; (2) irregular fine 
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Figure 4.6 Extinction efficiencies for water droplets in air; plotting increment = 0.01 J.Lffi- 1
. 

structure called the ripple structure; and (3) monotonically increasing extinc
tion with decreasing wavelength for a < A.. We shall briefly consider each of 
these in turn. 

For large ( >> n 2 )x and lmxl the numerator of an is approximately 

(m- l)sin[x- n?Tj2]cos[mx- n?T/2] + msin[x(m- 1)] 
X 

To the same degree of approximation the numerator of bn is 

(1 - m)sin[x- n?Tj2]cos[mx- n?T/2] + sin[x(m- 1)] 
mx 

(4.63) 

(4.64) 

To obtain ( 4.63) and ( 4.64) from ( 4.56) and ( 4.57) we used the asymptotic 
relation 

l/ln(P)- sin(p- n?T/2) ( 4.65) 

Note that the numerator of both an and bn contains the common term 
sin[ x( m - I)]. which is independent of n; thus, we expect the extinction cross 
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section maxima to be approximately determined by the maxima of this 
function, which occur for x ( m - 1) = (2 p + 1 )'rr j2, where p is an integer. 
Therefore, the separation ~(1/A) between the maxima of sin[x(m - 1)], over a 
wavelength region for which m is approximately constant and real, is Ij2a(m 
- 1). For water at or near visible wavelengths, m may be taken to be about 
1.33; thus, we expect the cross-section maxima for a 1.0-p.m-radius droplet to 
be separated by about 1.5 p.m- 1

• That this is indeed so is apparent from Fig. 
4.6. The origin of the term "interference structure" applied to these broad 
extinction peaks lies in the interpretation of extinction as interference between 
the incident and forward-scattered light (see Section 3.4). For if we adopt the 
viewpoint of elementary optics, the phase difference ~cf> between a ray that 
traverses a large transparent sphere without deviation (i.e., the forward-scattered 
or central ray) and a ray that traverses the same physical path outside the 
sphere is 

2'1T 
~cf> = T2a(N1 - N) = 2x(m- 1). 

The condition for destructive interference between these two rays is ~cf> = (2 p 
+ 1)'1T or, equivalently, x(m- I)= (2p + 1)'1Tj2, which is the same condition 
as that obtained by examining the numerators of an and bn. 

We shall defer detailed discussion of the ripple structure, which is consider
ably more complicated both mathematically and physically than the inter
ference structure, until Chapter 11. Suffice it to say for the moment that the 
ripple structure has its origins in the roots of the transcendental equations 
( 4.54) and ( 4.55), the conditions under which the denominators of the scattering 
coefficients vanish. 

Both the interference structure and the ripple structure are strongly damped 
when absorption becomes large, as it does in water if I /A is greater than about 
6 p.m- 1

; this is analogous to damping of interference bands in the transmission 
spectrum of a slab (see Fig. 2.8). If the droplet is small compared with the 
wavelength, then peaks in the bulk absorption spectrum are seen in the particle 
extinction spectrum; for example, the extinction peaks in Fig. 4.6 at about 6 
p.m- 1 for a 0.05-p.m-radius droplet and at about 0.3 p.m- 1 for a 1.0-p.m 
droplet are neither interference nor ripple structure but bulk absorption peaks. 
This illustrates the fact that absorption dominates over scattering for small a /A 
if there is any appreciable bulk absorption. 

A familiar phenomenon is reddening of white light on passing through a 
collection of very small particles. This can be demonstrated easily by putting a 
few drops of milk into a container of pure water: a collimated beam of white 
light takes on a reddish tint after transmission through this suspension because 
the shorter-wavelength blue light is extinguished more effectively than the 
longer-wavelength red light. Rising extinction toward shorter wavelengths is a 
general characteristic of nonabsorbing particles small compared with the 
wavelength; this is exhibited in the· extinction curves in Fig. 4.6 for the two 
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smaller particles. Everyone is familiar with such effects through the beautiful 
red and orange hues of sunset skies, which are partly the result of molecular 
scattering. Small particles can enhance reddening of the sunset. Periods of 
strong volcanic activity have been known to increase the beauty of sunset 
colors for more than a year because of particles in the atmosphere; high levels 
of particulate air pollution tend to i.ncrease the sunset reddening. 

Reddening because of extinction by small particles is certainly not limited 
to the terrestrial environment. Dust particles between stars extinguish blue 
light more efficiently than red light; starlight transmitted through this dust, 
therefore, is reddened. This effect is so reliable and uniform when averaged 
over many thousands of light years that it can be used to measure distances to 
stars in our galaxy. A "highly reddened star," as the jargon goes, is one that 
has a large quantity of interstellar dust between it and the observer. It is 
obvious from Fig. 4.6 that extinction is quite size dependent; for this reason, 
extinction has occasionally been used to size particles. In fact, this size 
dependence provides us with our best evidence that interstellar dust grains are 
predominantly submicron. In the laboratory, however, other types of measure
ments, such as angular scattering, are usually preferable for particle sizing. 

Reddening occurs for collections of particles regardless of their size distribu
tion provided that they are small compared with the wavelength. The opposite 
spectral effect, "bluing," can be seen on the high-frequency side of the 
extinction peaks in Fig. 4.6. Such bluing is highly dependent on the size 
distribution and tends to vanish, as do the other characteristics of the inter
ference structure, as the dispersion of particle radii increases. Thus, bluing of 
sunlight by particles in the atmosphere is quite rare although not unheard of: it 
happens "once in a blue moon." This saying evidently originates from the fact 
that there have been a few times recorded in history when the sun and the 
moon were observed to be blue, such as after giant eruptions of the volcano 
Krakatoa and following huge forest fires in Canada. According to the conven
tional explanation, the conditions necessary for this anomalous extinction, 
which include a narrow range of particle sizes, are rarely met. 

4.4.3 The Extinction Paradox; Scalar Diffraction Theory 

We noted in the preceding section that Qext appears to approach the limiting 
value 2 as the size parameter increases: 

lim Qext(x, m) = 2, 
x-+ oo 

which is twice as large as that predicted by geometrical optics. Yet geometrical 
optics is considered to be a good approximation if all dimensions are much 
larger than the wavelength. Moreover, Qext = 2 contradicts "common sense": 
we do not expect a large object to remove twice the energy that is incident on 
it. This perhaps puzzling result is called the extinction paradox, which we shall 
try to resolve in the following paragraphs. 
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Although geometrical optics is a good approximation to the exact wave 
theory for large objects, no matter how large an object is it still has an edge in 
the neighborhood of which geometrical optics fails to be valid. Therefore, let us 
analyze extinction by a large sphere of radius a using a combination of 
geometrical optics and scalar diffraction theory. 

The fundamental problem in scalar diffraction theory is to determine the 
value of a scalar wave l/; at a point P given the value of l/; and Vl/; on a closed 
surfaceS surrounding P. A concise and lucid treatment of this theory is given 
by W angsness ( 1963), who shows that 

(4.66) 

where R is the distance from P to a point on S and ft is the outward directed 
normal to S. Equation ( 4.66) is not restricted to electromagnetic waves but 
applies equally well to any scalar quantity that satisfies the wave equation 
'\l2l/; + k2l/; = 0. 

An amount of energy l;'!Ta 2 is removed from a beam with irradiance I; as a 
result of reflection, refraction, and absorption of the rays that are incident on 
the sphere; that is, every ray is either absorbed or changes its direction and is 
therefore counted as having been removed from the incident beam. An opaque 
disk of radius a also removes an amount of energy l;'!Ta 2

, and to the extent that 
scalar diffraction theory is valid, a sphere and an opaque disk have the same 
diffraction pattern. Therefore, for purposes of this analysis, we may replace the 
sphere by an opaque disk. 

Although we shall be interested primarily in diffraction by an opaque 
circular disk, no extra labor is entailed if the shape of the planar obstacle is 
unrestricted at this stage of our argument (Fig. 4.7a). It is more convenient to 
consider diffraction by a planar aperture, with the same shape and dimensions 
as the obstacle, in an otherwise opaque screen (Fig. 4. 7b ). If l/; ( P) is the value 
of the wave function at P when the aperture is in place, we can invoke 
Babinet 's principle, 

tf (P) + l/;(P) = l/;0 (P), (4.67) 

to obtain the wave function tf when the obstacle is in place, where l/;0 is the 
unimpeded (incident) wave function, which we take to be a plane wave 
E0exp( ikz ). 

To evaluate the integral in ( 4.66) we need to know l/; and its gradient over 
the surfaceS. It is physically plausible to assume that the only contribution to 
l/;(P) comes from the aperture te, over which l/; may be approximated by the 
incident wave function l/;0 • With this assumption ( 4.66) becomes 

( 4.68) 
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Figure 4.7 (a) Diffraction by an opaque planar obstacle. (b) Diffraction by an aperture with the 
same shape as the obstacle. 

where we have also taken kR >> 1; that is, the point Pis at a distance from the 
aperture large compared with the wavelength. The unit vector eR is directed 
along the line from P to a point on the aperture with coordinates ( ~' 11 ), and 
the distance R is 

(4.69) 

If the linear dimensions of the aperture are small compared with r, we can 
expand (4.69) in powers of ~/r and 11/r; Fraunhofer diffraction results if we 
terminate this expansion at linear terms: 

eikr 

l/; ( P) = E0 -:-k S ( 0, cf>), z r 
(4.70) 

Therefore, with the obstacle in place, we have from ( 4.67) and ( 4. 70), 

eikr 

f(P) = E0eikz- E0 -:-k S(O, cf>). 
z r 

(4.71) 

The first term in (4.71) is just the incident wave; the second term is the wave 
scattered (diffracted) by the obstacle. The optical theorem for scalar waves is 
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formally identical to that for vector waves, (3.24); thus, the extinction cross 
section is 

4'1T 
Cext = -

2 
Re{S(O = 0)} = 2G, 

k 
(4.72) 

where G is the area of the obstacle. Therefore,Qhe extinction cross section of 
the obstacle is twice its geometrical cross section: all the energy incident on the 
opaque obstacle, an amount equal to JiG, is absorbed; in addition, an equal 
amount of energy ~ = JiCsca' where 

C = 12"'1"' IS( O, cf> )1
2 

sinO dO dcf> = G 
sea 0 0 k2 ' 

is scattered (diffracted) by the obstacle. ~oughly speaking, we may say tha~he 
incident wave is influenced beyond the physical boundaries of the obstacl~he 
edge deflects rays in its neighborhood, rays that, from the viewpoint of 
geometrical optics, would have passed unimpeded. These rays, regardless of 
how small the angle through which they are deflected, are counted as having 
been removed from the incident beam and therefore contribute to the total 
extinctiotJ' To the extent that replacing a particle very much larger than the 
wavelength by an opaque planar obstacle with the same projected area is a 
valid approximation, the same interpretation elucidates why the extinction 
cross section of such a particle is twice its geometrical cross section. 

We have yet to explain why Cext = 2G is not necessarily observed. To do so 
it will help if we consider a specific example. The scattering amplitude for a 
circular disk is independent of the azimuthal angle cp: 

S ( 0) = £ ( e- ik~ sin 9 ( 1 + COS 0) d ~ d 1J. 
4'1T la 

(4.73) 

We can evaluate the integral in ( 4. 73) by transforming to plane polar coordi
nates and using the integral representation of the Bessel function J0 , 

together with the identity d(zJ1)jdz = zJ0 ; the result is 

The size parameter is very large and J 1(xsinO)jxsinO is negligibly small for 
x sin 0 greater than about 10; therefore, the factor (1 + cos 0)/2 is unity to a 
very good approximation over the angular region of interest. In Fig. 4.8 we 
show the scattering diagram normalized to the forward direction as a function 
of x sin 0. Note that almost all the scattered light is confined within a cone of 
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Figure 4.8 Scattering diagram for diffraction by a circular disk. 

half-angle () ~ lOjx. If a detector is to record the full extinction by a large 
spherical object, its acceptance angle must be much less than this, say ()ace < 
1 j2x. Thus, in any measurement of extinction by particles much larger than 
the wavelength, the possible effect of instrument geometry should be consid
ered carefully. Failure to do so may result in spurious disagreement between 
theory and experiment, as well as lack of experimental reproducibility. 

4.4.4 Scattering Matrix 

We assume that the series expansion ( 4.45) of the scattered field is uniformly 
convergent. Therefore, we can terminate the series after nc terms and the 
resulting error will be arbitrarily small for all kr if n c is sufficiently large. If, in 
addition, kr >> n~, we may substitute the asymptotic expressions (4.42) and 
( 4.44) in the truncated series; the resulting transverse components of the 
scattered electric field are 

eikr . 

E.\·ct>- - E0 -.-k- sm </> S1 (cos 0), _, r 
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where 

(4.74) 

and the series are terminated after n c terms. The relation between incident and 
scattered field amplitudes is therefore 

( 
E 11s ) = eik(r-z) ( s2 

E.Ls -ikr 0 

We can show from (4.25) that 

(4.75) 

But Pn satisfies the differential equation ( 4.4), from which, together with 
Pn(l) = 1, it follows that 

7TA1) = 'Tn(l) = n(n 2+ 1). 

Thus, in the forward direction ( 0 = 0°) 

n 

which when substituted in the optical theorem (3.24) yields the extinction cross 
section (4.62): 

(4.76) 

The relation between incident and scattered Stokes parameters follows from 
(4.75): 

Js sn S12 0 0 li 

Qs sl2 s11 0 0 Qi 

~ k2r2 0 0 s33 s34 ~ ' 

~ 0 0 -s34 s33 V; (4.77) 

s II = 1 (I S21
2 + I s 1 1

2 
) ' S 12 = 1 (I S2l 2 - I S 1 12 ) , 

S33 = 1(S:fS1 + S2Sf), 
i 

S34 = 2 (s1S:f- S2Sf}. 
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Only three of these four matrix elements are independent: Sf1 = Sf2 + Sl3 + 
s324· 

If the incident light is 100% polarized parallel to a particular scattering 
plane (it makes no difference which scattering plane), the Stokes parameters of 
the scattered light are 

~ = ~ = 0, 

where we have omitted the factor ljk2r 2
• Thus, the scattered light is also 100% 

polarized parallel to the scattering plane. We denote by i
11 

the scattered 
irradiance per unit incident irradiance given that the incident light is polarized 
parallel to the scattering plane: 

If the incident light is polarized perpendicular to the scattering plane, the 
Stokes parameters of the scattered light are 

~ = ~ = 0. 

Thus, the scattered light is also polarized perpendicular to the scattering plane. 
We denote by i .l the scattered irradiance per unit incident irradiance given 
that the incident light is polarized perpendicular to the scattering plane: 

If the incident light is unpolarized, the Stokes parameters of the scattered 
light are 

~ = ~ = 0. 

The ratio 

(4.78) 

is such that I PI ~ 1; if P is positive, the scattered light is partially polarized 
perpendicular to the scattering plane; if P is negative, the scattered light is 
partially polarized parallel to the scattering plane; the degree of polarization is 
I P 1. Regardless of the size and composition of the sphere, P(0°) = P(l80°) = 0. 

If the incident light is obliquely polarized at an angle of 45° to the scattering 
plane, the scattered light will, in general, be elliptically polarized, although the 
azimuth of the vibration ellipse need not be 45°. The amount of rotation of the 
azimuth, as well as the ellipticity, depends not only on the particle characteris
tics but also on the direction in which the light is scattered. 
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Table 4.1 Scattering Coefficients for a Water Droplet in Air with Size Parameter 
x = 3 and Complex Refractive Index m = 1.33 + itO - 8 

n 

2 
3 
4 
5 

2n + 1 

n(n + 1) 

.1 
2 
5 
6 

_]_ 
12 

__2_ 
20 
l.l 
30 

5.1631 x w- 1
- i4.9973 x w- 1 7.3767 x w- 1

- i4.3990 x w- 1 

3.4192 x w- 1 
- i4.7435 x w- 1 4.0079 x w- 1 

- i4.9006 x w- 1 

4.8467 x w- 2 - i2.1475 x w- 1 9.3553 x w- 3 - i9.6269 x w- 2 

1.0346 x w- 3 - ;3.2148 x w- 2 6.8810 x w-s - i8.2949 x w- 3 

9.0375 x w- 6 - i3.0062 x w- 3 2.8309 x w- 7 - i5.3204 x w- 4 

4.4.5 An Example of Angle-Dependent Scattering 

As an example of angle-dependent scattering by a sphere we have chosen a 
water droplet with size parameter x = 3 illuminated by visible light of wave
length 0.55 p.m. At this wavelength the complex refractive index of water is 
1.33 + no- 8; X = 3 corresponds to a droplet radius of about ~f:tffi. The 
first five scattering coefficients for this particle are given in Table 4.1, from 
which it is clear that the first two or three functions 'lTn and Tn determine the 
angular dependence of the scattering. 

The results of computations using the program of Appendix A are shown in 
Fig. 4.9: linear polar plots of i .1. and i

11 
in part a; the logarithms of i .1. and i

11 
in 

b; and the polarization (4.78) in c; in all three sets of curves the independent 
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Figure 4.9 Scattering by a sphere with x = 3 and m = 1.33 + i 10 11 
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variable is the scattering angle 0. Perhaps the most important point to note is 
that the scattering is highly peaked in the forward direction. This is seen most 
strikingly in the linear polar plot of part a. The small scattering lobes for 
() > 90° are almost imperceptible compared with the strong forward-scattering 
lobes; indeed, for the backscattering lobes to be seen at all requires that we 
magnify the polar plots by a factor of 10. The scattered irradiance in the 
forward direction is more than 100 times greater than that in the backward 
direction; such directional asymmetry becomes even more pronounced as the 
size parameter increases, to the point that it is of little value to display 
scattering diagrams in a linear fashion. Our intent in showing this one polar 
plot is to emphasize the predominance of forward scattering even for rather 
small spheres-a 0.26-p.m water droplet is so small as to be unheard of in 
clouds .. 
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We encounter the consequences of strong forward scattering almost every 
day. An evening drive toward a bright setting sun can be a blinding experience, 
even if the direct sunlight is blocked by the sun visor, because of intense 
forward scattering by particles in the atmosphere and on the windshield. This 
is easily remedied by driving in the opposite direction-180° scattering is 
orders of magnitude less intense-but this solution usually has little practical 
appeal. In a similar way, night driving in fog or with a dirty windshield can be 
difficult: light from oncoming automobile headlights is scattered in the for
ward direction by fog droplets or particles to produce bothersome glare. 

4.4.6 Integrated Extinction: A Sum Rule 

We showed in Section 2.3 that the real and imaginary parts of the electric 
susceptibility are connected by the dispersion relations (2.36) and (2.37). This 
followed as a consequence of the linear causal relation between the electric 
field and polarization together with the vanishing of x ( w) in the limit of 
infinite frequency w. We also stated that, in general, similar relations are 
expected to hold for any frequency-dependent function that connects an 
output with an input in a linear causal way. An example is the amplitude 
scattering matrix (4.75): the scattered field is linearly related to the incident 
field. Moreover, this relation must be causal: the scattered field cannot precede 
in time the incident field that excited it. Therefore, the matrix elements should 
satisfy dispersion relations. In particular, this is true for the forward direction 
() = 0°. But S(0°, w) does not have the required asymptotic behavior: it is clear 
from the diffraction theory approximation (4.73) that for sufficiently large 
frequencies, S(0°, w) is proportional to w2

• Nevertheless, only minor fiddling 
with S makes it behave properly: the function 

vanishes in the limit of infinite frequency; c is the speed of light in vacuo and 
we have taken the sphere to be in free space for convenience. When the domain 
of definition is extended to the complex w plane, F is analytic in its upper half 
because of the analyticity of S; F also satisfies the same crossing condition as 
x: F(- w) = F*( w ). Therefore, the real and imaginary parts of F = F' + iF" 
are connected by the integral relations (2.36) and (2.37): 

F"( w) = - 2w p (oo F'(n) dn. 
'TT ) 0 g2 _ w2 

From these relations, the optical theorem (4.76), and (2.51) it follows that 

(4.79) 
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It is easy to show from (5.4) that for sufficiently small frequencies the forward 
scattering matrix element is given by 

s(oo w) = -iw3 t:{w)- 1 
' c3 £( w) + 2' 

where the dielectric function£ = m 2 is the permittivity of the particle relative 
to that of free space. Therefore, the limit of ( 4. 79) as w approaches zero is 

(4.80) 

This sum rule for extinction is written more compactly if we transform the 
integration variable from frequency to wavelength and assume that the static 
dielectric function is real and finite: 

( 4.81) 

Some rather remarkable conclusions follow from (4.81): although the depen
dence of cext on particle radius at a given wavelength may be quite com
plicated, the integrated extinction is merely proportional to the particle volume. 
Moreover, the optical properties of the particle enter into the integrated 
extinction only through the static dielectric function; the greater it is, the 
greater will be the integrated extinction. Thus, regardless of particle composi
tion, we have an upper limit to integrated extinction: 

The sum rule ( 4.81) for extinction was first obtained by Purcell (1969) in a 
paper which we belive has not received the attention it deserves. Our path to 
this sum rule is different from that of Purcell's but we obtain essentially the 
\arne results. Purcell did not restrict himself to spherical particles but consid
ered the more general case of spheroids. Regardless of the shape of the particle, 
however, it is plausible on physical grounds that integrated extinction should 
he proportional to the volume of an arbitrary particle, where the proportional
ity factor depends on its shape and static dielectric function. 

4.4. 7 Finite Beam Width 

The expressions for the field scattered by a sphere were obtained under the 
assumption that the beam is infinite in lateral extent; such beams, however, are 
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difficult to produce in the laboratory. Nevertheless, it is physically plausible 
that scattering and absorption by any particle will be independent of the extent 
of the beam provided that it is large compared with the particle size; that is, 
the particle is completely bathed in the incident light. Our physical intuition is 
bolstered by the analysis of Tsai and Pogorzelski (1975), who obtained exact 
expressions for the field scattered by a sphere when the incident beam is 
cylindrically symmetric with a finite cross section. Their calculations of the 
angular dependence of the light scattered by a conducting sphere show no 
difference between infinite and finite beams provided that the beam radius is 
about 10 times larger than the sphere radius. In most scattering experiments, 
even those using highly collimated laser beams, this condition will certainly be 
satisfied. Thus, we are usually justified in ignoring finite beam width. 

4.4.8 Charged Sphere 

We have also assumed that the particle carries no net surface charge. This 
assumption, although not explicitly stated, is implicit in the boundary condi
tions (3. 7). However, naturally occurring charged particles are not uncommon: 
water droplets formed in ocean sprays, water droplets and ice crystals in 
thunderstorms, drifting snow, and dust can be electrically charged; it is also 
believed that interstellar grains are charged (Spitzer, 1948). Thus, we are 
naturally led to the question: Does a particle that carries a physically realistic 
net charge scatter electromagnetic waves in any manner that is observably 
different from that of an identical uncharged particle? In an attempt to answer 
this question, Bohren and Hunt (1977) considered the problem of scattering by 
a sphere in which the conditions 

where K is the surface current density of excess surface charge, were imposed 
at the boundary between particle and surrounding medium. If it is assumed 
that K = O's E II' where O's is a phenomenological surface conductivity and E It is 
the tangential field at the surface of the sphere, the coefficients of the scattered 
field can be obtained in a manner similar to that for an uncharged sphere. 
Obtaining the mathematical form of the scattering coefficients is easy enough; 
the difficulties arise when one tries to make quantitative conclusions in the 
absence of either measured values of O's or suitable microscopic theories. On the 
basis of a simple microscopic theory of free excess surface charges, Bohren and 
Hunt concluded that surface charges on metallic particles small compared with 
the wavelength do not appreciably affect the extinction cross section. However, 
a full understanding of scattering by charged particles awaits a satisfactory 
treatment of O's. In the interim1 we shall assume, in the absence of evidence to 
the contrary, that surface charges on a particle only slightly perturb its 
scattering and absorbing properties. 
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4.5 ASYMMETRY PARAMETER AND RADIATION PRESSURE 

The asymmetry parameter, which was defined in Section 3.4 as the average 
cosine of the scattering angle, depends, in general, on the polarization state of 
the incident light. However, the asymmetry parameter for a spherical particle is 
clearly independent of polarization and is given by 

where p. = cos () and 

Therefore, to obtain the asymmetry parameter, we must evaluate the integrals 

The first of these integrals can be written in the form 

and integrated by parts to yield 

r<I) = 8 2n(n + 1) 
nm nm 2n + 1 ' 

where we have used the orthogonality of the P~ (4.7). It follows from (4.48) 
that 'T'n'T'm + 7Tn7Tm is an even function of p. if m + n is even; therefore, Tn<?J 

vanishes unless m = n ± p, where p = 1, 3, .... By using the recurrence rela
tions 

we can show that 

7Tn n2
'T'n+I (n + 1)

2 

p. 'T'n = n ( n + 1) + ( n + 1 )( 2 n + 1) + n ( 2 n + 1) 'T'n- I ' 

t. 2 

'T'n n 
2

7Tn + I ( n + 1) 
J1.7T,= n(n+ I)+ (n+ l)(2n+ 1) + n(2n+ 1)7Tn-I' 



120 ABSORPTION AND SCATTERING BY A SPHERE 

from which, together with ( 4.24) and ( 4.26), it follows that 

2n 2 (n + l)(n + 2)2 

(2n + 1)(2n + 3) 

Tn?J = 2n(n + 1)2(n- 1)2 

(2n + 1)(2n- 1) 

0 

Therefore, the asymmetry parameter is given by 

if m = n + 1 

if m = n- 1 

if m =1= n ± 1 

Q < 0> 
_ ~ [" n ( n + 2) R { * b* } sea COS - 2 ~ 1 e an an+ I + bn n + I x n+ n 

In addition to energy, light carries momentum; therefore, a beam that 
interacts with a particle will exert a force on the particle, called radiation 
pressure. The momentum flux of a plane, homogeneous wave with phase 
velocity vis Sjv. If we now adopt the viewpoint that a beam of light consists 
of a stream of photons, it is physically reasonable to assert that the photons 
absorbed by the particle transfer all their momentum to the particle and 
therefore exert a force in the direction of propagation. If we interpret cabs as 
the effective area for absorption, the momentum transfer to the particle is 
proportional to /iCabs• where Ii is the irradiance of the incident beam. Now let 
us interpret Csca as the effective area for scattering. The photons incident on 
this area are elastically scattered through some distribution of angles 0, and the 
net rate of momentum transfer in the direction of propagation is therefore 
proportional to /iCsca(l - (cos 0) ). Thus, the total rate of momentum transfer 
to the particle is proportional to Ii( Cext - Csca (cos 0)), and we may define the 
efficiency for radiation pressure Q pr as 

The derivation above of the efficiency for radiation pressure is heuristic; a 
rigorous derivation of this result, which was first obtained by De bye ( 1909), 
entails integrating the stress tensor of the electromagnetic field over a spherical 
surface surrounding the particle. 

4.6 RADAR BACKSCA TIERING CROSS SECTION 

McDonald (1962) has described the definition of the radar backscattering cross 
section as "intrinsically awkward"; we heartily agree that it is awkward, hut we 
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suggest that it is less intrinsically than unnecessarily so. There are several 
definitions extant, but none with the power to elicit a clear image of just what 
is meant physically by the concept. Perhaps the clearest statement of the 
definition has been given by Batt an ( 1973, p. 30), whom we paraphrase here. 
Consider an arbitrary particle illuminated by a beam with irradiance /i, which 
is taken to be x-polarized. It is clear from the steps leading to (3.26) that the 
quantity /iiX(0,</>)1 2/k 2 is the amount of energy scattered into a unit solid 
angle about a particular direction ( (J, <P ), where X is the vector scattering 
amplitude for the particle. Now consider a hypothetical isotropic scatterer 
illuminated by the same beam, where the vector scattering amplitude Xiso is 
independent of direction and is taken to be equal to the scattering amplitude in 
the backscattering direction ( (J = 180°) for the particle of interest: xiso = 
X( 180°). The total energy ~ca scattered in all directions by the hypothetical 
particle is therefore 

The backscattering cross section a b is then defined by 

( 4.82) 

It is the presence of the factor 47T in ( 4.82) that is the obstacle to interpreting 
ah; were it not for this factor, ab would merely be the differential scattering 
cross section for scattering into a unit solid angle around the backscattering 
direction. In fact, it is obvious from (3.14) and (3.21) that the signal received 
hy a detector subtending a solid angle ~Q at the particle is proportional to 
1

1 
~Q 1 X( (J, <P) 12 /k 2 for all scattering angles. In addition to causing problems of 

interpretation, the historical definition also leads to a needless paradox: the 
hackscattering cross section for a sphere small compared with the wavelength 
is greater than the total scattering cross section (Section 5.1 ). This implies, at 
first glance, that a part is greater than the whole! 

The traditional definition of the radar backscattering cross section can be 
:-.tated clearly in a few words: it is just 47T times what it ought to be. We 
therefore counsel the reader to mentally delete the factor 47T in (4.82) and only 
reintroduce it as a sop to convention when necessary. 

For a sphere, we have from (3.22), (4.48), and (4.74) 

1X(180°)I 2 = IS2 (180°)I 2cos2<P + IS1(180°)1 2 sin2</>, 

s2 ( 180 °) = - s I ( 180 °) = t L ( 2 n + I) ( - 1 r (an - bn ) . 
n 
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Therefore, the efficiency for backscattering Qb is 

McDonald (1962) gave a physical derivation of the limiting value of Qb as 
x ~ oo, which, because of its appealing simplicity, is worth repeating here. 
Consider a sphere of radius a, which is taken to be large compared with the 
wavelength so that geometrical optics is a good approximation (see Chapter 7 
for more details). The sphere is sufficiently absorbing so that all rays that are 
not reflected at the first interface are absorbed within the sphere; thus, 
scattering (excluding the forward diffraction peak, which does not contribute 
to the backscattering cross section) is entirely the result of reflection. Consider 
all those reflected rays that are confined within a set of directions defined by a 
cone of half-angle 28 about the backward direction, where 8 << 1 but is 
shown on an enlarged scale in Fig. 4.10. All the energy ~~ca scattered into the 
solid angle ~Q = 71"(28) 2 results from reflection of incident rays with angles of 
incidence between 0 and 8. Because 8 is small, this scattered energy is 
approximately ~~ca = l;7Ta 28 2R(0°), where R(0°) is the reflectance at nor
mal incidence (2.58). Therefore, the backscattering cross section is given by 

_ 47T~~ca _ 2 ( o) 
I;ab- ~n - 7Ta R 0 I;, 

Figure 4.10 Backscattering by a large sphere in the geometrical optics approximation. 
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and the backscattering efficiency has the limiting value 

lim Qb = R(0°), 
x-+ oo 

123 

(4.83) 

a surprisingly simple result which, because of the "peculiar nature" of the Qb 
definition, is "less than obvious." Dei:rmendjian's calculations (1969, p. 40) of 
the backscattering efficiency for large metallic spheres supports this limiting 
value for Qb. We emphasize that (4.83) is expected to be correct only if the 
sphere is absorbing so that internally reflected rays do not contribute to the 
backscattering. This in turn implies that for given x (provided, of course, that 
x >> 1), R(0°) will be a better approximation to the exact value the greater the 
absorption coefficient; the computations of Herman and Battan ( 1961) are 
consistent with this assertion. 

Some of the more interesting applications of radar backscattering are given 
in Radar Ornithology by Eastwood ( 1967), in which one can find measured 
backscattering cross sections at 3-cm wavelength for pigeons, starlings, and 
house sparrows, together with calculations for "equivalent" spherical birds 
composed of water. It seems that Mie theory is sufficiently broad to embrace 
an unexpectedly large v.ariety of objects. 

4.7 THERMAL EMISSION 

At temperatures above absolute zero, particles can emit as well as absorb and 
scatter electromagnetic radiation. Emission does not strictly fall within the 
bounds imposed in the first chapter; it is more akin to such phenomena as 
luminescence than to elastic scattering. However, because of the relation 
between emission and absorption, and because emission can be an important 
cooling mechanism for particles, it seems appropriate to discuss, at least 
briefly, thermal emission by a sphere. 

Consider an enclosure of dimensions large compared with any wavelengths 
under consideration, which is opaque but otherwise arbitrary in shape and 
composition (Fig. 4.11 ). If the enclosure is maintained at a constant absolute 
temperature T, the equilibrium radiation field will be isotropic, homogeneous, 
and unpolarized (see Reif, 1965, p. 373 et seq. for a good discussion of 
equilibrium radiation in an enclosure). At any point the amount of radiant 
energy per unit frequency interval, confined to a unit solid angle about any 
direction, which crosses a unit area normal to this direction in unit time is 
given by the Planck function 

~ = _h_w_3 
_ ____ 1 __ _ 

e 47T 3c2 exp( hwjk BT) - 1 ' 

where h = h/271', his Planck's constant, cis the speed of light in vacuo, and kB 
is Boltzmann's constant. \'Pe (or a similar expression) is sometimes referred to as 
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Figure 4.11 An enclosure, spherical particle, and radiation field in thermodynamic equilibrium. 

the "blackbody" radiation distribution function. But the physical significance 
of the Planck function is that it is the distribution of radiation in equilibrium 
with matter; it does not require for its realization the existence of hypothetical 
"perfectly black" bodies. Indeed, as we shall see, rigid adherence to the notion 
of a perfect absorber leads to a needless paradox for small particles. 

If a spherical particle is placed in the enclosure, then in equilibrium the 
distribution of radiation is unchanged. We may imagine that surrounding the 
particle there is a spherical surface of radius R, where R is much larger than 
the particle radius a, each element dS of which is the source of a nearly plane 
wave that illuminates the particle with irradiance 0'e dSjR 2 (Fig. 4.11). There
fore, the amount of energy absorbed per unit time by the particle is 

In equilibrium the total power emitted by the particle must be equal to that 
absorbed: 

( 4.84) 

we is the power in a unit frequency interval, which by symmetry is emitted 
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uniformly in all directions. We define the emissivity e as the ratio of the power 
emitted by the particle to the power emitted by a particle that emits according 
to the Planck function: 

( 4.85) 

It follows from (4.84) and (4.85) that 

( 4.86) 

A sufficient condition that ( 4.86) be satisfied is 

Qabs = e, ( 4.87) 

which may be interpreted as Kirchhoff's law for emission and absorption by an 
arbitrary spherical particle. However, it is not necessary that ( 4.87) hold in 
order for the energy of the particle to be conserved: an excess of emission over 
absorption at some frequencies could be balanced by an excess of absorption 
over emission at other frequencies. To show that Qabs = e is also necessary 
requires invoking the principle of detailed balance, a thorough discussion of 
which is beyond the scope of this book. Briefly stated, however, detailed 
balance is a consequence of time-reversal symmetry and requires that the 
probability of any process be equal to the probability of the reverse process 
(Reif, 1965, p. 384). A lengthy and rigorous derivation of ( 4.87) has been given 
by Kattawar and Eisner (1970), who solved the field equations for a homoge
neous isothermal sphere with a fluctuating electric polarization. 

Equation ( 4.87) was obtained under the assumption of strict thermodynamic 
equilibrium between the particle and the surrounding radiation field; that is, 
the particle at temperature Tis embedded in a radiation field characterized by 
the same temperature. However, we are almost invariably interested in apply
ing ( 4.87) to particles that are not in thermodynamic equilibrium with the 
surrounding radiation. For example, if the only mechanisms for energy transfer 
are radiative, then a particle illuminated by the sun or another star will come 
to constant temperature when emission balances absorption; but the particle's 
steady temperature will not, in general, be the same as that of the star. The 
validity of Kirchhoff's law for a body in a nonequilibrium environment has 
heen the subject of some controversy. However, from the review by Baltes 
( 1976) and the papers cited therein, it appears that questions about the validity 
of Kirchhoff's law are merely the result of different definitions of emission and 
absorption, and we are justified in using ( 4.87) for particles under arbitrary 
illumination. 

We shall occasionally encounter spherical particles with absorption ef
ficiencies greater than I, sometimes much greater (see, e.g., Chapter 12). But if 
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Qabs can be greater than 1, the emissivity can be greater than 1, which treads 
heavily on deep-seated prejudices about the upper limit a proper emissivity can 
assume; at first glance, an emissivity greater than 1 implies that the particle 
emits more than a "perfectly black particle." But what is a perfectly black 
particle? The standard definition of a perfect blackbody is that it absorbs all 
the light that is incident on it. The key phrase here is italicized; the notion of 
light geometrically incident on a body is a concept from geometrical optics, 
which fails to be valid for particles with dimensions comparable to or less than 
the wavelength. This was recognized by Planck ( 1913), who stated that 
"throughout the following discussion it will be assumed that the ... radii of 
curvature of all surfaces under consideration are large compared with the 
wavelengths of the rays considered." According to Baltes (1976), Kirchhoff was 
also well aware of the restrictions on his derivations. Unfortunately, as so often 
happens in physics, each successive author in a chain extending from the 
source of a theory tends to omit more of the fine print underlying its validity. 
When a "paradox" is inevitably uncovered, brickbats are unfairly hurled at the 
theory when their proper target is those who uncritically use it in a state of 
blissful ignorance about its limitations. 

We shall show in Section 7.1 that the absorption efficiency, and hence the 
emissivity, of a sufficiently large absorbing sphere is not greater than 1. Thus, 
when the sphere radius is much larger than the wavelength, the definition of 
particle emissivity ( 4.85) is consonant with elementary notions about the 
emissivity of a body. It is also interesting to note that if particles with 
individual emissivities greater than 1 are strewn onto a large substrate, the 
resulting emissivity of the composite system is not greater than 1. 

4.8 COMPUTATION OF SCATTERING COEFFICIENTS AND 
CROSS SECTIONS 

To obtain quantitative results from the Mie theory it might seem that we are 
faced with a straightforward task: we need merely calculate the scattering 
coefficients an and bn together with the angular functions 7Tn and Tn and sum the 
series (4.61) and (4.62) for the cross sections and (4.74) for the amplitude 
scattering matrix elements. However, the number of terms required for conver
gence can be quite large: a rough rule of thumb is that about x terms are 
sufficient (see, e.g., Table 4.1). Thus, if we were interested in investigating the 
rainbow-a visible scattering phenomenon familiar to all except perhaps 
inhabitants of the Atacama desert-we would need to sum about 12,000 terms 
assuming a water droplet radius of 1 mm. Such a calculation clearly requires 
more than just patience, pencil, pad of paper, and pocket calculator. Even for 
smaller particles the number of calculations can be painfully large. Indeed, 
until the advent of high-speed digital computers, scattering calculations were 
laborious, boring, and time consuming; and the literature on scattering as 
recently as a decade ago tended to be dominated by papers presenting 
numerical results for special cases. Although computers can greatly reduce the 
time required to sum series, there are problems inherent in the computation of 
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the scattering coefficients themselves; an and bn are rather complicated func
tions of the spherical Bessel functions and their derivatives, the arguments of 
which are, in general, complex. Fortunately, the Bessel functions satisfy simple 
recurrence relations, (4.11) and (4.12), and, moreover, the first few orders are 
elementary trigonometric functions. We might therefore be tempted to assume 
that we could bootstrap our way forward by calculating Bessel functions of 
arbitrary order from the functions of the two preceding orders beginning with 
n = 2. Such would indeed be possible with a perfect computer at hand. 
Perfection is not of this world, however, and the roundoff error associated with 
the unavoidable representation of a number with an infinite number of digits 
by one with a finite number can accumulate in such a way as to yield incorrect 
results. There is not a unanimity of opinion about the conditions under which 
roundoff error accumulation can be a problem; this is most likely a conse
quence of different word lengths at various computer facilities, the fact that 
most people are usually interested in a limited range of sizes and .optical 
properties, together with the unfortunate human tendency to generalize too 
readily on the basis of limited experience. However, there does seem to be 
common agreement that the form (4.56) and (4.57) of the scattering coefficients 
is not the one best suited for computations. 

Aden ( 1951) was apparently the first to introduce the logarithmic derivative 

in the context of computing scattering coefficients for a sphere. We may 
therefore recast ( 4.56) and ( 4.57) in the form 

a = n 

[Dn(mx)jm + njx]\f!n(x)- \f!n_ 1(x) 

[Dn(mx)jm + njx]~n(x)- ~n- 1 (x) ' 

[ mDn ( mx) + n /X] \f; n (X) - \f; n _ 1 (X) 
bn = [mDn(mx) + n/x]~n(x)- ~n-1(x) ' 

where we have used the recurrence relations 

(4.88) 

to eliminate \f;~ and~~- Equations (4.88) are just one out of many possible ways 
of rewriting the scattering coefficients in a form more suitable for computa
tion. The logarithmic derivative satisfies the recurrence relation 

n 1 
D =------

n-1 p Dn+n/p ( 4.89) 

as a consequence of the recurrence relations ( 4.11) and ( 4.12). 
There are two possible schemes for calculating Dn ( mx) in ( 4.88): upward 

recurrence (higher orders are generated from lower orders) and downward 
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recurrence (lower orders are generated from higher orders). Kattawar and Plass 
( 1967) have shown that Dn is numerically stable with respect to downward 
recurrence; that is, if en is the error in Dn, then the error in Dn-l generated 
from (4.89) is such that len- II << lenl· Thus, beginning with an estimate for 
Dn, where n is larger than the number of terms required for convergence, 
successively more accurate lower-order logarithmic derivatives can be gener
ated by downward recurrence. The downward stability of Dn is a consequence 
of the downward stability of the spherical Bessel functions in (Abramowitz and 
Stegun, 1964, p. xiii). But in is just one of two linearly independent solutions to 
the second-order differential equation (4.8); the other solution Yn satisfies the 
same recurrence relations as in but is numerically stable with respect to upward 
recurrence. If one begins with io and i 1, it is possible to calculate accurate 
values of successive in by upward recurrence-up to a point. Where that point 
is depends on the precision of the computer; no matter how great the 
precision, however, an upward recurrence scheme for in must eventually lead to 
grief. For it is Yn that is stable by upward recurrence, and any such scheme 
must eventually find its way onto the stable solution regardless of how 
recurrence is initialized. 

In the light of the preceding paragraph it appears that the most conservative 
method for computing scattering coefficients is to compute Dn and in by 
downward recurrence and Yn by upward recurrence (recall that o/n = Pin and 
~n = Pin + ipyn). This does not seem to be necessary, however, provided that 
one does not demand more scattering coefficients than are necessary for 
convergence of the cross sections. One occasionally encounters the assertion 
that computations of scattering coefficients can always be done using only 
upward recurrence. This may indeed be true for weakly or moderately absorb
ing spheres. However, following Dave ( 1968), we have convinced ourselves that 
an otherwise satisfactory upward recurrence program will generate negative 
cross sections for sufficiently high absorption ( k 1 x > 80 seems to be a reason
able criterion). Therefore, the calculations in this book were obtained with a 
program in which Dn(mx) is calculated by downward recurrence, ~n(x) and 
l/1 n ( x) by upward recurrence. We do not claim that this program, the details of 
which are given in Appendix A, is the most accurate or the fastest way of 
calculating scattering coefficients; it has met our modest computational needs 
satisfactorily. The disadvantage of downward recurrence is that all the scatter
ing coefficients must be computed and stored before summing the series for the 
matrix elements and cross sections. With upward recurrence the scattering 
coefficients are computed and successively added to the partial sums of the 
series; as a consequence, the storage requirements are usually much less than 
for downward recurrence. As computers grow ever larger, however, storage 
problems become less acute. 

Wiscombe (1979, 1980) has recently discussed very thoroughly many of the 
problems encountered in computing scattering coefficients and has suggested 
techniques for greatly increasing the speed of such computations. 

Caution: Even if Dn and in are calculated by downward recurrence andy, by 
upward recurrence with as much precision as can be squeezed out of the largest 
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computer available, there may be traps for the unwary in unexplored regions of 
m-x space. 

NOTES AND COMMENTS 

In an interesting historical article, Logan ( 1965) cites many of the early papers 
on the problem of scattering by a sphere. 

The most detailed observations of extinction by the atmospheric particles 
responsible for the blue suns and moons widely observed in September 1950 
were made by Wilson ( 1951 ). Subsequently, his and other data were thoroughly 
analyzed by Penndorf ( 1953). More recently, Porch et al. (1973) concluded on 
the basis of observations made at remote locations that bluing is a rather 
common property of the background (i.e., nonurban) aerosol. An elementary 
discussion of the blue moon, together with instructions on how to demonstrate 
one with cigarette smoke, was given by Bohren and Brown (1981). 

Brillouin ( 1949) discussed the extinction paradox in much more detail than 
we have done in this chapter. 

Box and McKellar (1978) derived the sum rule ( 4.81) under the assumption 
of a constant refractive index and within the framework of the anomalous 
diffraction approximation of van de Hulst (1957, Chap. 11). 



Chapter 5 
Particles Small Compared 

with the Wavelength 

If we were interested only in scattering and absorption by spheres, we would 
need go no further than the Mie theory. There is, strictly speaking, no need for 
approximations because we have the exact theory in hand. Given enough time, 
a suitable computer program will generate cross sections and scattering matrix 
elements for an arbitrary sphere. But physics is-or should be-more than just 
a semi-infinite strip of computer output: we need not denude vast tracts of 
forest in order to obtain some insight into scattering and absorption by small 
particles. In fact, great reams of calculations often serve only to obscure from 
view the basic physics, which can be quite simple. Therefore, it is worthwhile to 
consider approximate expressions, which are valid in certain limiting cases, in 
the hope that we may acquire some insight. Aside from the immediate 
applicability of these expressions to back-of-the-envelope calculations without 
worrying about convergence of series, misbehavior of Bessel functions, and 
significant digits, they point the way toward approximate methods to be used 
to tackle problems for which there is no exact theory. 

5.1 SPHERE SMALL COMPARED WITH THEW AVELENGTH 

The power series expansions of the spherical Bessel functions are (Antosiewicz, 
1964) 

j ( p) = pn [ l _ ~ p2 
n 1 • 3 • 5 · · · (2n + 1) 1!(2n + 3) 

( ~p2 )2 l 
+ 2!(2n + 3)(2n + 5) - . . . ' ( 5.1) 

_ 1 • 3 • 5 · · · ( 2 n - 1 ) [ ~ p2 

Y n ( p) - - pn + I l - 1! ( 1 - 2 n ) 

( ~p2 )2 l 
+ 2!(1- 2n)(3- 2n)- ... · (5.2) 
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Let us expand the various functions in the scattering coefficients an and bn in 
power series and retain only the first few terms. From (5.1) and (5.2) we have 

1 i i 2p 
~l(p)~2-2+3, 

p 
(5.3) 

We have retained a sufficient number of terms in the expansions (5.3) to 
ensure that the scattering coefficients are accurate to terms of order x 6

• The 
first four coefficients so obtained are 

i2x 3 m2 - 1 _ i2x 5 (m 2 - 2)(m 2 - 1) 

3 m2 + 2 5 (m2 + 2)2 

. 5 2 1 
a = - !0._ m - + O(x7 ) 

2 15 2m2+ 3 ' 

where we have taken the permeability of the sphere to be equal to that of the 
surrounding medium. The expansions for higher-order scattering coefficients 
involvetermsoforderx7 and higher. If lmlx << 1, then lb1 1 << la 1 1; with this 
assumption the amplitude scattering matrix elements to terms of order x 3 are 

(5.4\ 
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The corresponding scattering matrix, accurate to terms of order x 6
, is 

0 0 
91aii

2 
!(cos28- 1) 

4k2r2 0 
(5.5) 0 0 

cos 8 0 
0 0 cosO 

If the incident light is unpolarized with irradiance I;, the scattered irradiance Is 
is 

(5.6) 

Thus, if the quantity l(m 2 - l)/(m 2 + 2)1 2 is weakly dependent on wave
length (this is not always true), the irradiance scattered by a sphere small 
compared with the wavelength or, indeed, any sufficiently small particle 
regardless of its shape, is proportional to l/A.4 • Such scattering is often referred 
to as Rayleigh scattering, and we are quite content to adopt this term in all 
that follows. However, there are those who object to associating Rayleigh's 
name with small particles if they absorb as well as scatter light: it seems that 
Rayleigh did not explicitly consider absorbing particles. Nevertheless, we shall 
attach the name "Rayleigh" to small-particle scattering for convenience even 
though the term may lack strict historical accuracy. We have not followed the 
historical path to the lj;\4 scattering law but, rather, have considered the 
limiting case of the Mie theory. However, Rayleigh's (1871) original derivation 
was simplicity itself, and it is worth reproducing here to show how much can 
be obtained from such a small expenditure of effort. 

Having disposed of the polarization, let us now consider how the intensity of the 
scattered light varies from one part of the spectrum to another, still supposing 
that all the particles are many times smaller than the wavelength even of violet 
light. The whole question admits of analytical treatment; but before entering 
upon that, it may be worthwhile to show how the principal result may be 
anticipated from a consideration of the dimensions of the quantities concerned. 

The object is to compare the intensities of the incident and scattered rays; for 
these will clearly be proportional. The number ( i) expressing the ratio of the two 
amplitudes is a function of the following quantities: T, the volume of the 
disturbing particle; r, the distance of the point under consideration from it; A, 
the wavelength; b, the velocity of propagation of light; D and D', the original 
and altered densities [the density parameter of the ether, which was still in vogue 
in Rayleigh's day, corresponds to the dielectric function (Twersky, 1964)]: of 
which the first three depend only on space, the fourth on space and time, while 
the fifth and sixth introduce the consideration of mass. Other elements of the 
problem there are none, except mere numbers and angles, which do not depend 
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on the fundamental measurements of space, time, and mass. Since the ratio i, 
whose expression we seek, is of no dimension in mass, it follows at once that D 
and D' only occur under the form D: D', which is a simple number and may 
therefore be omitted. It remains to find how i varies with T, r, A, and b. 

Now of these quantities, b is the only one depending on time; and therefore, 
as i is of no dimensions in time, b cannot occur in its expression. We are left, 
then, with T, r, and A; and from what we know of the dynamics of the question, 
we may be sure that i varies directly as T and inversely as r, and must therefore 
be proportional to T ...;- A2r, T being of three dimensions in space. In passing 
from one part of the spectrum to another A is the only quantity which varies, and 
we have the important law: 

When light is scattered by particles which are very small compared with any of 
the wavelengths, the ratio of the amplitudes of the vibrations of the scattered and 
incident light varies inversely as the square of the wavelength and the intensity of the 
lights themselves as the inverse fourth power. 

Equation (5.6) applies to incident unpolarized light; it is important to remem
ber that the angular distribution of the scattered light depends on the polariza
tion of the incident light: 

. 91aii 2 2 
lll = --2-2 cos () 

4k r 

. 91aii2 
l =---

..L. 4k 2r 2 

Incident light polarized parallel to the 
scattering plane. 

Incident light polarized perpendicular 
to the scattering plane . 

Unpolarized incident light. 

The angular distribution of the scattered light (normalized to the forward 
direction) for incident light polarized parallel and perpendicular to the scatter
ing plane and unpolarized is shown in Fig. 5.1; both linear and polar plots are 
given. 

If the incident light is 100% polarized, the scattered light will be similarly 
polarized. However, because light of two different polarization states is scattered 
differently, the scattered light will be partially polarized if the incident light is 
unpolarized. From (4.78) we have 

p = I - cos28 
I + cos28' 

where the degree of polarization of the scattered light, given incident un
polarized light, is I PI (Fig. 5.2). P is always positive; therefore, the scattered 
light is partially polarized perpendicular to the scattering plane. If a sufficientJy 
small sphere is illuminated by unpolarized light, the scattered light is 100% 
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Figure 5.2 Degree of polarization of light scattered by a sphere small compared with the 
wavelength for incident unpolarized light. 

polarized at a scattering angle of 90°. This is analogous to complete polariza
tion upon reflection of unpolarized light incident on a plane interface at the 
Brewster angle (Section 2. 7). 

Note that Pis independent of particle size, as are the functional forms of 
i 

11 
(fJ) and i j_ ( (J); the absolute scattered irradiance depends on size (the volume 

squared), but it is difficult to measure absolute irradiances. Therefore, the 
radius of small spheres cannot readily be determined from scattering measure
ments; in this sense, all small spheres are equal. 

The extinction, scattering, and radar backscattering efficiencies are (to terms 
of order x 4

) 

{ 
m

2 
- 1 [ x

2 
( m

2 
- 1 ) m4 + 27m

2 + 38]} Q = 4xlm 1 +-
ext m 2 + 2 15 m 2 + 2 2m2 + 3 

(5.7) 

(5.8) 

I 

2 1 1
2 

Qh=4x4 m2- ' 
m + 2 

(5.9) 
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and the absorption efficiency Qabs is Qext- Qsca· If lmlx << 1, the coefficient 
(in brackets) of (m 2

- l)/(m 2 + 2) in the first term of (5.7) is approximately 
unity; with this restriction, the absorption efficiency is 

{ 
m

2 
- 1 } [ 4x

3 
{ m

2 
- 1 }] 

Q abs = 4x lm m 2 + 2 1 + -3- lm m 2 + 2 . (5.10) 

Therefore, if (4x 3 /3)Im{(m 2
- l)/(m 2 + 2)} << 1, a condition that will be 

satisfied for sufficiently small x, the absorption efficiency is approximately 

{ 
m

2
- 1} 

Q abs = 4x lm 2 • 
m + 2 

(5.11) 

To the extent that (5.11) is a good approximation, the absorption cross section 
cabs = 7Ta

2
Qabs is proportional to the volume of the particle. 

Equations (5.8), (5.11), and the scattering matrix (5.5) are widely-and 
wildly-quoted in the literature. However, some care must be exercised if they 
are to be used in calculations. Kerker et al. ( 1978) have investigated the 
validity of Rayleigh theory by calculating the scattered irradiance i

11 
(0°) 

according to the exact and approximate theories for size parameters between 
0.01 and 0.11 and a range of real and imaginary parts of m. Their results 
clearly show that, for given x, the accuracy of the Rayleigh theory decreases as 
I m I is increased. 

If (m 2 
- l)/(m 2 + 2) is a weak function of wavelength over some interval 

(this is not true, for example, for metallic particles), then for sufficiently small 
particles 

1 
Qabs a: X' 

1 
Q a:-

sea A_4 • 

If extinction is dominated by absorption, the extinction spectrum will vary as 
1/A; if extinction is dominated by scattering, the extinction spectrum will vary 
as ljA.4• In either case, and in intermediate cases as well, shorter wavelengths 
are extinguished more than longer wavelengths; that is, there is reddening of 
the spectrum of incident light upon transmission through a collection of 
sufficiently small spheres the optical properties of which ( n and k) are not 
strongly dependent on wavelength over the region of interest. 

5.2 THE ELECTROSTATICS APPROXIMATION 

The absorption and scattering efficiencies of a small ( x << 1, I mIx << 1) 
sphere may be written 

(5.12) 
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where e1 and em are the permittivities of the sphere and the surrounding 
medium, respectively. The quantity ( e1 - em)/( e1 + 2em) appears in the prob
lem of a sphere embedded in a uniform static electric field. This suggests a 
connection between electrostatics and scattering by particles small compared 
with the wavelength; in this section we examine the reasons for this connec
tion. 

Consider a homogeneous, isotropic sphere that is placed in an arbitrary 
medium in which there exists a uniform static electric field E0 = E0ez (Fig. 
5.3). If the permittivities of the sphere and medium are different, a charge will 
be induced on the surface of the sphere. Therefore, the initially uniform field 
will be distorted by the introduction of the sphere. The electric fields inside 
and outside the sphere, E 1 and E 2 , respectively, are derivable from scalar 
potentials <ll 1 ( r, (}) and <ll2 ( r, (}) 

where 

Because of the symmetry of the problem, the potentials are independent of the 
azimuthal angle <J>. At the boundary between sphere and medium the potentials 
must satisfy 

... 

Figure 5.3 Sphere in a uniform static electric field. 
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In addition, we require that 

lim <ll2 = - E0 rcos () = - E0 z; 
r-+ oo 

that is, at large distances from the sphere, the electric field is the unperturbed 
applied field. It is not difficult to show that the functions 

<Ill= 

3 e 1 - em COS () 
<ll2 = - E0 rcos ()+a E0 2 

--
2
-, 

el + em r 
(5.13) 

satisfy the partial differential equations and boundary conditions above. 
Consider now two point charges q and - q which are separated by a 

distanced (Fig. 5.4). This configuration of charges is called a dipole with dipole 
moment p = pez, where p = qd. If the charges are embedded in a uniform 
unbounded medium with permittivity em, the potential <ll of the dipole at any 
point Pis 

r=ri---zd+-( 
r. e d 2 

) l/
2 

+ r 2 4r 2 ' 
r =r I +--zd+-( 

r. e d 2 
) l/

2 

- r 2 4r 2 

p 

-q d q 

Figure 5.4 Electric dipole. 
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If we let d approach zero in such a way that the product qd remains constant, 
we obtain the potential of an ideal dipole 

p • r p cos() 
<I> = ---=---

4'1Temr~ 4m;mr 2 
• 

(5.14) 

Let us return now to the problem of a sphere in a uniform field. We note 
from (5.13) and (5.14) that the field outside the sphere is the superposition of 
the applied field and the field of an ideal dipole at the origin with dipole 
moment 

Thus, the applied field induces a dipole moment proportional to the field. The 
ease with which the sphere is polarized may be specified by the polarizability a 
defined by 

(5 .15) 

Our analysis has been restricted to the response of a sphere to an applied 
uniform static electric field. But we are interested in scattering problems where 
the applied (incident) field is a plane wave that varies in space and time. We 
showed that a sphere in an electrostatic field is equivalent to an ideal dipole; 
therefore, let us assume that for purposes of calculations we may replace the 
sphere by an ideal dipole with dipole moment emaE0 even when the applied 
field is a plane wave. However, the permittivities in (5.15) are those ap
propriate to the frequency of the incident wave rather than the static field 
values. 

The dipole moment p = emaE0e- iwtex of an ideal dipole, located at z = 0 
and illuminated by an x-polarized plane wave E0exp( ikz - iwt )ex, oscillates 
with the frequency of the applied field; therefore, the dipole radiates (i.e., 
scatters) an electric field Es (Stratton, 1941, p. 453) 

(kr >> 1) (5.16) 

where we have omitted the time-dependent factor e- iwt. After some manipula
tion (5.16) can be put in the form (3.21): 

eik(r-z) 

Es = .k XE, 
-1 r 

E = Eoeikz, 

(5.17)' 
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Therefore, from (3.22) and ( 4.22) we have the scattering amplitudes 

which are equivalent to (5.4). The cross sections for extinction and scattering 
are obtained from (3.24) and (3.26): 

(5.18) 

(5.19) 

Equations (5.18) and (5.19) are similar to (5.12) with one exception: (5.18) is 
accurate only if scattering is small compared with absorption. In place of (5.18) 
we should therefore write 

cabs= klm{a}. 

Thus, replacing a sphere small compared with the wavelength by an ideal 
dipole has been justified-we obtain correct expressions for the scattering 
matrix elements and cross sections. However, let us briefly examine why this is 
so just to be sure that it is not a happy accident. At any instant the amplitude 
of the wave illuminating the sphere is E0exp(ikz); therefore, if x = ka << 1, 
then exp(- ika)::::: exp(ika)::::: 1, and the field to which the sphere is exposed 
is approximately uniform over the region occupied by the sphere. Note also 
from (5.13) that the field inside the sphere is uniform in the electrostatic case. 
However, we would not expect the field in the sphere to be uniform when the 
external field is a plane wave unless 2TTk 1ajA << 1, where k 1 is the imaginary 
part of the particle's refractive index. The field changes over a characteristic 
time of order T = 11 w, where w is the angular frequency of the incident field. 
The time T* required for a signal to propagate across the sphere is of order 
an 1jc, where n1 is the real part of the particle's refractive index and cis the 
speed of light in vacuo [we have assumed that the group velocity coincides with 
the signal velocity and that the group velocity and phase velocity are ap
proximately equal (see Stratton, 1941, pp. 333-340); these conditions will be 
satisfied at wavelengths not too close to strong absorption bands]. Thus, when 
the incident field changes, every point of the sphere will simultaneously get the 
message provided that T* << 'T or, equivalently, 2TTn 1ajA << 1. The two in
equalities involving the real and imaginary parts of the refractive index may be 
combined into a single inequality: I mIx << 1. 

Equations (5.12) were obtained from the exact theory in the limit x << 1 
and 1m 1 x << 1; these same equations can be obtained by treating the sphere as 
an ideal dipole with moment given by electrostatics theory. In the preceding 
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paragraph, we gave a physical justification for this correspondence. However, 
the shape of the particle was not relevant in our considerations; for an 
arbitrary particle we need merely interpret a as a characteristic length. There
fore, it is now a straightforward, although possibly laborious task to calculate 
matrix elements and cross sections for other particles in the electrostatics 
approximation: we merely use electrostatics (potential theory) to calculate the 
polarizability of the particle. Thus, we have the means to obtain approximate 
solutions to a limited class of scattering problems which do not possess exact 
solutions. 

Although magnetic particles are infrequently encountered, particularly at 
visible wavelengths, it is worth noting that our analysis would have to be 
modified somewhat if we wished to consider such particles. We have assumed 
that the secondary radiation is electric dipole radiation; but if p, 1 and p, 2 are 
appreciably different there will also be magnetic dipole radiation. The magnetic 
dipole moment can be calculated from magnetostatic theory and the resulting 
field radiated by the magnetic dipole added to that radiated by the electric 
dipole (see Stratton, 1941, p. 437, for a discussion of magnetic dipole radia
tion). 

5.3 ELLIPSOID IN THE ELECTROSTATICS APPROXIMATION 

The most general smooth particle-one without edges or corners-of regular 
shape is an ellipsoid with semiaxes a > b > c (Fig. 5.5), the surface of which is 
specified by 

The natural coordinates, albeit unfamiliar and not without their disagreeable 
features, for formulating the problem of determining the dipole moment of an 
ellipsoidal particle induced by a uniform electrostatic field are the ellipsoidal 
coordinates ( t 1'/, ~) defined by 

The surfaces ~ = constant are confocal ellipsoids, and the particular ellipsoid· 
~ = 0 coincides with the boundary of the particle. The surfaces 1'/ = constant 
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z 

X O>b>C 

Figure 5.5 Ellipsoidal particle. 

are hyperboloids of one sheet, and the surfaces r = constant are hyperboloids 
of two sheets. To any point (x, y, z) there corresponds one set of ellipsoidal 
coordinates ( ~, TJ, ~); the converse, however, is not true. The coordinates 
( ~' TJ, ~) determine eight points symmetrically located in each of the octants 
into which space is partitioned by the xyz coordinate axes: 

2 ( b2 + ~ )( b2 + TJ )( b2 + ~) 
y = (a2-b2)(c2-b2) , 

This ambiguity may be removed by introducing the Weierstrassian elliptic 
function (Jones, 1964, p. 32). Fortunately, such a drastic step is not necessary 
in the problem at hand, a homogeneous ellipsoid in a uniform electrostatic 
field aligned along the z axis. In this instance the potential ci> has the symmetry 
properties 

cl> (X, y, Z) = cl> (-X, y, Z) = cl> (X, -y, Z) = cl> (-X, - y, Z), 

ci>(.x, y, -z) = ci>( -x, y, -z) = ci>(x, -y, -z) = ci>( -x, -y, -z), 

(5.20) 
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where x, y, z are positive. Thus, we need only consider the potential in two 
octants: one with positive z and one with negative z. The potential and its 
derivative with respect to z are also required to be continuous on the plane 
z = 0. 

Let us consider the octant in which x, y, z are positive. We denote by <1> 1 the 
potential inside the particle; outside the particle the potential <1>2 may be 
written as the superposition of the potential <1>0 of the external field 

(5 .21) 

and the perturbing potential <I>P caused by the particle. At sufficiently large 
distances from the particle the perturbing potential is negligible. We note that 
when ~ >> a 2, then ~ =:::: r 2; therefore, we require that 

(5.22) 

On the boundary of the particle the potentials are required to be continuous: 

(5.23) 

Laplace's equation in ellipsoidal coordinates is 

(5.24) 

where f(q) = {(q + a2 )(q + b2 )(q + c2
)}

112
• At this point we could seek a 

complete set of solutions to (5.24) and expand the potentials in an infinite 
series of ellipsoidal harmonics. We can save ourselves an enormous amount of 
labor, however, by recognizing that, as in the case of scattering by a sphere, the 
form of these expansions is dictated by the form of the incident (external) field 
and the necessity of satisfying the boundary condition (5.23). Thus, because of 
(5.21), we postulate that the potentials <1> 1 and <I>P are of the form 

where it follows from (5.24) that F( ~) satisfies the ordinary differential 
equation 

d { dF} ( a 2 
+ b2 ~) /(~) d~ /(~) d~ - 4 + 2 F(~) = O. (5.25) 

The solution 

(5.26) 
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which can be verified by substitution in (5.25), follows from the fact that (5.21) 
satisfies Laplace's equation. A second linearly independent solution to (5.25) 
may be obtained by integration of (5.26) (see, e.g., Sokolnikoff and Redheffer, 
1958, pp. 76-77): 

(5.27) 

with the property lim~-+ooF2 (~) = 0. The function F 1 is not compatible with 
the requirement (5.22); therefore, the perturbing potential of the particle is 

(5.28) 

where c2 is a constant. If the potential inside the particle is to be finite at the 
origin, we must have 

(5.29) 

where C1 is a constant. Thus, the field inside the particle is uniform and 
parallel to the applied field. The boundary condition (5.23) yields one equation 
in the constants C1 and C2 : 

and the requirement that the normal component of D be continuous at the 
boundary between particle and medium 

a<I> 1 a<I>0 a<I>p 
el 7i[ = em 7i[ + em 7i[ (~=0), 

yields a second equation 

Therefore, the potentials inside and outside the particle are 

<l>o <I> I = ___ ...;;_ __ 

1 + L3 ( el - em) ' 
em 

(5.30) 

(5 .31) 
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where 

Although we considered only the octant with positive x, y, and z, it follows 
from the form of (5.30) and (5.31) that they are the potentials in the 
neighboring octant with z negative. Moreover, the eightfold degeneracy of the 
ellipsoidal coordinates implies that the conditions (5.20) are satisfied. Thus, 
(5.30) and (5.31) give the potential at all points in space; this fortunate result is 
a consequence of the fact that the particle has the same symmetry as the 
ellipsoidal coordinates. For particles with less symmetry we would have to 
attack the problem octant by octant. 

At distances r from the origin which are much greater than the largest 
semiaxis a, the integral in (5.31) is approximately 

f
oo dq _ foo dq _ ~~- 3/2 

~ ( c2 + q )!( q) - ~ qs;z - 3 

and therefore the potential <I>P is given asymptotically by 

(r >>a), 

which, from (5.14), we recognize as the potential of a dipole with moment 

Therefore, the polarizability a3 of an ellipsoid in a field parallel to one of its 
principal axes is 

(5.32) 

We chose the applied field to be parallel to the z axis; however, this axis has no 
special property to distinguish it from the other principal axes. Therefore, the 
polarizabilities a 1 and a 2 when the applied field is parallel to the x andy axes 
respectively, are 
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where 

L = abc 100 
dq 

1 2 o (a2+q)f(q)' 

L = abc 1oo dq 
2 2 0 ( b2 + q )!( q) . 

To check these results, we note that a sphere is a special ellipsoid with 
a = b = c; therefore, 

and the polarizabilities reduce to that of a sphere (5.15) as required. 
Only two of the three geometrical factors L 1, L 2 , L 3 are independent be

cause of the relation 

Moreover, they satisfy the inequalities L 1 ~ L 2 ~ L 3• 

A special class of ellipsoids are the spheroids, which have two axes of equal 
length; therefore, only one of the geometrical factors is independent. The 
prolate (cigar-shaped) spheroids, for which b = c and L 2 = L 3 , are generated 
by rotating an ellipse about its major axis; the oblate (pancake-shaped) 
spheroids, for which b = a and L 1 = L 2 , are generated by rotating an ellipse 
about its minor axis. For spheroids, we have the following analytical expres
sions for L 1 as a function of the eccentricity e: 

Prolate spheroid ( b = c): 

L =-- -1 +-ln--1 - e
2 

( 1 1 + e) 
1 e2 2e 1 - e 

(5.33) 

Oblate spheroid (a = b): 

L = g(e) [:!!..- tan- 1g(e)]- g
2
(e) 

1 2e2 2 2 , 

( 
1 2 ) 1/2 

g(e) = ~2e , (5.34) 

The functions (5.33) and (5.34) are shown in Fig. 5.6. The shape of the oblate 
spheroid ranges from a disk (e = 1) to a sphere (e = 0); that of the prolate 
spheroid ranges from a needle ( e = 1) to a sphere. 
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Figure 5.6 Geometrical factors for a spheroid. 

The geometrical factors L1 are related to the depolarization factors L; defined 
by 

where E 1 and P1 are the electric field and polarization induced in the particle 
by the applied field E0 • The depolarization factors as defined above are 
meaningful quantities only for material particles (as opposed to voids, in which 
P 1 = 0). The depolarization and geometrical factors are related by 

Only when the particle is in free space (Em = E0 ) are its depolarization factors 
independent of composition; in this instance L; = L1jE0 . The induced field in 
an ellipsoidal particle is uniform but not necessarily parallel to an arbitrary 
applied field except in the special case of a sphere. 

We do not restrict ourselves to material particles; ellipsoidal voids in an 
otherwise homogeneous medium scatter light in no way significantly different . 
from that of .. real" particles. Therefore, we shall avoid using the term 
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depolarization factor, a concept that is meaningless for voids. Moreover, the 
word "de polarization" implies that the field inside the particle is less than the 
applied field; such is by no means always true. We shall encounter in later 
chapters examples where the internal field is greater, sometimes very much 
greater, than the applied field. 

It might seem at first glance that arriving at the dipole moment p of an 
ellipsoidal particle via the asymptotic form of the potential <I>P is a needlessly 
complicated procedure and that p is simply v P1, where v is the particle volume. 
However, this correspondence breaks down for a void, in which P1 = 0, but 
which nonetheless has a nonzero dipole moment. Because the medium is, in 
general, polarizable, v P1 is not equal to p even for a material particle except 
when it is in free space. In many applications of light scattering and absorption 
by small particles-in planetary atmospheres and interstellar space, for exam
ple-this condition is indeed satisfied. Laboratory experiments, however, are 
frequently carried out with particles suspended in some kind of medium such 
as water. It is for this reason that we have taken some care to ensure that the 
expressions for the polarizability of an ellipsoidal particle are completely 
general. 

5.4 COATED ELLIPSOID 

Although the necessary labor is increased, no new concepts are required to 
extend the results above for a homogeneous ellipsoid to a coated ellipsoid. We 
denote by e1 the permittivity of the inner or core ellipsoid with semiaxes 
a1, b 1, c1; e2 is the permittivity of the outer ellipsoid with semiaxes a 2 , b2 , c2 • 

This coated ellipsoidal particle is in a medium with permittivity em. As in the 
preceding section, we introduce ellipsoidal coordinates t TJ, ~: 

-cf < ~ < oo, 

with similar expressions for TJ and ~. Therefore, ~ = 0 is the equation of the 
surface of the inner ellipsoid and ~ = t is that of the surface of the outer 
ellipsoid, where af + t = a~, bf + t = b~, cf + t = c~. 

The potential of the applied field, which we take to be parallel to the z axis, 
is 
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The potentials ci> 1 and ci>2 in the inner and outer ellipsoids, respectively, are 

The potential ci>3 in the surrounding medium is the sum of ci>0 and the 
perturbing potential ci>P of the particle: 

The requirement that ci> and eaci> I a~ be continuous at boundaries gives us four 
linear equations in the unknown constants C1, C2 , C3 , C4 , the solution to which 
yields the polarizability 

(5 .35) 

where v = 47Ta 2b2c2/3 is the volume of the particle, f = a 1b1c1ja2 b2c2 is the 
fraction of the total particle volume occupied by the inner ellipsoid, and L~1 ) 
and L~2) are the geometrical factors for the inner and outer ellipsoids: 

(k = 1,2). 

When e1 = e2 , (5.35) is equivalent to (5.32), as required. Similar expressions for 
the polarizabilities are obtained when the field is applied along the x and y 
axes. 

A special case is the coated sphere ( LJI) = LJ2) = t ), for which a 1 = a 2 = a 3 

=a: 

We note that (5.36) implies that a homogeneous spherical particle will be 
invisible (i.e., a = 0) if it is coated with a material such that the numerator in 
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(5.36) vanishes: 

5.5 THE POLARIZABILITY TENSOR 

In the preceding sections the applied field was taken to be parallel to the 
principal axes of the ellipsoid. When the applied field E0 is arbitrarily directed, 
the induced dipole moment follows readily from superposition: 

(5.37) 

where E0x, E0Y, Eoz are the components of E0 relative to the principal axes of 
the ellipsoid. In scattering problems, the coordinate axes are usually chosen to 
be fixed relative to the incident beam. Let x'y'z' be such a coordinate system, 
where the direction of propagation is parallel to the z' axis. If the incident light 
is x'-polarized, we have from the optical theorem 

(5.38) 

To evaluate (5.38) we need the components of p relative to the primed axes. 
Equation (5.37) can be written in matrix form 

0 

(5.39) 

0 

In the interests of economy we shall write column vectors and matrices 
according to the following notational scheme: 

[b]~ (t), 
With this notation, (5.39) is compactly written 

(5.40) 

The components of any vector F transform according to 

(5.41) 
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where a 11 =ex· ex'' a 12 =ex· ey'' and so on. Therefore, from (5.40) and the 
transformation (5.41), we have 

(5.42) 

(5.43) 

where the inverse of the matrix A- is its transpose _AT because of the ortho
gonality of the coordinate axes. Thus, the polarizability of an ellipsoid is a 
Cartesian tensor; if its components are given relative to principal axes, then its 
components relative to rotated coordinate axes can be determined from (5.43). 
The absorption cross section for incident x' -polarized light follows in a 
straightforward manner: 

cabs,x' = klm{alafl + a2a~l + a3a~J, 

where a?1 + a~ 1 + a~1 = 1. Similarly, if the incident light is y'-polarized, 

where a?2 + a~2 + a~2 = 1. 
If the vector scattering amplitude 

for a dipole illuminated by x' -polarized light is substituted in (3.26), we obtain 
the scattering cross section 

where we have used A-rA- = AA-r = I, the identity matrix. A similar expres
sion holds for the scattering cross section when the incident light is y' -polarized. 

5.5.1 Randomly Oriented Ellipsoids 

In most experiments and observations we are confronted with a collection of 
very many particles; unless special pains are taken to align the particles, or in 
the absence of a known alignment mechanism, we may reasonably assume that 
they are randomly oriented. Under these conditions the quantities of interest 
are the average cross sections< cabs) and < csca), which are independent of the 
polarization of the incident light provided that the particles are not intrinsi
cally optically active. Let p(Q) dfl. be the probability that one of the axes fixed 
relative to a particle, the x axis, say, lies within a solid angle dfl. around the 
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direction 0. If the particles are randomly oriented, p(0) = lj4'7T and we have 

( ) 1 12'1T1'1T . 1 af1 = 
4

'7T 
0 0 

cos2/3 sm f3 d/3 dv = 3 , 

where a 11 = ex • e~ = COS f3 and 0({3, P) is the direction Of the X axis relative tO 
the primed coordinate system. Similarly, we have (a~1 ) = (a~1 ) = f, and 
therefore 

(5.44) 

(5 .45) 

5.6 ANISOTROPIC SPHERE 

We noted in the preceding section that the polarizability of an ellipsoid is 
anisotropic: the dipole moment induced by an applied uniform field is not, in 
general, parallel to that field. This anisotropy originates in the shape anisot
ropy of the ellipsoid. However, ellipsoids are not the only particles with an 
anisotropic polarizability; in fact, all the expressions above for cross sections 
are valid regardless of the origin of the anisotropy provided that there exists a 
coordinate system in which the polarizability tensor is diagonal. 

Up to this point we have restricted consideration to materials for which the 
dielectric function is a scalar. However, except for amorphous materials and 
crystals with cubic symmetry, the dielectric function is a tensor; therefore, the 
constitutive relation connecting D and E is 

(5.46) 

Let us consider a sphere composed of a material described by the constitutive 
relation (5.46). We assume that the principal axes of the real and imaginary 
parts of the permittivity tensor coincide; this condition is not necessarily 
satisfied except for crystals with at least orthorhombic symmetry (Born and 
Wolf, 1965, p. 708). If we take as coordinate axes the principal axes of the 
permittivity tensor, the constitutive relation (5.46) in the sphere is 

As before, the potential in the surrounding medium, which is taken to be 
isotropic, is the sum of the potentials of the applied field and the perturbing 
field, both of which satisfy Laplace's equation. In the sphere we have 
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If the applied field is parallel to one of the principal axes, the z axis, say, we 
might be tempted to guess, on the basis of previous experience, that the field in 
the sphere is uniform and parallel to the z axis: 

(r<a); 

therefore, the divergence of D 1 vanishes as required. We can show by direct 
substitution that 

cosO 
4>2 = - E0 rcos 8 + C2--2

-
r 

(r >a) 

is a solution to Laplace's equation and, moreover, that ci> and Dr, the radial 
component of D, are continuous if 

e - e 
C = 3 1,3 m E 

2 a 2 o· 
el,3 + em 

Therefore, the polarizability when the field is applied along the z axis is 

Similar expressions are obtained for the polarizabilities when the field is 
applied along the other two principal axes. 

It is interesting to compare and contrast an isotropic ellipsoid and an 
anisotropic sphere; the polarizability of both particles is a tensor, the principal 
values of which are 

isotropic ellipsoid 

anisotropic sphere 

Although there are similarities between the two types of particle, they are not 
completely equivalent: given an anisotropic sphere in a particular medium, 
there does not exist, in general, an equal volume ellipsoid with the same 
polarizability. That this is so is evident from the fact that six parameters, the 
real and imaginary parts of the e1, 1, determine the polarizability tensor of the 
sphere, whereas only four parameters, the real and imaginary parts of e1 

together with two geometrical factors, determine the polarizability tensor of the 
ellipsoid. In the special case of a nonabsorbing sphere or when two principal 
values of the permittivity tensor are equal an isotropic ellipsoid can be 
found-on paper, at least-with the same polarizability tensor. 
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It is not difficult to generalize the results of this section to an anisotropic 
ellipsoid the axes of which coincide with the principal axes of its permittivity 
tensor. The principal values of the polarizability tensor of such a particle are 

More general ellipsoidal particles in an anisotropic medium, where there is no 
restriction on the principal axes of either the real or imaginary parts of the 
permittivity tensors, have been treated by Jones ( 1945). 

5.7 SCATTERINGMATRIX 

The proof is lengthy, but it follows from (5.16), (5.37), and (5.42) that the 
amplitude scattering matrix elements (3.12) for an anisotropic dipole are 

where 

(5.47) 

- ik
3 

[ . . 2 2 . ] s4 = ~ allsmc[>cos cf> + al2(sm cf>- cos cf>)- a22smc[>cos cf> ' 

3 

aiJ = aJi = L akakiakJ 
k=I 

are the components of the polarizability tensor in the coordinate system fixed 
relative to the incident beam [see (5.43)]. 

The scattering matrix elements S;1 corresponding to (5.47) can be obtained 
from (3.16). However, of possibly greater interest than the most general 
scattering matrix is that for a collection of identical, but randomly oriented, 
anisotropic dipoles; this scattering matrix is proportional to 0t ( S;

1 
), where 0t 

is the number of dipoles per unit volume and ( S; 
1

) are the scattering matrix 
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elements for a single anisotropic dipole averaged over all orientations. The 
( SiJ) are independent of the azimuthal angle </>; therefore, we can save 
ourselves a good bit of labor by choosing</> = 90° in (5.47) before computing 
the matrix elements (3.16) and performing the required averaging. A complete 
derivation of the average scattering matrix is less formidable than it might 
seem at first glance, but it is time consuming and best left to a long winter's 
evening. Most of the effort is boolq<.eeping; however, there are a few essential 
steps, which we outline in the following paragraphs. 

The SiJ are of second degree in akt and hence of fourth degree in amn· Thus, 
we must calculate averages of the form ( aiJak,amnapq), many of which either 
vanish or are identical because of symmetry. If we assume that all orientations 
are equally probable, as in Section 5.5, then 

( ) 1 12'1T1'1T 1 a{1 = 4 '7T 
0 0 

cos4/3 sin f3 d/3 dv = S. 

However, designating coordinate axes as x, y, z and so on, is arbitrary; 
therefore, the various averages must be invariant with respect to relabeling 
axes. Thus, it follows that (at) = t for all i and j. From the orthogonality of 
the transformation (5.41) we have 

3 3 

L akiak) = L aikafk = 8ii' (5 .48) 
k=l k=l 

where 8iJ' the Kronecker delta, is 0 if i =1= j and 1 otherwise. It follows from 
(5.48) that 

But again, by symmetry, (af1 a~ 1 ) = (af1 a~ 1 ) = (a;1a~1 ) = (a]ma]n) = 
1/15, where} is not equal to both m and n. We also have a 11 a 12 + a 22 a 21 + 
a 31 a 32 = 0 from (5.48); therefore, 

and by symmetry 

Similarly, any average that can be obtained from (a 11 a 12 a 22 a 21 ) = ((ex • 
ex,)(ex. ey,)(ey. ex,)(ey. ey,)) by relabeling axes is equal to - J'o. If we recall 
that a)2 = eX • ey'• a13 = eX • eZ'' and eX = COS f3ex' + sin f3 COS Pey' + 
sin f3 sin vez'' then 

1 12'1T1'1T -
4 

sin4/3 sin f3 cos3 v sin v d/3 dv = 0, 
'7T () 0 

(5.49)· 
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and similarly for all equivalent averages. From (5.48) and symmetry we have 
(a 12a 13 ) = (a23 a 22 ) = (a33 a 32 ) = 0, from which, together with (5.49), it 
follows that ( af2a 23 a22 ) = 0. The only remaining averages are those of the 
form (a 11 a 13 a 21 a 22 ), which can readily be shown to vanish. Thus, in the 
expressions for the average matrix element~ ( SiJ ), the only nonvanishing terms 
quadratic in the a.kt are the following: 

(5.50) 

All the essential ingredients for calculating the average scattering matrix for a 
randomly oriented anisotropic dipole are now at hand. From the relations 
(5.50), after a good bit of algebra, we obtain 

Js (sll) (sn) 0 0 Ii 

Qs (s12) (s22) 0 0 Qi 
=--

(s33) ' ~ k2r2 0 0 0 ~ 

~ 0 0 0 (s44) ~ 

( ) 3k
2

( Csca) 1 ( 6 - M 2 + 3M 2(}) sll = 8'7T 2 - 5- + 5 cos , 

(s ) = 3k
2

( Csca) _!_ ( 28 _ l) 2 + 3M 
12 8'7T 2 cos 5 ' 

(s ) = 3k
2

( Csca) _!_ ( 2 (} l) 2 + 3M 
22 8 '7T 2 cos + 5 ' 

(s ) = 3k
2

( Csca) 2 + 3M (} 
33 8'7T 5 cos ' 

3k2(c ) 
( S ) = sea M COS fJ 44 8'7T ' ( 5.51) 

where the average scattering cross section (C:~ca) was derived in Section 5.5; 
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the ratio 

(5.52) 

satisfies the inequality - 1 ~ M ~ 1. For an isotropic dipole the a1 are all 
equal, M = 1, and (5.51) reduces to (5.5). 

If the incident light is unpolarized, the Stokes parameters of the scattered 
light are Is= (S11 ), Qs = (S12 ), ~ = ~ = 0. Thus, the scattered light is 
partially polarized of degree P: 

(5.53) 6 -M . 
2 + 3M + coszfJ 

P is positive for all scattering angles (} and all allowed values of M; therefore, 
the scattered light is partially polarized perpendicular to the scattering plane. 
The maximum degree of polarization occurs at (} = 90°: 

P(90o) = 2 + 3M 
6 -M 

(5.54) 

and lies between n and 1, depending on the value of M. Unlike scattering by 
an isotropic sphere small compared with the wavelength, light scattered by a 
collection of randomly oriented anisotropic dipoles is not 100% polarized at 
90°. This anisotropy effect is, in part, responsible for the lack of complete 
polarization of scattered skylight viewed normally to the direction of the sun: 
the molecules responsible for the scattering are not spherically symmetrical. 



Rayleigh-Gans Theory 

If a particle has other than a regular geometrical shape then it is difficult, if not 
essentially impossible, to solve the scattering problem in its most general form. 
There are, however, frequently encountered situations, particularly in labora
tory investigations of scattering, in which the particles are suspended in a 
medium with similar optical properties. If the particles, which are sometimes 
referred to as "soft" or "tenuous," are not too large (but they may be larger 
than in the Rayleigh theory discussed in the preceding chapter), it is possible to 
obtain relatively simple approximate expressions for the scattering matrix 
elements. Within the limits of this approximation, these expressions are valid 
for particles of arbitrary shape. 

6.1 AMPLITUDE SCA TIERING MATRIX ELEMENTS 

If the amplitude scattering matrix elements (5.4) for a homogeneous, isotropic 
sphere of radius a are divided by the volume v, the resulting quotients 
approach finite limits as the sphere radius tends to zero: 

. sl 
s 1 = hm- = 

a-->0 V 

3ik3 m 2 
- 1 

4'7T m2 + 2' 

. s2 3i k 3 m 2 
- 1 

s2 = hm- = - -
4
-

2 
cos 8. 

a-->0 V '7T m + 2 
( 6.1) 

The quantities s1 and s2 may be interpreted as the scattering matrix elements 
per unit particle volume, and it is physically plausible that under certain 
conditions the matrix elements for an arbitrarily shaped particle may be 
approximated by a suitable integration of the s1 over the volume of the particle. 
This assumption is the basis of what is often called the Rayleigh-Gans theory. 
However, Kerker (1969, p. 414) has argued that Debye, not Gans, should share 
honors with Rayleigh. Rocard sometimes trails Rayleigh and Gans (Acquista, 
1976). And in quantum-mechanical scattering, the analogous approximation is 
called the Born approximation (to be precise, the first Born approximation) 
(Merzbacher, 1970, p. 229); the name of Kirchhoff sometimes appears in 
tandem with that of Born (Saxon, 1955a). Buried in obscure journals there 
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undoubtedly rest papers the author~ of wlud1 or their heirs l:ouiJ legiti
mately lay daim to having been first in print. Any Jay now we l:an expel:l 
'>dwlars to announce that the theory has heen found scrihhleJ in the margins 
of one of Gauss's unpublished manuscripts; or in the notebooks of Leonardo; 
or implicit in the writings of Aristotle; or painted in brilliant colors on the 
walls of a French cave by Paleolithic men. Referring to the RGDRKBU 
approximation-the U is reserved for as yet unknown claimants-seems a bit 
unwieldly, although it assiduously avoids offense to anyone. Instead, we shall 
l:ontent ourselves with the somewhat more prosaic Rayleigh-Gans theory. 
What it lacks in historical accuracy it makes up for in brevity; moreover, it is 
probably the term most familiar to the majority of readers. 

The conditions for the validity of the Rayleigh-Gans approximation are 

lm- 11 << 1, 

kdlm- 11 << 1, 

(6.2) 

(6.3) 

where dis a characteristic linear dimension of the particle and m is its complex 
refractive index relal'ive to that of the surrounding medium. It may be shown 
rigorously from an integral equation formulation of the scattering problem 
(Saxon, 1955a) that the Rayleigh-Gans approximation is obtained if the field 
inside the particle is approximated by the incident field. Therefore, by analogy 
with the problem of reflection and transmission by a homogeneous slab 
(Section 2.8), we may interpret condition (6.2) as the requirement that the 
incident wave is not appreciably "reflected" at the particle-medium interface; 
condition (6.3) may be interpreted as the requirement that the incident wave 
not undergo appreciable change of phase or amplitude after it enters the 
particle. We emphasize, however, that this reasoning is heuristic. 

Because of condition (6.2) it is customary (but not necessary) to write the 
scattering matrix elements (6.1) as 

ik3 
s = - -(m- 1) 

I 2'7T ' 
ik3 

s 2 = - -r:;;(m- l)cos 8, ( 6.4) 

where we have used 

m
2

- 1 = (m- l)(m + 1) == !:_(m _ l). 
m 2 + 2 m 2 + 2 3 

Consider an arbitrary particle illuminated by a plane wave propagating in 
the z' direction (Fig. 6.1 ). The contribution of a volume element ~v located at 
a point 0' to the field scattered by the particle in a direction specified by the 
unit vector er is 

( 
~Ells) = eik(r'-z') ( Sz 

~E 1..
1
. - ikr' ~v 0 

(6.5) 
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Figure 6.1 Coordinate systems for determining scattering by an arbitrary particle in the 
Rayleigh-Gans approximation. 

where 

E ' _ £' ikz' 
IIi- uoe ' (6.6) 

and the amplitudes £
1
j0 and £~ 0 are independent of position. A rectangular 

coordinate system (x', y', z') is centered at 0'; let - Z be the z' coordinate of 
the origin 0 of a reference coordinate system (x, y, z) the axes of which are 
parallel to those of the (x', y', z') system. The incident field at 0 is 

E - E' ( Z) - E' -ikZ uo - IIi - - uoe ' 

E - E' ( Z) - E' -ikZ .10 - J.i - - .10e • (6.7) 

It follows from (6.6) and (6.7) that £ 11i = £ 110eik(Z+z') and E~i = E J.Oeik(Z+z'). 
If we use the relations r' = r- R • er, Z = R • ez, then (6.5) can be written 

( 
~Ells ) - eik(r-z) i8 ( Sz 

~E - -ikr ~ve 0 
J.s 

0) ( Elli)' 
sl E J.i 

(6.8) 

where 8 = kR • (ez - er), £
11
i = E 110eikz, and E J.i = E .1.oeikz. Because the par

ticle is much smaller than the distance to the point of observation, we may 
approximate the factor ljkr' by ljkr. The total field Es scattered in the 
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direction cr is ohtained hy integrating (6J~) over the particle volume v: 

ik3 

S 1 = - 2;(m- I)vf(O, </>), 

ik3 

S2 = - 2;(m- I)vf( 0, </>)cos 0. (6.9) 

The form factor f( 0, </>) is 

( 6.10) 

Implicit in the d¢vation of (6.9) is the assumption that the particle is 
homogeneous. This is not necessary, however; the particle may be composed of 
several distinct regions. The generalization of (6.9) to a heterogeneous particle 
is straightforward: 

where m1 is the relative refractive index of thejth region in the particle, v1 is its 
volume, and the associated form factor is 

In the forward direction ( 0 = 0°) er = ez and, therefore, f(0°) = I for all 
particles; this, in tum, implies that S1(0°) = S2 (0°). Because our point of 
departure was the Rayleigh theory for an infinitesimal sphere, the 
Rayleigh-Gans theory shares some of its features. For example, the form of 
the 4 X 4 scattering matrix corresponding to (6.9) is the same as that for a 
Rayleigh sphere (5.5); the dependence of the individual scattering matrix 
elements on the scattering direction is, however, different in general. 

The optical theorem yields the absorption cross section 

cabs= 2kv Im{m} ( 6.11) 



independent of the polarization of the incident light and the orientation of the 
particle. Equation (6.11) can be written in a more interesting form 

cabs= av, 

where a = 4TTk 1jA. is the absorption coefficient and k 1 is the imaginary part of 
the refractive index of the particle. The irradiance transmitted by a homoge
neous slab of thickness h and absorption coefficient a is 

where we have assumed that the reflectance is small (see Section 2.8). There
fore, the amount of energy ~bs absorbed by the slab is 

where A is the cross-sectional area. If we assume that ah << 1, then 

~bs 1.=aV, 
I 

where Vis the volume of the slab. Therefore, under conditions similar to (6.2) 
and (6.3), the absorption cross section ~bs/ Ii of a slab has the same form as 
that of a tenuous particle. This strengthens the heuristic arguments at the 
beginning of this chapter which were made to give a physical basis to the 
conditions (6.2) and (6.3). 

The scattering cross section, unlike the absorption cross section, depends on 
the state of polarization of the incident light unless S1 and S2 are independent 
of the azimuthal angle cf>, which will be true for spherically symmetrical 
particles. Regardless of the shape of the particle, however, the degree of 
polarization of the scattered light is the same as that for a Rayleigh sphere; this 
follows from the fact that f merely multiplies the Rayleigh amplitude scattering 
matrix elements. The major difference between the Rayleigh and Rayleigh
Gans theories is the angular distribution of the scattered light. 

6.2 HOMOGENEOUS SPHERE 

The form factor for a particle of arbitrary shape can be calculated by 
numerical integration of (6.10). However, for certain regular geometrical 
shapes, it is possible to obtain analytical expressions for f. In this section we 
consider one such particle, a homogeneous sphere. 

The vector ez - er is normal to planes R • (ez - er) = constant, over which 
the phase 8 is constant; we can write the phase as 
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where I~ I I R co:-.( R. c.. c,) I 1~ the da-.t.tllL'L' from the origin to a plane of 
constant phase. Thus. the form factor can he expressed as an integral over the 
variahlc f 

( 6.12) 

where A a) is the area of that portion of the planeR cos(R, ez - er) = ~which 

lies within the boundaries of the particle. In general, the limits on ~ and the 
functional form of A(~) depend on the direction er of the scattered wave. 
However, for a sphere we have A(~)= 7T(a 2 - e), -as~ sa, for all 
scattering directions, and it is not difficult to integrate (6.12): 

I ( 0) = ~ (sin u - u cos u), 
u 

. (} 
u = 2xsm 2 . 

Note that I vanishes at those values of (} for which 
t 

tan u- u = 0. 

The zeros un of (6.13) are to good approximation given by 

uz = (n + l)27Tz- 2 
n 2 ' n = 1, 2, ... 

(6.13) 

from which, together with the inequalities 0 s u s 2x, u1 < u2 < u3 it 
follows that I does not vanish for any angle(} unless x > 2.25. 

6.3 FINITE CYLINDER 

In Chapter 8 we shall derive the field scattered by an infinite cylinder of 
arbitrary radius and refractive index; we shall also consider scattering by a 
finite cylinder in the diffraction theory approximation. Although the finite 
cylinder scattering problem is not exactly soluble, we can obtain analytical 
expressions for the amplitude scattering matrix elements in the Rayleigh-Gans 
approximation. 

Consider a cylinder of radius a and length 2L, subject to the conditions 
(6.2) and (6.3), which is illuminated by a beam making an angle~ with its axis 
(Fig. 6.2). The directions of the incident and scattered waves are specified hy 
the unit vectors ei and er, respectively, where ei = sin ~ez - cos~ ex, er = 
sin(} cos cf>ex + sin(} sin cf>ey + cos Oez; the position vector R of a point in the 
particle with cylindrical polar coordinates (p, t/;, x) is xex + p cos t/;e~. + 
p sin t/;ez. Therefore, the form factor (6.10) is · 
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Figure 6.2 A finite cylinder illuminated obliquely. 

where A = cost + sin(} cos cp, B = sin(} sin cp, and C = cos(}- sin t, The in
tegral over x is trivial: 

JL -ikAxd _ 2 sin(kAL) 
e x- kA . 

-L 

If we write B = M cos p,, C = M sin p,, where M = V B 2 + C 2 and tanp, = 
C I B, then the integral over t/; is 

j 2
'1Te-ikpMcos(l/;-p.) dt/; = i 2

'1Te-ikpMcosl/; dw. 
0 0 

(6.14) 

It follows from the integral representation of the Bessel function J0 ( z ), 

where z is real, that the integral (6.14) is 27TJ0 (kpM). The last integral, 

can be evaluated if we recall that d( zJ1 )/ dz = zJ0 • Therefore, the form factor 
for a given angle of incidence t is 

/( (} . J-) = 2 sin( xeA) 11 ( xM) 
'cp, ~ xeA xM ' ( 6.15) 
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where .\ - k a, and ~~· -=- Lj a is the ratio of cylinder length to diameter. If the 
incident light is normal to the cylinder axis (~ = 7T /2), then for scattering 
directions in a plane normal to the axis(</>= TT/2 or 3TT/2), (6.15) reduces to 

2 
. (} 

u = xsm 2 . 

NOTES AND COMMENTS 

Chapter 7 of Kerker (1969) is a more thorough treatment of Rayleigh-Gans 
(RG) theory than we have given here. There is a good concise derivation of this 
theory in the appendix of a paper by Wyatt ( 1968). 

Turner (1973) and McKellar (1976) applied RG theory to ensembles of 
randomly oriented particles of arbitrary shape; the former author included 
spheres with anisotropic optical constants. Optically active particles have been 
treated within the framework of the RG approximation by Bohren ( 1977). 

Beginning with an integral equation, Acquista (1976) obtained an iterative 
solution to the problem of scattering by an arbitrary particle. The first iteration 
is just the RG expression. Agreement between approximate and exact theories 
of scattering by a sphere is considerably improved by a second iteration. 



Chapter 7 

Geometrical Optics 

Concepts from geometrical optics-rays and all that-have occasionally in
truded upon our discussions in preceding chapters, even in contexts where they 
were not strictly applicable. In spite of its limitations, geometrical optics is a 
simple and intuitively appealing approximate theory which need not be aban
doned simply because the exact theory is at hand. In addition to its role in 
guiding intuition, geometrical optics can often provide quantitative answers to 
small-particle problems which are sufficiently accurate for many purposes, 
particularly when one soberly considers the accuracy with which many mea
surements can be made. In this chapter, therefore, we consider scattering and 
absorption by spheres within the framework of geometrical optics and compare 
these results with those of the exact theory. No book on light scattering by 
small particles would be complete without discussing the rainbow, the main 
features of which are quite adequately explained with simple geometrical 
optics; this then leads into atmospheric optical phenomena involving non
spherical particles for which there are no exact theories. 

7.1 ABSORPTION AND SCA TIERING CROSS SECTIONS 

In this section we derive an approximate expression for the absorption cross 
section of a large weakly absorbing sphere. We assume that the incident plane 
wave can be subdivided into a large number of rays the behavior of which at 
interfaces is governed by the Fresnel equations and Snell's law (Section 2.7). A 
representative ray incident on the sphere at an angle E>i is shown in Fig. 7.1. At 
point 1 on the surface of the sphere the incident ray is divided into externally 
reflected and internally transmitted rays; these lie in the plane of incidence, 
which is determined by the normal to the sphere and the direction of the 
incident ray. If the polar coordinates of point 1 are (a, E>i, cf> ), the plane of 
incidence is the plane cf> = constant. At point 2 the transmitted ray encounters 
another boundary and therefore is partially reflected and partially transmitted. 
In a like manner we can follow the path of the rays within the sphere, a path 
that does not deviate outside the plane of incidence. At each point where a ray 
encounters a boundary it is partially reflected internally and partially trans
mitted into the surrounding medium. On physical grounds we know that the 
absorption cross section cannot depend on the polarization of the incident 
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beam, which, for convenience, we may choose to be x-polarized. The compo
nents of the incident electric field parallel and perpendicular to the plane of 
incidence are £

11
; = E;cos cf> and E l.i = E;sin cf>. We showed in Section 2.7 that 

these two components are reflected and transmitted independently of each 
other; therefore, we may consider each component in turn. 

Let us first consider the component parallel to the plane of incidence. We 
assume that the imaginary part of the complex refractive index m = n + ik of 
the sphere relative to the surrounding medium is small compared with the real 
part; therefore, the (real) angle of refraction E>t is to good approximation given 
by sin E>t = sin E>jm. We may also ignore the imaginary part of m in the 
Fresnel equations (2.67)-(2.70). At point 1 the amplitude E

11
r of the trans

mitted field is l
11
(E>;, n)E

11
;, where the transmission coefficient 1

11 
is given by 

(2.68). Therefore, the amount of energy that is transmitted through an element 
of area at 1 is 

Re{N1}cos E>r1E
11
rl 2a 2 sin E>; dE>; dcp 

2Z0 

where Z0 = .jp,0 je0 is the impedance of free space and N1 is the refractive 
index of the sphere. The incident irradiance 1111 is N I £

11
; 12/2 Z0 , where N is the 

(real) refractive index of the surrounding medium. The expression above may 
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be written more concisely as 

where the transmittance is defined as 

A fraction I - e - a~ of the transmitted energy at I is absorbed as the ray 
traverses a path length~= 2aJn 2 

- sin2 E>; jn between points I and 2, where 
a is the absorption coefficient of the sphere. The amplitude of the reflected 
field at 2 is 

E - (a ) -a~/2 - (a 1 ) 
11;111 ~;,n e rll ~~'~' 

where f 11 is the reflection coefficient; note that at 2 the angle of incidence is 8 1 

and the relative refractive index is 1/n. This reflected ray traverses the same 
path length~ between 2 and 3; in so doing, an amount of energy 

is absorbed in the sphere, where the reflectance R 
11 

is 1 f
11

1
2

• It is evident from 
the expression above that the amount of energy deposited by each successive 
internally reflected ray is R

11
e- a~ times that deposited by its predecessor. 

If the incident field component is perpendicular to the plane of incidence, 
all the expressions for reflected, transmitted, and absorbed light are identical in 
form with those in the preceding paragraph; we need merely substitute R j_ and 
T j_ for R

11 
and IJ

1
• 

The total energy ~bs absorbed in the sphere is obtained by summing the 
energy deposited by all internal rays for both components of polarization and 
a given incident ray and then integrating over all incident rays (i.e., all angles 
of incidence between 0 and , /2). The result is 

X (I - e- "1) cos 81sin 81 de,}, (7 .I) 

where T and R are the transmittance and reflectance for unpolarized incident 
light 
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and Ji = I
11
i + I J.i is the total incident irradiance. The infinite series in (7.I) is 

readily summed: 

oo [ ( I) ]; I L R el' - e -a~ = . 
J=O n I- R(E>1 , 1/n)e-a~ 

Conservation of energy at boundaries requires that 

R + T= I, 

and the reciprocal relations 

r( E> _!_ ) = T( E>. n ) 
~'n , 

follow from the Fresnel formulas. 
Up to this point we have only assumed that k << n; subject to this 

restriction and, of course, the assumption that geometrical optics combined 
with the Fresnel formulas is a good approximation, (7.I) is completely general. 
Let us further assume that the sphere is sufficiently weakly absorbing that 
2aa << I; with this assumption 

I - e- a~:::::: a.~, -----

and (7 .I) becomes 

4?Ta3a 1'1T/2 E> V 2 . 2 E> . E> E> ~bs = ---li cos ""in - sm ""ism ""id""i, 
n o 

which can be integrated to yield the absorption cross section cabs = ~bs/ Ji: 

C = _i?Ta3~ [n3 - (n2- 1)3/2] 
abs 3 n · (7.2) 

Note that the absorption cross section of a weakly absorbing sphere, like that 
of a particle small compared with the wavelength (Chapter 5), is, in the 
geometrical optics limit, proportional to its volume. This proportionality does 
not hold, however, for indefinitely large particle radius. Energy is absorbed 
primarily in the outer layer of a highly absorbing sphere (i.e., 2aa >> I), and 
the interior of such a sphere plays no role in the absorption process. As the 
radius increases, therefore, the absorption cross section becomes proportional 
to area instead of volume. 

Equation (7.2) was derived under the implicit assumption that the phase of 
the light could be ignored. In a like manner, we derived the transmittance of a 
slab in Section 2.8 by considering only irradiances and showed that the 



170 

Ill 
.J:l 
0 

0 

10 

GEOMETRICAL OPTICS 

20 30 40 50 

RADIUS I WAVELENGTH 

Figure 7.2 Absorption efficiency of a water droplet (A= 1.20 p.m); the dashed curve is the 
geometrical optics approximation (7.2). 

resulting expression is valid under conditions for which interference effects are 
obliterated by sufficient departure from monochromaticity of the incident 
beam or planarity of the slab. cabs in (7.2) should therefore be interpreted as 
the average cross section of a collection of particles with a distribution of radii 
sufficiently wide that interference effects may be neglected. 

To assess the accuracy of this approximation, therefore, we should compare 
its predictions with exact calculations for a size distribution, although this is 
not really necessary. Accordingly, Fig. 7.2 shows the absorption efficiency of a 
single water droplet in air at a wavelength of 1.20 J.tm; the optical constants are 
taken from Irvine and Pollack ( 1968). If we ignore the extremely narrow peaks 
(ripple structure), which are smoothed by averaging over a distribution of radii 
(see Section 11.3, particularly Fig. 11.6), there is generally good agreement 
between the exact and approximate theories: the absorption efficiency in
creases linearly with radius in accordance with (7.2). 

In collections of naturally occurring particles, such as water droplets in a 
cumulus cloud, there usually will be a considerable dispersion of radii. This 
will be true even in laboratory experiments unless special care is taken. For 
such applications, (7 .2) is expected to be a good approximation provided, of 
course, that the particles satisfy the conditions under which it was derived: 
they must be large and weakly absorbing. For example, (7.2) has been 
incorporated in radiative transfer calcul~tions for snow (Bohren and Barkstrom, 
1974) and clouds (Twomey and Bohren, 1980). 

In Fig. 7.3 we show the absorption efficiency for a water droplet at a 
wavelength ( 1.45 J.tm) where water is considerably more absorbing than at 1.20 
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Figure 7.3 Absorption efficiency of a water droplet (;\ = 1.45 JLm); the dashed curve is the 
geometrical optics approximation (7.2). 

J.tm. The agreement between exact and approximate theories begins to sys
tematically worsen for radii such that a a > 0.1; this gives us an approximate 
criterion for the range of validity of (7 .2). As the particle radius increases, the 
absorption efficiency approaches a limiting value, which we shall discuss in the 
following paragraphs. 

7.1.1 Asymptotic Absorption and Scattering Efficiencies 

The total energy ~ca scattered by a large sphere may, to good approximation, 
be written as the sum of diffracted, reflected, and transmitted components: 

~ca = ~iff + ~efl + ~r' (7.3) 

where the transmitted energy ~r may be further subdivided into a directly 
transmitted component, a component transmitted after one internal reflection, 
and so on (see Fig. 7.1): 

00 

~r = L ~r,j· (7.4) 
j=l 

The externally reflected energy is given by 
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and it is natural to define the reflection cross section Cren as ~en/ Ii; the 
reflection efficiency is therefore 

l 'TT/2 . 
Qren = 2 R(E>i)cos E>ism E>i dE>i. 

0 
(7.5) 

All the light that enters a sufficiently large absorbing sphere (a a >> 1) will 
be absorbed; none of the unreflected light will be transmitted. We showed in 
Chapter 4 that the diffraction cross section of a large sphere is 1ra 2

; thus, we 
might expect the limiting value of the scattering efficiency to be 

lim Qsca = 1 + Qrefl' (7.6) 
x-+ oo 

provided that k =1= 0. However, the asymptotic value (7.6) for the scattering 
efficiency is not universally accepted. Herman (1962) suggested that the 
scattering efficiency should approach the limit 1 + R(0°), where R(0°) = l(m 
- 1)/(m + 1)1 2 is the reflectance at normal incidence, on the grounds that a 
sphere becomes a planar surface as the size parameter x increases without 
limit. Deirmendjian (1969, pp. 34-41), however, argued that this conjecture is 
incorrect and that (7.6) is the proper limiting value. Nevertheless, Chylek 
(1975) constructed a mathematical proof that 1 + R(0°) is the limiting value 
for Qsca· Bohren and Herman (1979) subsequently concluded, on the basis of 
computations and physical arguments, that Chylek's proof is in error, although 
they were not able to uncover the exact nature of this error; this was later done 
by Acquista et al. (1980). 

To support the correctness of (7.6) we show in Fig. 7.4 Qsca as a function of 
ljx, where x = 27Taj"A, computed from the exact theory for a sphere with 
refractive index 1.3 + iO.l; for comparison, the limiting values 1 + R(0°) and 
1 + Q ren are also shown. It is clear from this figure that 1 + Q ren is an 
increasingly better approximation to Qsca as x increases. On physical grounds 
it is implausible that scalar diffraction theory and geometrical optics is a good 
approximation for a large range of the size parameter but then ceases to be so 
as x increases beyond some particular value; if the computed values are to 
reach the limit 1 + R(0°), however, this is what is required (see Fig. 7.4). At 
what value of x does (7.6) cease to be a good approximation, and what is the 
physical reason for such a value? We know of no such reason. Therefore, we 
conclude that 1 + R(0°) is not the asymptotic efficiency. A sphere is always a 
sphere and cannot be transformed into a slab by increasing its radius indefi
nitely, although at any point on its surface, a sphere can be considered locally 
planar to a degree of accuracy that increases with increasing radius. Neverthe
less, even for an arbitrarily large sphere, the angle of incidence is a function of 
position and cannot be the same at all points. 

We also showed in Chapter 4 that limx--+ooQext = 2; this, together with (7.6), 
implies that 

lim Qabs = 1 - Qrefl · (7.7) 
x-+ oo 
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Figure 7.4 The crosses are computed from Mie theory. Scalar diffraction theory and geometrical 
optics predict the limiting value 1.067. From Bohren and Herman, 1979. 

The physical interpretation of (7.7) is straightforward: all the geometrically 
incident light that is not externally reflected enters the sphere and is eventually 
absorbed provided, of course, that the absorptive part of the refractive index is 
not identically zero. As long as there is some absorption, no matter how small, 
all the transmitted light will be absorbed in the sphere for sufficiently large 
radius a. 

7.1.2 Reflection and Transmission Efficiencies for a Nonabsorbing 
Sphere 

It follows from (7.3) that the scattering efficiency of a large sphere can be 
written 

where Qdirr• the diffraction efficiency, is unity and Qren• the (external) reflec
tion efficiency, is given hy (7.5). Furthermore, from (7.4), the transmission 



174 GEOMETRICAL OPTICS 

Table 7.1 Reflection and Transmission Efficiencies for a Nonabsorbing 
Sphere with m = 1.33 

Qrefl Qtr,l Qtr,2 

0.06593 0.88451 0.04033 0.00607 0.00171 

Qrefl + Qtr, I + Qtr,2 + Qtr,3 + Qtr,4 = 0.99855 

efficiency Q tr can be written as a series 

00 

Qtr = L Qtr,}' 
j=l 

where Qtr, 1 is the contribution to the total transmission efficiency from rays 
that have undergone j - 1 internal reflections (see Fig. 7.1 ). 

The extinction efficiency of a nonabsorbing sphere is equal to its scattering 
efficiency; for such a sphere, provided that it is sufficiently large, it necessarily 
follows that Qrefl + Qtr = 1 and 

Qtr,J = 21'"12
1j(8i)cos8isinE>id8i, 

0 

(7.8) 

In Table 7.1 we give Qrefl and the first four terms in the series for Q1r; the 
refractive index of the sphere is 1.33, which corresponds to a water droplet at 
visible wavelengths. One sometimes encounters the assertion that scattering by 
large transparent particles is the result of reflection at the particle-medium 
interface; indeed, reflection is sometimes used as a synonym for scattering. It 
should be clear from Table 7.1, however, that this is very much wide of the 
mark: only about 6.6% of the light scattered by a large water droplet-exclu
sive of that diffracted, which is confined to a narrow set of angles about the 
forward direction-is the result of reflection; most of the scattered light-over 
88%-can be attributed to rays that are bent on a single traverse of the 
droplet, the directly transmitted rays. 

7.2 ANGULAR DISTRIBUTION OF THE SCATTERED LIGHT: 
RAINBOW ANGLES 

Externally reflected rays, directly transmitted rays, rays transmitted after 
undergoing one or more internal reflections, all can contribute to the light 
scattered into a unit solid angle about a particular direction. The incident rays 
are evenly spaced; but after reflection and transmission they can be con
centrated in particular directions, much like the concentration or focusing of 
rays by a lens. 



7.2 ANGULAR DISTRIBUTION OF THE SCATIERED LIGHT 175 

As in the preceding section, we may imagine that a ray incident on a sphere 
at an angle E>i between 0 and 7T /2 is decomposed into an infinite number of 
rays of varying strengths because of interaction with the sphere. For a given E>i 
the angle 0 in which a particular type of ray is scattered can be determined 
from Fig. 7.1 by elementary trigonometry: 

0 = 2E>i- 2(nr + 1)8, + 7T 

externally reflected 

directly transmitted 

transmitted after n r internal 
reflections; n r even 

transmitted after n r internal 
reflections; n r odd 

(7.9) 

where nr = 1, 2, ... and m sinE>, = sin E>i; we have also assumed that 1 < m < 2 
and done some fiddling to ensure that 0 lies between 0 and 7T. 

The light incident on an element of area a 2 sin E>i dE>i d4> of the sphere is 
scattered into a solid angle sin 0 dO d4> about the direction ( 0, 4> ). The contribu
tion to this scattered light from rays of the kth type is of the form 

(7.10) 

where we have folded into Fk the sphere radius, the incident irradiance, and the 
various reflectances and transmittances appropriate to each type of ray. 
Because we are primarily interested in singularities in the scattering diagram 
predicted by geometrical optics rather than its precise mathematical form, we 
shall not need explicit expressions for Fk; suffice it to say that Fk is finite for 
all angles of incidence. It follows from (7 .1 0) that the light scattered into a unit 
solid angle about (0, 4>)-the intensity in modern terminology-is the sum 
over terms of the form 

(
0 ) cos E>isin ei dE>i 

Fk u i' 4> sin 0 d 0 ' 

where (dE>ijdO) is obtained from (7.9); the factor (cos E>isin 8Jjsin 0 is finite 
for all angles of incidence. For externally reflected rays dE>/ dO is merely a 
constant; but for the various transmitted rays we have 

dE>i ± 1 
dO = dE> ' 

2-2(nr+l)dE>~ 
I 

(7 .11) 

dE>, cos8, 
d8 = I 2 2 

' ym -sin 8, 
(7 .12) 
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where n r = 0, I, 2, .... Therefore, according to geometrical optics, the scattered 
intensity is infinite at those scattering angles where one of the conditions 

dE>t 
dE>i = nr + I 

(nr = 0, 1,2, ... ) (7.13) 

is satisfied. It is clear that (7.13) is not satisfied for the directly transmitted ray 
( n r = 0), but can be satisfied for the various internally reflected rays. Equa
tions (7.12) and (7.13) can be combined to give 

The scattering angles at which the intensity is infinite according to geometrical 
optics are called rainbow angles: the primary rainbow corresponds to rays that 
have undergone a single internal reflection; the secondary rainbow to rays that 
have undergone two internal reflections; the tertiary rainbow to rays that have 
undergone three internal reflections; and so on. 

Although the scattered intensity can be quite large, it cannot be infinite at 
any angle; consequently, geometrical optics is strictly incorrect. This is similar 
to the result from geometrical optics that the intensity at the focal point of a 
lens, through which passes a finite amount of light, is infinite. Such singulari
ties in the geometrical optics light field are called caustics. Rainbows are 
therefore caustics. 

Although geometrical optics does not correctly give the magnitude of strong 
intensity maxima in the scattering diagram of large transparent spheres, it can 
give their positions to good approximation. This is readily verified by observa
tions on rainbows formed by water droplets illuminated by the sun. The 
condition for the primary rainbow is 

./ m2

3
- I 

cos E>i = v (7 .14) 

(7.15) 

the corresponding scattering angles are determined from (7 .9). Note that there 
cannot be a primary rainbow angle if m is greater than 2. 

If we take m = 1.333 as the average refractive index of water over the 
visible spectrum, we obtain 

(J = 137.9° 

(J = 129 .I o 

primary rainbow 

secondary rainbow 

Rainbows of order higher than the second are not observed in the atmosphere; 
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they fade into the background illumination. In the laboratory, however, it is 
possible to observe higher-order rainbows and, moreover, to use liquids other 
than water. The highest-order rainbow ever observed has so far escaped the 
attention of the compilers of Guinness' Book of World Records, but in a paper 
highly recommended to rainbow aficionados, Walker (1976) has described 
observations of, among other things, a seventeenth-order corn syrup bow. 

Rainbows may be seen during showers when the sun is behind the observer; 
the direction of the sunlight determines the forward direction (or line of sight). 
The angular positions of the primary and secondary rainbows relative to the 
observer's line of sight are 180°- 137.9° = 42.1° and 180°- 129.1° = 50.9°, 
respectively. The fraction of the total rainbow that can be seen depends on the 
solar elevation. When the sun is greater than about 51° above the horizon, no 
rainbow can be seen even though conditions are otherwise favorable. On the 
other hand, the complete rainbow-one that forms a complete circle-may be 
seen from an airplane. 

Were it not for dispersion-the refractive index depends upon wave
length- the aesthetic appeal of rainbows would be greatly diminished. Indeed, 
the word "rainbow" used in everyday speech evokes images of a profusion of 
colors-the colors of the rainbow-rather than just an intensely bright arc in 
the sky. If we take m = 1.343 as the refractive index of "violet" light (A ~ 0.4 
p.m) and m = 1.331 as the refractive index of "red" light (A~ 0.65 ,urn) 
(Irvine and Pollack, 1968), then the angular widths of the primary and 
secondary rainbows are about 1.7° and 3.1°, respectively. 

Rainbow angles correspond to those angles of incidence at which the 
denominator of (7.11) vanishes; because dOjdE>; = lj(dE>jdO), this in turn 
implies that for given nr the rainbow angles correspond to extrema of the 
function O(E>;). The nature of these extrema are determined by the sign of 
d 2 0/ dE>?; minima for odd n r' maxima for even n r· Thus, the primary rainbow 
angle 137.9° corresponds to a minimum of 0; the secondary rainbow angle 
129.1° corresponds to a maximum of 0. Consequently, there is a dark band, 
Alexander's dark band, about 9° wide between the primary and secondary 
rainbows. Note, however, that both rainbow angles are angles of minimum 
deviation: they correspond to rays that have suffered the least total deviation. 

Geometrical optics successfully explains the major features of the rainbow: 
the angular positions of the primary and secondary bows, their widths, color 
'cparation, and Alexander's dark band. As might be expected, it cannot 
explain all the observed features. According to geometrical optics, all rainbows 
arc equal under conditions of similar illumination: the size distribution of 
droplets is irrelevant. But it is a matter of common experience that some 
rainbows are more vivid than others. Supernumerary bows (i.e., ones that 
'hould not exist according to geometrical optics) are sometimes observed below 
the primary bow; these require invoking interference arguments for their 
explanation. All this is beyond the scope of geometrical optics. For more 
details about rainbows we direct the reader to the list of references at the end 
of this chapter. 
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7.3 SCA TIERING BY PRISMS: ICE CRYSTAL HALOES 

It might naively be supposed that a collection of nonspherical particles, if 
randomly oriented, is equivalent to a suitably chosen collection of spheres. 
Evidence to the contrary is freely available-more frequently than is com
monly thought-to all who would look toward the sun through thin veils of 
high cirrus clouds and observe the various halo phenomena that owe their 
existence to scattering by ice crystals. By simple geometrical arguments, similar 
to those in the preceding section, we can acquire an understanding of many of 
the features of ice crystal haloes and their associated arcs. 

Consider a transparent triangular prism with refractive index m and vertex 
angle~, which is illuminated by a ray parallel to a right section of the prism; 
the angle between the ray and the normal to the lateral face is E>i (Fig. 7.5). 
After two refractions, the incident ray dutifully emerges from the opposite face 
(provided that E>i is sufficiently large), having been deviated through a total 
angle 0 relative to its original direction: 

where sin E>i = m sinE>" sine; = m sinE>;, and E>; = A - 8 1• The deviation is 
an extremum for the angle of incidence where 

cos E>~cos e. 
I- I I= 0 

cos e;cos E>t ' 

and by examining the sign of d 20 I dE>l we can show that the extremum is a 
minimum. The path of the minimally deviated ray is such that E>i = e; and 

Figure 7.5 Refraction by a triangular prism. 
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E>t = e;; therefore, the angle of minimum deviation om is 

(7.16) 

By analogy with the primary rainbow angle-an angle of minimum devia
tion-we expect maxima (caustics) in the scattering diagrams of prismatic 
particles at angles given by (7.16). The crystallographic form of ice is hexago
nal; therefore, hexagonal ice crystals occasionally inhabit the atmosphere. And 
if such crystals are interposed between the sun and an informed observer, 
haloes and a myriad of other optical displays may be seen. 

There are two haloes that may be attributed to minimum angles of deviation 
associated with ice crystals: the 22° halo and the 46° halo, the former being 
the most common. But both are much more common than is generally realized; 
their frequency is a function of the state of awareness of the observer. To test 
this, one can ask a class of undergraduates-or an audience of Ph.D. physicists 
for that matter-if anyone has ever seen a halo or a sun dog. The response is 
likely to be feeble. But within a few days after explaining these phenomena, 
you are usually deluged with phone calls or confronted by breathless students 
all aglow from having seen what had previously been a "rare" phenomenon. 

The angular positions of the two haloes can be determined from (7.16); the 
smaller halo is associated with a vertex angle of 60° and the larger with 90° 
(Fig. 7.6). Ice is slightly birefringent (Hobbs, 1974, p. 202), but we can ignore 
this and take m = 1.318 as the refractive index of "blue" light and m = 1.308 
as that of "red" light. The corresponding angles of minimum deviation 

Figure 7.6 Refraction hy a hexagonal icc crystal showing the rays associated with the 22° and 
4fl" haloc~. 
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calculated from (7.16) are 

Om(blue) = 22.4°, 

8 m (red) = 21.7 °, 

Om(blue) = 47.5°, 

Om(red) = 45.3°, 

Geometrical optics therefore correctly predicts the approximate angular posi
tions of the two most commonly observed ice crystal haloes. Note that red light 
is deviated least, so the haloes may exhibit color separation with red appearing 
at their inner edges. 

Complete haloes are traditionally attributed to scattering by randomly 
oriented ice crystals (but, see Fraser, 1979, for a contrary viewpoint); sun dogs 
or mock suns-brights spots on one or both sides of the sun, at about 22° 
when the sun is low-are the result of scattering by oriented crystals. This, 
however, by no means exhausts the list of atmospheric optical phenomena 
associated with ice crystals; there are many more, some of which are quite rare. 
But these are beyond the scope of this section, which is meant to be only a 
simple application of geometrical optics to light scattering by nonspherical 
particles. Suggestions for further reading are given below. 

NOTES AND COMMENTS 

Justification for dividing the light scattered by large particles into diffracted, 
reflected, and transmitted components is provided by the localization principle 
(van de Hulst, 1957, pp. 208-214) whereby the terms in the Mie series are 
associated with each of these components. 

The quality of rainbow colors is not uniform across the bow; the reasons for 
this are given by Fraser (1972). 

Neuberger (1951, p. 174) reports that halo phenomena were observed an 
average of 74 days a year over a 16-year period in State College, Pennsylvania. 
They are just as common on the other side of the Atlantic: near Bristol, 
England, Brain ( 1972) observed halo phenomena on 80 occasions in 66 days. 

Haloes and other ice crystal phenomena are discussed by Minnaert (1954), 
Tricker (1970, 1979), and Greenler (1980). The book by the latter author is 
particularly recommended for its clarity and its superb color photographs. 

The Journal of the Optical Society of America for August 1979 is almost 
entirely devoted to meteorological optics; it contains several papers on rain
bows, the glory, and ice crystal phenomena. 



Chapter 8 
A Potpourri of Particles 

Although theoretical analysis of absorption and scattering by a homogeneous 
isotropic sphere is complicated, it is nonetheless manageable: one follows a 
straightforward route guided by well-known techniques in mathematical 
physics. Such techniques can be extended to particles of regular shape without 
great difficulty. The route can become more tortuous, however, if we inquire 
into scattering by inhomogeneous particles, or ones with anisotropic optical 
properties, or irregular particles. This is particularly true if the particles are 
neither very large nor very small compared with the wavelength. 

In this chapter we consider theories of scattering by particles that are either 
inhomogeneous, anisotropic, or nonspherical. No attempt will be made to be 
comprehensive: our choice of examples is guided solely by personal taste. First 
we consider a special example of inhomogeneity, a layered sphere. Then we 
briefly discuss anisotropic spheres, including an exactly soluble problem. 
Isotropic optically active particles, ones with mirror asymmetry, are then 
considered. Cylindrical particles are not uncommon in nature-spider webs, 
viruses, various fibers-and we therefore devote considerable space to scatter
ing by a right circular cylinder. 

A discussion of some theoretical approaches to scattering by randomly 
inhomogeneous particles is followed in the final section by an outline of recent 
progress in constructing solutions to problems of scattering by nonspherical 
particles, including those of arbitrary shape. 

8.1 COATED SPHERE 

l'he field scattered by any spherically symmetrical particle composed of 
materials described by the constitutive relations (2.7)-(2.9) has the same form 
as that scattered by the homogeneous sphere considered in Chapter 4. How
l'ver, the functional form of the coefficients an and bn depends on the radial 
variation of E and p.. In this section we consider the problem of scattering by a 
homogeneous sphere coated with a homogeneous layer of uniform thickness, 
the solution to which was first obtained by Aden and Kerker ( 1951 ). This is 
(me of the simplest examples of a particle with a spatially variable refractive 
uHJex, and it can readily he generalized to a multilayered sphere. 

181 
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z 

l l l l l l l l l l l l 
Figure 8.1 Coated sphere. 

Suppose that the electromagnetic wave ( 4.37), ( 4.38) is incident on a coated 
sphere with inner radius a and outer radius b(Fig. 8.1). The electromagnetic 
field (E I, HI) in the region 0 ~ r ~ a is given by ( 4.40) and the scattered field 
(Es,Hs) by (4.45). Because of the requirement of finiteness at the origin, the 
radial part of the functions ( 4.15) and ( 4.16), which generate the vector 
harmonics in the expansion of (EI, HI) is constrained to beJn- However, in the 
region a ~ r ~ b (a * 0), both spherical Bessel functions in and Yn are finite; as 
a consequence, the expansion of the field (E2 , H 2 ) in this region is 

00 

E2 = L En [fnM~\)n - ignN~n + vnM~~)n - iwnN~n]' 
n=I 

H - k2 ~ E ( M<I) + ;( N<I) M<2) . N(2)) 
2 - - -- 1-..J n gn eln lJn oln + Wn eln + lVn oln ' 

wp,2n=l 

where the vector harmonics M~~~, and so on, are generated by functions of the 
form (4.15) and (4.16) with radial dependence Yn(k 2r). The boundary condi
tions 

r=a 

r=h 



8.1 COATED SPHERE 

VnP.JX~(m 2x)- fnP- 1 l/l~(m 2x) + cnp. 2 lf;~(m 1 x) = 0, 

gnp.Ilf;n(m2x)- WnP.JXn(m2x)- dnp.2l/ln(mix) = 0, 
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m2lf;~(y)- anm2~~(y)- gnl/l~(m2y) + wnx~(m2y) = 0, (8.1) 

m2bn~n(y)- m2l/ln(Y) + fnl/ln(m2y)- VnXn(m2y) = 0, 

P-2l/ln(y)- anP-2~n(Y)- gnP.l/ln(m2y) + WnP.Xn(m2y) = 0, 

bnP.2~~(y)- P.2l/l~(y) + fnP.l/l~(m2y)- VnP.X~(m2y) = 0, 

where m 1 and m 2 are the refractive indices of the core and coating relative to 
the surrounding medium; p., p. 1, p. 2 are the permeabilities of the surrounding 
medium, core, and coating; and x = ka, y = kb. The Riccati-Bessel function 
Xn(z) is -zyn(z). Let us assume for simplicity that p. = p. 1 = p. 2 and solve the 
set of equations (8.1) for the scattering coefficients an and bn: 

a = 
l/ln(y)[lf;~(m2y) -Anx~(m2y)]- m2lf;~(y)[l/ln(m2y) -AnXn(m2y)] 

11 ~n(y)[lf;~(m2y) -Anx~(m2y)]- m2~~(y)[l/ln(m2y) -AnXn(m2y)] 

h = m2l/ln(y)[lf;~(m2y)- Bnx~(m2y)] -lf;~(y)[l/ln(m2y)- BnXn(m2y)] 

" m2~n(y)[lf;~(m2y)- Bnx~(m2y)]- ~~(y)[lf;n(m2y)- BnXn(m2y)] ' 

(8.2) 

A program for computing an and bn is given in Appendix B. 
If m1 = m2, then An = Bn = 0 and the coefficients (8.2) reduce to those for 

a homogeneous sphere. We also have lima__.oAn = lima__.oBn = 0; therefore, in 
the limit of zero core radius the coefficients (8.2) reduce to those for a 
homogeneous sphere of radius b and relative refractive index m 2 , as required. 
When m 2 = I, the coefficients reduce to those for a sphere of radius a and 
relative refractive index m 1; this gives us yet another check on the correctness 
nf our solution. 
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8.2 ANISOTROPIC SPHERE 

We have discussed intrinsically anisotropic particles-ones with anisotropy 
originating in their optical constants rather than their shape-in previous 
chapters. In Section 5.6 we gave the solution to the problem of scattering by an 
anisotropic sphere in the Rayleigh approximation. From the results of that 
section and Section 5.5 it follows that the average cross section (C) (scattering 
or absorption) of a collection of randomly oriented, sufficiently small, aniso
tropic spheres is 

(8.3) 

where ~is the cross section for an isotropic sphere with dielectric function f.i' 
one of the three distinct (in general) principal values of the dielectric function 
tensor. Equation (8.3) has been used not only for spheres small compared with 
the wavelength but for larger spheres as well. Perhaps (8.3) is valid without 
qualification (although we believe otherwise); nevertheless, to our knowledge 
this has never been demonstrated. The reason for this is that no exact solution 
to the problem of scattering by an anisotropic sphere of arbitrary radius has 
been published. Therefore, it is difficult to determine by computations the 
limits of validity-if any-of (8.3). In the absence of an exact theory, we are 
forced to fall back on physical reasoning to make an educated guess about the 
conditions under which (8.3) might be expected to fail. 

Let us consider for simplicity a sphere composed of a uniaxial material (see 
Section 9.3). We denote by k

11 
and kJ. the wave numbers corresponding to the 

two principal values of the dielectric function tensor. It is reasonable to assert 
on physical grounds that anisotropy is only a perturbation if 

l(k
11

- kJ.)al << 1, 

where a is the radius of the sphere; that is, the two kinds of plane waves that 
can propagate in a uniaxial material undergo the same change in phase and 
amplitude over a distance comparable with the size of the particle. A corollary 
of this is that the effect of anisotropy becomes appreciable when 

and if this condition holds, one cannot reasonably expect to obtain the 
solution to the anisotropic sphere problem by patching together solutions for 
an isotropic sphere. We emphasize, however, that this criterion is only our best 
guess in the absence of anything better. 

The reason for the intractability of the anisotropic sphere scattering prob
lem is the fundamental mismatch between the symmetry of the optical con
stants and the shape of the particle. For example, the vector wave equation for 
a uniaxial material is separable in cylindrical coordinates; that is, the solutions 
to the field equations are cylindrical waves. But the bounding surface of the 
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particle is a sphere, and troubles arise when we try to satisfy the boundary 
conditions. Thus, techniques for extending the theory of scattering by an 
anisotropic sphere beyond the Rayleigh limit are not likely to be based on 
separation of variables. 

A special anisotropic particle scattering problem has been treated by Roth 
and Dignam (1973), who considered an isotropic sphere coated with a uniform 
film with constitutive relations 

(8.4) 

where the permittivities En and Er are independent of position and ( E,, Er;, E<t,) 
are the field components relative to a spherical polar coordinate system. The 
constitutive relations (8.4) may be interpreted as applying to an oriented layer, 
or one that is "locally uniaxial." The solution to this problem is exact, but 
involves Bessel functions of complex order. Computation of ordinary Bessel 
functions is difficult enough, but mere contemplation of complex-order Bessel 
functions is sufficient to make strong men weep. It is perhaps for these 
apparent computational difficulties that the ramifications of the solution of 
Roth and Dignam have not been fully explored. 

8.3 OPTICALLY ACTIVE PARTICLES 

Almost all the particles we have considered have been composed of linear 
isotropic media described by the constitutive relations (2.7)-(2.9), which are 
not universally valid. Unfortunately, as soon as we depart from these relations 
we are usually confronted with problems that are not exactly soluble. However, 
exact solutions are obtainable for particles of regular geometrical shape 
composed of isotropic, optically active media. Such media are ones in which 
plane harmonic waves can propagate without change in polarization, but only 
if they are circularly polarized with either handedness; the complex refractive 
indices for left-circularly and right-circularly polarized waves are different. A 
simple conceptual model of an isotropic, optically active medium is a random 
array of screws, which is invariant under rotation through any angle, but under 
reflection the handedness of the screws changes. An example of an isotropic, 
optically active particle is a sugar-water drop. 

The constitutive relations 

D = eE + YE'V' X E, B = 1-tH + /31-t'Y' X H, (8.5) 

where e, 1£, y, and {3 are scalar phenomenological coefficients, are sufficient for 
a macroscopic description of optical activity. That is, plane homogeneous 
electromagnetic waves can propagate in media described by (8.5) only if they 
are circularly polarized. If we take y and {3 to be equal, the phenomenological 
coefficients are related to the complex refractive indices NL and NR by 

/3=}_(_1 __ I) 
2 k H k /. ' 
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where the wave numbers k L and k R are 

2'1T 
kL = TNL' 

If we assume harmonic time dependence e-iwt, the Maxwell equations 
(2.1 )-(2.4) may be written 

~. ( D + fJF) = 0, ~ · B = 0, (8.6) 

~X E- iwB = 0, ~ X H + iw ( D + ~ JF) = 0. (8.7) 

Note that D and JF do not appear separately in (8.6) and (8.7) but only in the 
combination D + iJFjw, which we may interpret as the total electric displace
ment and assume that D in (8.5) is this quantity. In fact, we could have done 
this in previous chapters but refrained from doing so because the notion of 
conductivity is well established. However, it is not possible to determine from 
macroscopic experiments of the type discussed in this book if the imaginary 
part of the refractive index originates from" free" or" bound" charge currents. 
Thus, we need not make separate assumptions about the relations between D 
and E and between JF and E. 

The constitutive relations (8.5) and the field equations (8.6), (8.7) ·can be 
written compactly in matrix form: 

~2(~) + K2(~) = O, 

~X(~)= K(~), 

~·(~)=o, 

(8.8) 

We often refer to the electromagnetic field and then go on to treat the electric 
and magnetic fields as separate entities, a slight inconsistency. However, we 
have shown that the field equations can be written in such a way that the 
electromagnetic field, the column vector with elements E and H, is treated as a 
single entity. Thus, (8.8) has an aesthetic appeal, which transcends its im
mediate usefulness to the problem at hand. 

A linear transformation of the electromagnetic field 

(8.9) 

diagonalizes K: 

A= A 1KA, 
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where 

aR = -i/p,fe, 

The transformed fields Q L and Q R independently satisfy equations of the form 

\72Q + k2Q = 0, 

\7 X Q = kQ, 

\7. Q = 0, 

(8.10) 

(8.11) 

(8.12) 

where k = kL for Q = QL and k = - kR for Q = QR. Therefore, the most 
general electromagnetic wave in an optically active medium is a superposition 
of waves of left-handed and right-handed types. 

At the beginning of this section we stated, without proof, that only 
circularly polarized plane waves can propagate in media described by the 
constitutive relations (8.5). It is now a relatively easy matter to show that this is 
so. Let us consider plane homogeneous waves exp(ik • x) propagating in thee 
direction, where k = ke. From (8.11) we have ie X Q = ± Q, and the transver
sality condition (8.12) implies that e • Q = 0. Therefore, we can write Q = 
Q

11
e

11 
+ QJ.. eJ.., where eX eJ.. = e

11 
and eX e

11 
= -eJ.., which yields 

Q = Q
11
(e

11 
± iej_), 

where the plus sign holds when Q = Q R and the minus when Q = Q v We 
showed in Section 2.11 that e

11 
+ ie j_ represents a right-circularly polarized 

wave and e
11 

- ie J.. a left-circularly polarized wave. Thus, it is clear that plane 
wave solutions to the field equations (8.10)-(8.12) are necessarily circularly 
polarized. In general, therefore, it is natural to refer to Q L as a wave of 
left-handed type and Q R as a wave of right-handed type. 

Consider now the field scattered by an isotropic, optically active sphere of 
radius a, which is embedded in a nonactive medium with wave number k and 
illuminated by an x-polarized wave. Most of the groundwork for the solution 
to this problem has been laid in Chapter 4, where the expansions ( 4.37) and 
( 4.38) of the incident electric and magnetic fields are given. Equation (8.11) 
requires that the expansion functions for Q be of the form M ± N; therefore, 
the vector spherical harmonics expansions of the fields inside the sphere are 

00 

QL = L En{fon[M~\)n(kL) + N~:~(kL)] 
n=I 

00 

QR = L En{gon[M~1?n(kR)- N~:~(kR)] ,_, 
(8.13) 
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where En= E0 in(2n + 1)/n(n + 1) and kR or kL in the argument of the 
vector harmonics indicates that p = k Rr or p = k Lr are the arguments of the 
spherical Bessel functionjn(P) in the generating functions for these harmonics. 
The expansions of the scattered field are 

00 

E - "' E ( . N <3> - b M <3> + M <3> - .d N <3> ] s - "--' n zan eln n oln en eln l n oln ' 
n=l 

H - ~ ~ E ( M<3) .b N<3) - . N<3) - d M<3)] 
s - 1-..J n an eln + 1 n oln lCn eln n oln · 

WP, n= I 

The electromagnetic field (E 1, H 1) inside the sphere is obtained from (8.13) 
and the transformation (8.9). We saw in Chapter 4 that, for given n, there are 
four unknown coefficients in the expansions for the fields when the sphere is 
nonactive; optical activity doubles the number of coefficients, which are 
determined by applying the conditions ( 4.39) at the boundary between sphere 
and surrounding medium and solving the resulting system of eight linear 
equations. We are interested primarily in the coefficients of the scattered field: 

~(R)An(L) + ~(L)An(R) 
a = 

n ~(L)~(R) + ~(L)~(R)' 

b = ~(L)Bn(R) + ~(R)Bn(L) 
n Wn(L)~(R) + ~(L)~(R)' 

~(J) = t/ln(mJx)~~(x)- m~n(x)t/;~(mJx), 

An(J) = mt/ln(mJx)t/;~(x)- t/ln(x)t/;~(mJx), 

Bn( J) = t/ln(mJx )t/;~(x) - mt/;n(x) t/;~( mJx ). 

J is L or R. The relative refractive indices m v m R and the mean refractive 
index m are defined as follows: 
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where N is the refractive index and p, the permeability of the surrounding 
medium. The difference ~m between the refractive indices m R and m L is 
usually small; therefore, m is (mR + mL)/2 to terms of order (~m)2 (we have 
also assumed that p, 1 = p,). If there is no optical activity (mL = mR), then an 
and bn reduce to ( 4.53) and en vanishes identically. 

8.3.1 Matrix Elements and Cross Sections 

In Section 4.4 we showed that the off-diagonal elements of the amplitude 
scattering matrix (3.12) are zero for a nonactive sphere. If the sphere is 
optically active, however, the matrix elements are 

In problems involving optically active particles it is usually more convenient to 
use the amplitude scattering matrix in the circular polarization representation. 
The transformation from linearly to circularly polarized electric field compo
nents is 

(8.14) 

and the inverse transformation is 

( 
Ell ) = _1 ( ~ ~ ) ( E L ) . 
EJ.. If -z 1 ER 

(8.15) 

If the fields in (3 .12) are transformed according to (8.14) and (8.15), the 
relation between incident and scattered fields becomes 

S1c = -i(S2 + S 1 - iS4 + iS3 ), 

S2 c = -i(S2 + S 1 + iS4 - iS~). 

S3(' = HS2 - S1 + iS4 + ;sl). 

s4c = HS2- sl - iS4- iSJ). 
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This relation is not restricted to a specific particle; for an optically active 
sphere, however, two of the matrix elements are equal: s3c = s4c• 

The (4 X 4) scattering matrix elements (3.16) for an optically active sphere 
satisfy the following six relations: 

(8.16) 

The cross sections for extinction and scattering by an optically active 
particle are different for incident left-circularly and right-circularly polarized 
light. For an optically active sphere, the cross sections can be obtained in a 
manner similar to that for a nonactive sphere (Section 4.4). Therefore, we give 
only the results and omit the details: 

27T ~ ( ) [ 2 2 2 Csca, L = - 2 i...J 2n + 1 I ani + ibn I + 21cnl 
k n=l 

2 00 

= ~ L (2n + l)Re{an + bn + 2icn}, 
k n=l 

(8.17) 

where SL = S2c(0°) and SR = S 1c(0°) are the amplitude scattering matrix 
elements in the forward direction. 

8.3.2 Circular Dichroism and Optical Rotation 

We have shown that only circularly polarized waves may propagate in optically 
active media without change in their state of polarization. However, the 
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polarization of a wave that is linearly polarized at a particular point, say z = 0, 
changes continuously as it propagates in the z direction. At z = h the wave will 
be elliptically polarized with ellipticity I 8rl, and the azimuth of the vibration 
ellipse will have rotated through an angle 4>r relative to the direction of 
polarization at z = 0. These quantities are related to the complex refractive 
indices NL = n L + ik L and NR = n R + ik R for left-circularly and right-cir
cularly polarized waves by 

provided that 127T(kL- kR)h/AI << 1. If 4>r is positive the vibration ellipse 
rotates in the clockwise sense. 

A medium is said to be circularly dichroic-it absorbs differently according 
to the state of circular polarization of the light-if k L - k R =t= 0; it is circularly 
birefringent, which is manifested by optical rotation, if n L - n R =t= 0. Optical 
rotation and circular dichroism are not independent phenomena, but are 
connected by Kramers-Kronig relations: 

cp( w) = 2w
2 ploo o(n) dQ 

7T 0 n ( Q2 - w2 ) ' 

(8.18) 

O(w) = -2w ploo cp(Q) dQ, 
7T o gz- wz 

where cp = 4>rfh and 8 = 8rfh are the rotation and change of ellipticity per 
unit path length. A derivation of (8.18) in the same spirit as the derivations of 
dispersion relations in Section 2.3 has been given by Emeis et al. ( 1967). Note 
that (8.18) do not follow by naively applying the dispersion relations (2.49) and 
(2.50) to NL and NR separately and then subtracting the resulting expressions; 
the reasons for this have been discussed by Smith (1976). 

Circular dichroism and optical rotation for particulate media may be 
operationally defined in terms of the Stokes parameters (2.80), which in the 
circular polarization representation are written 

(8.19) 

The azimuth y and ellipticity 1 tan 11 I of the vibration ellipse for an arbitrary 
beam can he determined from the Stokes parameters by (2.82). 

If optical rotation 4>r for a collection of particles is defined as the change 
in azimuth of a horizontally polarized incident beam ( Y; = 0) after it is 
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transmitted through this medium, then 

I -1 lir 
4>r = Yt- Y; = 2 tan Qt' (8.20) 

where subscripts i and t denote incident and transmitted beams. Similarly, if 
circular dichroism 8r for the particulate medium is defined as the change in 
ellipticity of a horizontally polarized beam ( 1J; = 0) after it is transmitted 
through the medium, then 

(8.21) 

Note that these definitions of optical rotation and circular dichroism for a 
particulate medium depend on the choice of the horizontal direction unless the 
medium is invariant with respect to arbitrary rotation about an axis parallel to 
the incident beam. 

Equations (8.20) and (8.21) are completely general; no assumptions have 
been made about the nature of the particles. Let us now consider a more 
specific example: 'VL identical particles per unit volume of a slab of thickness h; 
the medium surrounding the particles is nonabsorbing and nonactive. If the 
amplitude scattering matrix in the circular polarization representation is diago
nal in the forward direction [S3c(0°) = S4c(0°) = 0], then by following a line of 
reasoning similar to that which led to (3.39) we obtain the left-handed and 
right-handed components of the transmitted electric field: 

(8.22) 

where E = E0exp(ikz) is the incident electric field. We have also assumed in 
the derivation of (8.22) that 127T 'VLShjk2 1 << 1. If the Stokes parameters 
(8.19) corresponding to (8.22) are inserted into (8.20) and (8.21 ), we obtain 

(8.23) 

Thus, the difference between the diagonal elements of the forward amplitude 
scattering matrix in the circular polarization representation has a simple 
physical interpretation. Although we considered identical particles for conveni-
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ence, (8.23) is readily generalized to a suspension of nonidentical particles: the 
optical rotation and circular dichroism of such a suspension is merely the sum 
of the contributions from the individual components. We may also relax the 
requirement that 12'1T'XSh/k2 1 << 1 provided that multiple scattering is 
negligible; see the discussion following (3.46). 

If the particles are homogeneous spheres, then from the results of the 
preceding section we have 

00 

i(SL- SR) = 2S3 (0°) = 2 L (2n + l)cn. (8.24) 
n=I 

It also follows from (8.17) and (8.23) that the circular dichroism of a suspen
sion of spheres is proportional to the difference between the extinction cross 
sections for left-circularly and right-circularly polarized light: 

However, (8.25) is not restricted to spheres but holds for particles of arbitrary 
shape. Thus, circular dichroism in particulate media includes a component that 
is the result of differential scattering, in contrast with circular dichroism in 
homogeneous media, which arises solely from differential absorption of left
circularly and right-circularly polarized light. 

If the spheres are sufficiently small ( x << 1, I mx I << 1 ), the series (8.24) can 
be truncated after the first term; the leading coefficient correct to terms of 
order x 3 is 

x3 mL- mR 

c1 = 3 m2 + 2 ' 

where we have used the series expansions (5.3) of the various Bessel functions 
and their derivatives. Therefore, (8.23) in the small particle limit is 

where f = 4'1Ta 3'X/3 is the fraction of the suspension volume occupied by the 
particles. The quantity '1T(NL- NR)/A. is the intrinsic optical rotation and 
circular dichroism of the spheres; 3/(m 2 + 2) may be interpreted as the effect 
of the surrounding medium-a "solvent" correction. 

If m, the average relative refractive index, varies only slightly over the 
frequency region of interest, then the circular dichroism (CD) spectrum 8( w) 
and the optical rotatory dispersion (ORD) spectrum cp( w) of spheres small 
compared with the wavelength are essentially the same as those of the 
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homogeneous parent material. But this is not necessarily true for spheres, or 
particles of any shape, comparable with or larger than the wavelength. Indeed, 
CD (or ORD) spectra for the same material in the homogeneous and par
ticulate states may bear little resemblance to each other. This has important 
implications for interpreting CD and ORD spectra of biological particles. 

8.4 INFINITE RIGHT CIRCULAR CYLINDER 

There are many naturally occurring particles, such as some viruses and 
asbestos fibers, which are best represented as cylinders long compared with 
their diameter. Therefore, in this section we shall construct the exact solution 
to the problem of absorption and scattering by an infinitely long right circular 
cylinder and examine some of the properties of this solution. 

As in the problem of scattering by a sphere (Chapter 4), our starting point is 
the scalar wave equation v 2t[; + k 2t[; = 0, which in cylindrical polar coordi
nates r, cp, z(Fig. 8.2) is 

(8.26) 

Separable solutions to (8.26) that are single-valued functions of cp are of the 
form 

(n = 0,± 1, ... ), (8.27) 

z 

X 

Figure 8.2 Cylindrical polar coordinate system. The z axis lies along the axis of the infinite 
cylinder. 
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where p = r/k 2 
- h 2 and Zn is a solution to the Bessel equation 

195 

(8.28) 

The linearly independent solutions to (8.28) are the Bessel functions of first 
and second kind, Jn and Yn, of in~egral order n. In general, the separation 
constant h is unrestricted, although in the problems with which we shall deal, h 
is dictated by the form of the incident field and the necessity of satisfying the 
conditions (3. 7) at the boundary between the cylinder and the surrounding 
medium. 

The vector cylindrical harmonics generated by (8.27) are 

where we have taken as pilot vector the unit vector ez parallel to the cylinder 
axis (Fig. 8.3). In component form these vector harmonics are 

N = Vk 2
- h

2 
('hZ'( )" _ h Zn(P),.. 

n k l n p er n p e.p 

+Jk2- h2 z.(p)e,)ei(n~+h'l. 

The vector harmonics are orthogonal in the sense that 

(n =t= m). 

Let us now consider an infinite right circular cylinder of radius a, which is 
illuminated by a plane homogeneous wave Ei = E 0eike,·x propagating in the 
direction ej = -sin ~ex - cos ~ez, where ~ is the angle between the incident 
wave and the cylinder axis (Fig. 8.3). There are two possible orthogonal 
polarization states of the incident wave: electric field polarized parallel to the 
xz plane; and electric field polarized perpendicular to the xz plane. We shall 
consider each of these polarizations in turn. 

Case I. Incident Electric Field Parallel to the xz Plane. The first step is to 
expand the incident electric field 
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z 

SCATTERED 

Figure 8.3 Infinite cylinder obliquely illuminated by a plane wave. 

in vector cylindrical harmonics. In order for the expansion to be finite at r = 0 
we must exclude the Bessel function Yn as the radially dependent part of the 
generating function; it is also clear from the form of E; that h in (8.27) must be 
- k cos~- Thus, the expansion of E; is 

00 

E; = L [ AnM~I) + BnN~I)], 
n= -oo 

where the vector harmonics are generated by Jn(kr sin ~)ein<f>e-ikz cos~. To 
determine the coefficients An and Bn we use the orthogonality of the vector 
harmonics, which requires that we evaluate the integrals 

g~J) = i 2
'1T e-i(n<f>+p cos<f>) dcj>, 

0 

g~2) = i2'1Te-i(n<f>+pcos<f>)cos cp dcp, 
0 

g?) = i2'1T e-i(n<f>+p cos<f>)sin cp dcp, 
0 
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where p = kr sin~. From the integral representation of the Bessel function 
Jn(P ), which is real for real p, 

it immediately follows that §~ 1 ) = 27T(- i)nJn(P ); §~2) = 27Ti(- i)nJ~(p) is ob
tained by differentiating §~ 1 ) with respect to p. The third integral may be 
written 

and if we use the identity 

it follows that §~3) = 27T(- iY Jn(P )nj p. All that is required now is a good bit 
of patience to show that 

E (-ir 
B 0 • 

n = k . J' ' 
sm~ 

therefore, the expansion of the incident electromagnetic field is 

n= -oo 

H.=-ik ~ EM<I) 
' Wf.L n=~oo n n ' 

where En= E0 (- iY jk sin~. 
In order to satisfy the continuity conditions (3.7) for all values of z on the 

boundary of the cylinder, the separation constant h in the wave functions that 
generate the vector harmonics of the field inside the cylinder must also be 
- k cos~; finiteness at the origin requires that Jn is the appropriate Bessel 
function. Thus the generating functions for the internal field (E 1, H 1) are 
Jn(kr/m 2 - cos2~ )ein<f>e-ikzcos~, where m is the refractive index of the cylinder 
relative to that of the surrounding medium. The corresponding expansions are 

00 

E• = L En[gnM~1)+fnN~ 1 )], 
n=- oo 

The Hankel functions H,~ 1 > = Jn + iYn and Hp> = Jn - iYn are also linearly 
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independent solutions to (8.28); they are given asymptotically by (4.41): 

Therefore, if the scattered field (Es, Hs) is to be an outgoing wave at large 
distances from the cylinder, the generating functions in the expansions 

00 

Es = - L En [ bniN~3) + ianiM~3)], 
n= -oo 

H - ~ ~ [b M<3) · N<3)] s - £...J En nl n + lQnl n ' 
Wf.L n= -oo 

must be H~1 )(kr sin ~)ein<f>e-ikz cos~. 
If we apply the conditions (3. 7) at r = a, we obtain four equations in the 

four expansion coefficients, which can be solved for the coefficients ani• bn1 of 
the scattered field: 

B n = ~ [ m 2 ~ J~ ( 1J ) Jn ( ~ ) - 1J Jn ( 1J ) J~ ( ~)] ' 

c.~ ncost 'I)J.( •M.m( ~: - I), 

V, = ~ [ mz~J~ ( 1J) H~I) ( ~) - 1J]n ( 1J) H~l)'( ~)], 

~ = i~[1Jln(1J)H~I)'(~)- ~J~(1J)H~I)(~)], 

(8.29) 

where~= X sin~' 1J = xvm 2 
- COS

2 ~, X= ka, and We have taken f.L = fli· It 
follows from the relations J -n = ( -l)nJn and Y -n = (- l)nyn that 

aoi = 0. 

When the incident light is normal to the cylinder axis (~ = 90°), a, 1 vanishes 
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and 

(8.30) 

Case II. Incident Electric Field Perpendicular to the xz Plane. The expan
sion of the incident electric field E.= E e e-ik(rsin~cos<J>+zcosn is 

I 0 y 

00 

E. = - i ~ E M<1) 
1 i..J n n ' 

n= -oo 

the curl of which gives the incident magnetic field. The coefficients of the 
scattered field 

00 

Es = L En [ ianuM~3) + bnuNP)]' 
n= -oo 

can be written in the form 

(8.31) 

where Dn, Cn, and so on, were defined in the preceding section and 

It follows from the properties of the Bessel functions that 

bon = 0. 

Although it is not obvious, it is not too difficult to show that 

This was pointed out by Kerker et al. ( 1966). When the incident light is normal 
to the cylinder axis, bnn vanishes and 

(8.32) 

8.4. I Asymptotic Scattered Field 

At large distances from the cylinder (kr sin~ >> 1 ), the scattered field (Case I) 
is given asymptotically by 

XL( -lreln<j>[ anle<j> + bnl(cos~e, + sin~eJ]. (8.33) 

" 
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Figure 8.4 Wave front and wave normals of light scattered by an infinite cylinder. 

When the incident electric field is polarized perpendicular to the xz plane 
(Case II), the asymptotic scattered field is given by (8.33) with ani replaced by 
-ann and bni replaced by - bnu· 

The surfaces of constant phase, or wave fronts, of the scattered wave (8.33), 
the points on which satisfy 

f ( x, y, z) = r sin ~ - z cos ~ = C, 

are cones of half-angle~ and apexes at z = - Cjcos ~(Fig. 8.4). Thus, we may 
visualize the propagation of the scattered wave as a cone that is sliding down 
the cylinder. At any point on the cone, the direction of propagation, or wave 
normal es' is 

The Poynting vector, therefore, is in the direction e
5

• When the incident beam 
is normal to the cylinder axis(~ = 90°), the cone reduces to a cylinder. 

A convincing and aesthetically pleasing demonstration that the light 
scattered by a long cylinder is a conical wave can be made by illuminating a 
fiber with a narrow laser beam. If a screen perpendicular to the incident beam 
is placed at some distance from the fiber, the resulting patterns formed on the 
screen will be conic sections. When the incident light is normal to the fiber axis, 
the pattern is a straight line. As ~ is decreased, a succession of hyperbolas are 
traced out, and at ~ = 45° the pattern is a parabola. For angles of incidence 
less than 45°, ellipses appear on the screen, the eccentricities of which decrease 
with decreasing~; as~ approaches 0° the pattern approaches a circle. In Fig. 
8.5 we show a series of photographs, taken with an oscilloscope camera, of the 
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Figure 8.5 Conic sections formed by scattering of a laser beam by a thin fiber. 

patterns formed on a screen when a laser beam is scattered by a thin fiber. In 
addition to showing the various conic sections that result from varying the 
angle r, this figure also shows some of the maxima and minima of the 
scattering diagram. 

8.4.2 Amplitude Scattering Matrix 

In Chapter 3 we derived a general expression for the amplitude scattering 
matrix for an arbitrary particle. An unstated assumption underlying that 
derivation is that the particle is confined within a bounded region, a condition 
that is not satisfied by an infinite cylinder. Nevertheless, we can express the 
field scattered by such a cylinder in a concise form by resolving the incident 
and scattered fields into components parallel and perpendicular to planes 
determined by the cylinder axis (ez) and the appropriate wave normals (see 
Fig. 8.3). That is, we write the incident field 

The scattered field is the sum of components parallel and perpendicular to the 
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plane cp = constant: 

e lis = cos ~e, + sin ~ez ' 

We may now write the relation between incident and scattered fields in matrix 
form: 

00 00 

T1 = L bn1e-;ne = b01 + 2 L bn1cos(nE>), 
-oo n=l 

00 00 

T2 = L an 11 e-ine = a 011 + 2 L an11cos(nE>), (8.34) 
-oo n=l 

00 00 

T3 = L an1e-ine = - 2i L an1sin( nE> ), 
-oo n=l 

00 00 

T4 = L bn11 e-ine = -2i L bn11sin(nE>) = - T3 , 

-oo n=l 

where we have transformed the angle variable cp to E> = 'T1' - cp. 
Unlike the amplitude scattering matrix for a sphere (Chapter 4), the 

off-diagonal elements of the amplitude scattering matrix for a cylinder are, in 
general, nonzero. Thus, if the incident light is polarized parallel (perpendicular) 
to the xz plane, the scattered light has a component perpendicular (parallel) to 
the plane determined by the cylinder axis and the scattering direction es. 
However, symmetry requires that T3 and T4 vanish when es lies in the forward 
scattering plane (E> = 0°) and the backward scattering plane (E> = 180°). 
When the incident light is normal to the cylinder axis, T3 and T4 are identically 
zero for all E>. 

8.4.3 Cross Sections 

Although we have repeatedly referred to an "infinite" cylinder, it is clear that 
no such cylinder exists except as an idealization. So what we really have in 
mind is a cylinder long compared with its diameter. Later in this section we 
shall try to acquire some insight into how long a cylinder must be before it is 
effectively infinite by considering scattering in the diffraction theory ap
proximation. 
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The scattering and absorption cross sections of an infinite cylinder are, of 
course, infinite; however, the light scattered and absorbed per unit length of 
such a cylinder is finite. If we ignore end effects the ratio ~/ L ( ~/ L) for a 
finite cylinder of length L can be approximated by the amount of light 
scattered (absorbed) per unit length of an infinite cylinder; this approximation 
will be increasingly better the greater the ratio of cylinder length to diameter. 

In a manner similar to that in Section 3.4, where we considered cross 
sections of finite particles, we can calculate cross sections per unit length of an 
infinite cylinder by constructing an imaginary closed concentric surface A of 
length L and radius R (Fig. 8.6). The rate ~ at which energy is absorbed 
within this surface is 

Wa = - ~ S • fi dA = ~xt - ~, 

where S is the Poynting vector. There is no net contribution to Wa from the 
ends of A; therefore, 

(8.35) 

where (Ss)r and (Sext)r are the radial components of 

~ 
~ 
~ 
~ 
INCIDENT 

,. .... ----z---..... , 
I ' \ 
~ I ,., 
' "' I 

.... __ 
- --- ..- I 

I 
I 
I 
I 

A IL 
I 
I 
I 
I 

,..--- --- I .... 
/ 

,, 
r 
\ 

' 
" I 
I .... __ 

- - -- ..... " 

----..... 

y 

......... 

' '\ 
\ 

I 
/ 

\ 
I 
I 
I 

I 
I 

... " ---
Figure 8.6 Surface of integration (dashed lines). 
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Let us consider the incident electric field parallel to the xz plane (Case 1). If 
the series expansions of the incident and scattered fields are substituted into 
the expreSSiOnS for the VeCtOrS Ss and SexP then after performing the required 
integrations in (8.35) we obtain the efficiencies Qsca,I and Qext,I for scattering 
and extinction: 

~xt I 2 { ~ ) 
Qext, I = 2aLi; = ~ Re hoi + 2 n~l bni • (8.36) 

Note that 

2 
Qext I=- Re{Tl(E> = oo)}, 

' X 

which is the optical theorem for an infinite cylinder (see Section 3.4). 
In a similar manner we obtain the scattering and extinction efficiencies 

when the incident electric field is polarized perpendicular to the xz plane (Case 
II): 

(8.37) 

2 { 
00 

) 2 Qext II =- Re aon + 2 L ann =- Re{T2 ( E> = 0°)}. 
' X X 

n=l 

If the incident light is unpolarized, the efficiencies are 

8.4.4 Normally Incident Light 

If the incident light is normal to the cylinder axis the scattering coefficients 
have their simplest form. However, the coefficients (8.30) and (8.32) are not in 
the form most suitable for computations. If we introduce the logarithmic 
derivative 

and use the recurrence relation 
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where Zn is any Bessel function, the scattering coefficients may be written 

(8.38) 

[ mDn ( mx) + n /X] Jn (X) - Jn _ 1 (X) 
bn = [mDn(mx) + n/x]H~1)(x)- H~~~(x). 

The logarithmic derivative satisfies the recurrence relation 

n - 1 1 
Dn-l(z) = -z-- (njz) + Dn(z) · (8.39) 

A computer program for calculating the scattering coefficients (8.38) and the 
corresponding cross sections and scattering matrix elements is described in 
Appendix C; all the examples in this section were obtained with this program. 

The amplitude scattering matrix for a normally illuminated cylinder is 
diagonal: 

(8.40) 

Note that the surfaces of constant phase of the scattered wave are cylinders. 
Thus, the light scattered by a cylinder long compared with its diameter will not 
be seen by a suitably collimated detector unless it "looks" in a direction 
perpendicular to the cylinder axis. Many examples of this are commonly 
encountered, most of which probably go unnoticed. For example, randomly 
oriented scratches on a car windshield form a circular pattern when il
luminated by the headlights of an oncoming car; dust on the windshield, on 
the other hand, forms no such obvious pattern. The scratches are sufficiently 
long compared with their lateral dimensions that they may be considered to be 
infinite cylinders; thus, only those scratches perpendicular to a line from the 
eye to a scratch will scatter light into the eye, and such scratches lie on circles 
centered on the line of sight. If a point source is viewed through a fibrous 
material, one may also see circular patterns: Christmas tree lights embedded in 
wisps of "angel's hair" are seen to be surrounded by haloes of scattered light; 
steel wool will yield the same effect. 
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The scattering matrix corresponding to (8.40) 

Is Til Tl2 0 0 Ii 

Qs 2 Tl2 Tll 0 0 Qi 

~ '1Tkr 0 0 T33 T34 ~ 
~ 0 0 - T34 T33 ~ 

Tll = -!(I Ttl
2 + I T21

2
)' Tl2 = -!(1 Ttl 2 - I T21 2 ), 

T33 = Re{T1T:i}, T34 = lm{T1T:i}, 

has the same form as that for a sphere ( 4. 77). However, there are appreciable 
differences between scattering by a sphere and by a normally illuminated 
cylinder. For example, the ratio P = T12/T11 , which is analogous to ( 4. 78), 
does not necessarily vanish in the forward (or backward) direction. Thus, if the 
incident light is unpolarized, the forward scattered light will, in general, be 
partially polarized. Scattering and extinction cross sections for a nonactive 
sphere are independent of the state of polarization of the incident light; 
however, these quantities for a cylinder may be quite different for different 
polarizations. This is illustrated in Fig. 8.7, where the scattering cross sections 
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Figure 8.7 Scattering cross section per unit particle volume for normally incident light polarized 
parallel ( -) and perpendicular ( ------) to the axis of an infinite cylinder in air. 
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per unit particle volume for incident light polarized parallel and perpendicular 
to the cylinder axis are plotted as functions of diameter. The cylinder is in air 
and is taken to be nonabsorbing with a refractive index of 1.55; this corre
sponds approximately to many silicates at visible wavelengths. The wavelength 
0.6328 p.m is that of the He-Ne laser. In Section 4.4 we showed that the 
extinction cross section of an object large compared with the wavelength is 
twice its geometrical cross section G. Therefore, the scattering cross section per 
unit volume of a nonabsorbing cylinder asymptotically approaches the limiting 
value 

v v 7TQ 
(8.41) 

independently of the state of polarization of the incident light; the limit (8.41) 
is also plotted in Fig. 8.7. This figure deserves careful study, for there is much 
to be learned from it. If the size parameter is greater than about 5, there is 
essentially no difference between scattering of incident light polarized parallel 
or perpendicular to the cylinder axis. However, for smaller size parameters, 
there can be appreciable difference; the maximum occurs for x = 1. Note also 
that the scattering cross section per unit particle volume has its greatest value 
for x = 2.5, which corresponds to a particle diameter of about 0.5 p.m; thus, 
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l<'itcure 8.8 The ~a me cylinder as in Fig. R. 7 but surrounded by water. 
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cylindrical particles of this size are the most effective at scattering light from 
the beam. The consequences of changing the surrounding medium from air to 
water are striking; this is shown in Fig. 8.8. Regardless of the particle diameter, 
the scattering cross section is only weakly dependent upon the polarization 
state of the incident light. The shapes of the two sets of curves are markedly 
different: when the cylinder is in water the ripples disappear and the diameter 
at which csca/ v is a maximum shifts from 0.5 p.m to about 1.1 p.m. 

8.4.5 Small-Particle Limit 

If x and I mIx are sufficiently small, then the scattering coefficients a0 and b0 

are approximately 

(8.42) 

To obtain (8.42) we substituted the following expressions for the Bessel 
functions and their derivatives 

z2 
J. (z) === 1--

0 4 ' 
z z3 

J~ ( z) === - 2 + 16 ' 

2 
Y/(z) ===-, 

0 'TTZ 

lzl << 1 

in (8.30) and (8.32) and retained the terms of smallest degree in x. Similarly, if 
we use 

2 
y (z) === --' 

I 'TTZ 

we obtain the following approximations for a1 and b1: 

-i'TTX 2 m 2 - 1 
4 m2 + I' 

lzl <<I 

The amplitude scattering matrix elements correct to terms of order x 2 are 

Thus, the degree of polarization of scattered light, given unpolarized incident 
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light, is 

AtE> = 90°, therefore, the scattered light is 100% polarized along the cylinder 
axis. 

8.4.6 Anisotropic Cylinder 

Scattering problems in which the particle is composed of an anisotropic 
material are generally intractable. One of the few exceptions to this generaliza
tion is a normally illuminated cylinder composed of a uniaxial material, where 
the cylinder axis coincides with the optic axis. That is, if the constitutive 
relation connecting D and E is 

(~J n 0 

0 

where the z axis is parallel to the cylinder axis, then the scattering problem has 
an exact solution. It is not difficult to show that the scattering coefficients an 
and bn are of the form (8.32) and (8.30): 

where m .l and m 
11 

are the complex refractive indices corresponding to the 
principal values E .l and E

11 
of the permittivity tensor. Thus, if the incident light 

is polarized parallel to the cylinder axis, the cylinder scatters and absorbs 
light as if it were isotropic with permittivity E

11
; on the other hand, incident 

light polarized perpendicular to the cylinder axis is oblivious to the permittivity 
along the axis and responds only toE .l . 

8.4. 7 Diffraction Theory 

Scattering by a cylinder of finite length cannot be treated exactly by construct
ing separable solutions to the scalar wave equation and expanding the various 
fields in the corresponding vector harmonics, a method that has to this point 
'crved us quite well. A finite cylinder has an edge, which is the bane of this 
'cattering problem. However, by considering the diffraction theory approxima
tion, we can acquire some insight into scattering by a finite cylinder. According 
to this theory, which was discussed in Section 4.4, an opaque cylinder, an 
opaque rectangular obstacle, and a rectangular aperture in an opaque screen, 
all with the same projected cross sectional area, scatter light in the same 
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1111111111111 
Figure 8.9 An opaque rectangular obstacle illuminated by a plane wave. 

manner independently of the polarization of the incident light. Let us therefore 
consider scattering (diffraction) by the opaque obstacle shown in Fig. 8.9. The 
amplitude of the scattered wave is, from (4.70), given by 

which can be integrated readily to yield 

S((} ) = (1 + cos8) xsin(xsinOsincf>) xRsin(xRsin8coscf>) 
' cf> 1r x sin (} sin cf> xR sin (} cos cf> ' 

where R is the ratio of length to diameter ( Lj2a) and x = ka. The diffraction 
cross section is equal to the geometrical cross section G: 

i 2'1TlwiS(8,cf>)l 2 
. 8 2 ..:_..:_:...~:...- sm (} d d cp = 2 aL = 4 a R. 

0 0 k 2 

The phase function p(8, cf>) = IS({}, cf>)l 2j4x 2R, which is the fraction of the 
total scattered light that is scattered into a unit solid angle about a given 
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direction ( 0, </> ), has its greatest value in the forward direction: 

211 

Therefore, the greater the dimensions of the particle (radius or length), the 
more the scattered light is concentrated about the forward direction. 

It is instructive to consider how p varies with scattering angle 0 for the two 
azimuthal angles oo and 90°. For scattering directions in a plane perpendicular 
to the cylinder axis the phase function p(0,90°) is Pe(0,90°)sin2(xsin0), 
where the envelope 

( O 90o) = ( 1 + cos 0 )
2 

p(Oo) 
Pe ' 2 2 · 20 x sm 

is modulated by the rapidly oscillating function sin2(x sin 0). Similarly, for 
directions in a plane parallel to the cylinder axis, we have p ( 0' 0°) = 
p e ( 0, 0°)sin2 

( xR sin 0 ), where 

0 ( 1 + cos 0 ) 2 
p ( oo) 

Pe(O,O ) = 2 2 2 · 2 • 
X R Sln 0 

The ratio of the envelopes is 

(8.43) 

Equation (8.43) provides us with an approximate criterion, subject to the 
limitations of diffraction theory, for when a finite cylinder may be regarded as 
effectively infinite: if R > 10, say, there will be comparatively little light 
scattered in directions other than those in a plane perpendicular to the cylin
der axis. The greater is R, the more the scattered light is concentrated in this 
plane; in the limit of indefinitely large R, no light is scattered in directions 
other than in this plane. We may show this as follows. The phase function may 
he written in the formp(O, </>) = G(O, <J>)F(O, </>),where 

G ( 0 ) = [ 1 + cos 0 x sin(~ sin~ sin</>) ]
2

, 

' </> 'lT x sm 0 sm </> 

F(O ) = R [ sin(xR.sinOcos<J>) ]
2

• 

' </> 4 xR sm 0 cos </> 

For all azimuthal angles except 90° and 270° 

lim F( 0, </>) = 0 (0=~=0). 
R •oc 
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However, the integrals 

12'TT 
F(O,cp)dcp, 

'TT 

are nonzero for all R and have the limiting value 7T I 4x sin fJ as R approaches 
infinity. Therefore, 

}~moo F ( (J' cp) = 4x :n fJ [ 0 ( cp - I ) + 0 ( cp -
3

27T ) l ' 
where o is the Dirac delta function. If we denote the phase function for 
indefinitely large R by ji, then 

12'TTj'TT j5 ( 8, cp )sin 8 dO dcp = 
2
7T J'TT[ I + cos (J x sin(~ s~n (J) ]2 dO = I. 

0 0 X 0 7T X Sln 

We need consider only scattering directions in the plane cp = 7T j2 (or cp = 37T /2) 
because j5 vanishes outside this plane; we also have 8 = fJ when cp = 7T j2 and 
8 = - fJ when cp = 37T j2, where 8 = 0 is the forward direction. Thus, we may 
take the phase function for scattering by an infinite cylinder in the diffraction 
theory approximation to be 

( 8 ) = _!!___ [ I + cos 8 x sin(~ sin 8) ]
2 

p 4x 7T xsm8 ' 
(8.44) 

which is normalized: 

f'TT p(8) d8 = I. 
-'TT 

The phase function (8.44) vanishes in the backward direction (8 = 7T) and at 
those angles for which sin 8 = nTT jx, where n is an integer. This gives us a 
means for estimating the diameter of cylinders sufficiently large that diffrac
tion theory is a good approximation: because I sin 81 ~ I, the diameter d is 

(8.45) 

where n min is the number of minima in the phase function (8.44) between 0 and 
90°. Diffraction theory should be at its best for a large opaque cylinder. An 
opaque particle is one that does not reflect incident light and that absorbs all 
transmitted light. This is an idealization: no such cylinder exists (i.e., there are 
no values of m and x such that these criteria are strictly satisfied). But we can 
conjure up an approximately opaque cylinder by taking the real part of its 
refractive index to be that of the surrounding medium; therefore, the reflec
tance at normal incidence is, from (2.58), k 2j(4 + k 2

). Thus, we want k to be 
as small as possible subject to the constraint that kx > 1. In Fig. 8.10 we show 
the phase function calculated from the exact theory for a cylinder with x = 20 
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m = 1.0 + i 0.07 

X = 20 

-4 
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Figure 8.10 Phase function for scattering of unpolarized light by an infinite cylinder. The arrows 
indicate minima according to diffraction theory. 

and m = 1.0 + i0.07; the incident light is unpolarized. Also shown are the 
minima in the diffraction theory phase function (8.44). The positions of the 
first few minima of the exact phase function are predicted quite well by 
diffraction theory. As the scattering angle increases, however, diffraction 
theory becomes an increasingly poorer approximation. 

8.5 INHOMOGENEOUS PARTICLES: AVERAGE DIELECTRIC 
FUNCTION 

Although inhomogeneous particles exist-in planetary atmospheres, for exam
ple, where particles of different composition are continually coagulating-little 
attention has been given to absorption and scattering by such particles except 
those that are regularly inhomogeneous-coated spheres, for example (Section 
X.l ). But we would not be tempted to recast the problem of scattering by a 
coated sphere in the form of scattering by an equivalent homogeneous sphere 
with an average, or effective, dielectric function obtained by combining some
how the dielectric functions of core and coating. For although our prescription 
might give good results for one size at a particular wavelength, it would not do 
so for other sizes and wavelengths; we would be faced with the task of 
continuously modifying the prescription to force the scattering and absorbing 
properties of the equivalent homogeneous particle into congruence with those 
of the inhomogeneous particle. Clearly, therefore, some kind of statistical 
irregularity on an appropriate scale is a necessary concomitant of a well
defined average dielectric function of an inhomogeneous medium. 
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The notion of homogeneity is not absolute: all substances are inhomoge
neous upon sufficiently close inspection. Thus, the description of the interac
tion of an electromagnetic wave with any medium by means of a spatially 
uniform dielectric function is ultimately statistical, and its validity requires that 
the constituents-whatever their nature-be small compared with the wave
length. It is for this reason that the optical properties of media usually 
considered to be homogeneous-pure liquids, for example-are adequately 
described to first approximation by a dielectric function. There is no sharp 
distinction between such molecular media and those composed of small 
particles each of which contains sufficiently many molecules that they can be 
individually assigned a bulk dielectric function: we may consider the particles 
to be giant "molecules" with polarizabilities determined by their composition 
and shape. 

It is not easy, however, to determine the average dielectric function of an 
inhomogeneous medium given the properties of its constituents: the interac
tions among them lead to problems which are insoluble except by approximate 
methods. Each type of approximation leads to a different dielectric function. 
As a consequence, there is a bewildering array of choices in the scientific 
literature, all of which are at least superficially different; moreover, there are 
apparently conflicting claims about the relative merits and ranges of validity of 
the various theories. Perhaps the Maxwell Garnett theory has the greatest 
following. In the following paragraphs we generalize the Maxwell Garnett 
theory, explore some of its properties, and discuss some experimental data on 
scattering by inhomogeneous particles. 

We take as our model of an inhomogeneous medium a two-component 
mixture composed of inclusions embedded in an otherwise homogeneous 
matrix, where t: and t: m are their respective dielectric functions. The inclusions 
are identical in composition but may be different in volume, shape, and 
orientation; we shall restrict ourselves, however, to ellipsoidal inclusions. The 
average electric field (E) over a volume V surrounding the point x is defined 
as 

where V contains many inclusions but is otherwise arbitrary. Note that E itself 
has been obtained from a microscopic field by suitably averaging over many 
molecules (see, e.g., de Groot, 1969); thus, (E) is an even less finely grained 
macroscopic field than E. Vis composed of the matrix volume and the volume 
of all the inclusions; therefore, we may write 

(E(x)) = (1 - /)(Em(x)) + fL wk(Ek(x)), 
k 



INHOMOGENEOUS PARTICLES 215 

where vm is the matrix volume, v k is the volume of the k th inclusion, f is the 
volume fraction of inclusions, wk is fk/f, and fk is vkjV. Similarly, the average 
polarization is given by 

(P(x)) = (1- f)(Pm(x)) + fLwk(Pk(x)). 
k 

If we assume that constitutive relations of the form (2.23) are valid for the 
matrix and inclusions, it follows that 

where Xm = t:m - 1 is the susceptibility of the matrix and x = t: - 1 is that of 
the inclusions. The average susceptibility tensor Xav of the composite medium 
is defined by 

(P(x)) = t:oXav • (E(x)), 

where Xav is independent of position if the medium is statistically homoge
neous. The preceding equations can be combined to yield 

(1- f)(f.av- t:ml) •(Em(x)) + fLwk(f.av- d) •(Ek(x)) = 0, (8.46) 
k 

where f.av is the average dielectric tensor and 1 is the unit tensor. Clearly, if f.av 
is to be independent of position, then (Em) and (Ek) must be linearly related. 

Consider an isolated ellipsoid in a uniform field Em; the uniform field Ek in 
the ellipsoid is given by Ek = "'1\.k ·Em, where the principal components of the 
tensor "'1\.k are (see Section 5.3) 

(}=1,2,3). 

With the assumption-and this is our major assumption-that the average 
fields are similarly related, that is, (Ek) = "'1\.k • (Em), (8.46) becomes 

(1 - /)( (.av - t:mt) + t< (.av - d)· L: wk"""k = o. (8.47) 
k 

So our task reduces to that of determining the sum in (8.47); "'1\.k depends on 
the shape and orientation of the kth ellipsoid and wk is the ratio of its volume 
to that of all ellipsoids. It is convenient to approximate the sum in (8.47) by an 
Integral 
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where the continuous variable k in the integral represents all the variables that 
specify an ellipsoid: shape, volume, and orientation. We now make several 
assumptions: there is no correlation between the volume of an inclusion and its 
shape or orientation; there is no correlation between shape and orientation; all 
orientations are equally probable. It follows from these assumptions that 

(8.48) 

where 0' ( L 1, L2 ) is the shape probability distribution function (see Section 
12.2); the average (scalar) dielectric function is therefore 

t:av = 
(1 - /)t:m + J{3t: 

1 - f + !!3 (8.49) 

Note that (8.49), which is a generalization of the Maxwell Garnett dielectric 
function (8.50), is not invariant with respect to interchanging the roles of 
matrix and inclusions: if we make the substitutions t: ~ t:m, t:m ~ t:, and 
f ~ (1 - f), then t: av is not, in general, unchanged. If, therefore, a two-compo
nent mixture is to be described by (8.49), a choice must be made as to which 
component is the matrix and which the inclusions (there may be physical 
reasons to guide this choice). The limiting values of t: av are independent of {3: 

It is not difficult to extend (8.49) or (8.47) to multicomponent mixtures. If we 
make the same assumptions for each inclusion that were made preceding 
(8.48), then the average dielectric function is 

t:av = 
(1 - /)t:m + Lfj/3jt:j 

1 - ! + 'Lij·f3j 

where the volume fraction of the jth inclusion· with dielectric function t:1 is fj, 
f = 'LJj., and {31 has the same form as (8.48) with t: replaced by t:1. 

It is instructive to expand (8.49) in powers of o = 6../t:m, where 6.. = t: - t:m: 
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To terms of order o2 the average dielectric function is independent of the shape 
of the inclusions. Also, to terms of order o (8.49) is symmetric in matrix and 
inclusions. Bohren and Battan ( 1980) similarly expanded various average 
dielectric functions- Maxwell Garnett, Bruggeman (often called effective 
medium), Debye-and showed that they all agree to at least terms of order o. 
Therefore, if we are dealing with mixtures the components of which are similar 
( 1 o I << 1 ), we need not worry unduly about which component to designate as 
the inclusions nor their shape. Neither need we agonize over which among the 
various competing expressions for the average dielectric function is best: any 
of them will do. A more stringent test of their relative merits would be how 
well they do for mixtures of very dissimilar substances. 

If all the inclusions are spherical, f3 = 3t: ml( t: + 2t: m) and (8.49) reduces to 

3f ( + 2t:: [ ( (-( ) l 
(8.50) 

The average dielectric function (8.50) was first derived by Maxwell Garnett 
( 1904); subsequently, it has been rederived under various sets of assumptions 
(see, for example, Genzel and Martin, 1972, 1973; Barker, 1973; Bohren and 
Wickramasinghe, 1977). 

The following expression for an average dielectric function was first ob
tained by Bruggeman (1935): 

J t: - t: av + ( 1 _ J) t: m - t: av = O. 
t: + 2t:av t:m + 2t:av 

(8.51) 

Both the Maxwell Garnett and Bruggeman dielectric functions have been 
~hown by Stroud ( 1975) to follow from the same integral equation: either one 
( )r the other is obtained depending on the approximations that are made. So we 
may consider (8.50) and (8.51) to be related: they issue from the same parent 
L'4uation. Note that the Bruggeman dielectric function applies to a two-compo
nent mixture in which there are no distinguishable inclusions embedded in a 
definite matrix: both components are treated symmetrically. It might be more 
rorrect to say that it applies to a completely randomly inhomogeneous medium; 
11 does not strictly apply to a particulate medium because there is no way to 
decide which component is the particles and which the surrounding medium. 
l'his difference between the Maxwell Garnett and Bruggeman theories shows 
up in comparisons with experimental data. Abeles and Gittleman (1976) 
measured transmission by the composite metal-insulator system Ag-Si02 and 
the composite semiconductor-insulator systems Si-SiC and Ge-Al 20 3 and 
n Hnpared their results with calculations based on the two average dielectric 
functions. They concluded that only the Maxwell Garnett theory was compati-
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ble with their observations. In particular, the Ag-Si02 transmission spectrum 
showed a band which the Bruggeman theory completely failed to predict. 
Although this band was not explicitly identified as a manifestation of surface 
mode excitation in silver particles, it is likely that this is so: we shall show in 
Section 12.4 that small silver particles can have strong shape-dependent 
absorption bands at visible and near-infrared wavelengths (see Fig. 12.18). As 
these bands depend very much on the particulate nature of the composite 
medium, it comes as no great surprise that the Bruggeman theory is inadequate 
in this instance. Landauer (1952), however, found good agreement between 
conductivities calculated from the Bruggeman theory and measured values, 
even for mixtures with components having greatly different conductivities. So 
it is certainly not true that the Maxwell Garnett theory is necessarily superior 
to the Bruggeman theory in every instance: both theories have their successes. 
Part of the ambiguity surely arises from the difference between a randomly 
inhomogeneous medium and one in which there are distinguishable inclusions 
embedded in a definite matrix. 

Bohren and Battan (1980) tested the applicability of (8.50) and other 
average dielectric functions to inhomogeneous particles by calculating refrac
tive indices of ice-water mixtures at a wavelength of 5.05 em-the microwave 
dielectric functions of ice and liquid water are vastly different (Section. 10.3). 
Radar backscattering calculations for ice spheres coated with ice-water mix
tures were compared with measured cross sections. The evidence favoring the 
Maxwell Garnett theory over the Bruggeman theory was not compelling: both 
agreed reasonably well with measurements. Much more data needs to be 
gathered and analyzed, however, before the problem of scattering and absorp
tion by inhomogeneous particles can be considered to have been "solved" (if, 
indeed, a general solution is possible). In the interim, we would be inclined to 
use (8.49) or (8.50) in small-particle calculations. 

Measurements are sometimes made on inhomogeneous samples for which 
optical constants are inferred under the assumption of homogeneity and then 
used in all kinds of small-particle scattering and absorption calculations. For 
example, measured reflectances of inhomogeneous samples can be inverted to 
obtain optical constants from expressions which strictly apply only to homoge
neous media (see Section 2.7). Now one cannot deny that this might give some 
sort of average optical constants. But they are certain to be applicable only to 
the exact experiment from which they were extracted. It would not generally be 
correct, for example, to use them in Mie calculations of scattering from a more 
or less spherical aggregation of inhomogeneous material. 

Another kind of effective or average optical constants involves mixtures of 
different particles such as atmospheric aerosols or soils. Effective optical 
constants for compacted samples of these mixtures might be inferred from 
reflectance and transmittance measurements as if the samples were homoge
neous. But scattering or extinction calculations based on these optical con
stants would not necessarily be correct. 
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An example of practical importance in atmospheric physics is the inference 
of effective optical constants for atmospheric aerosols composed of various 
kinds of particles and the subsequent use of these optical constants in other 
ways. One might infer effective n and k from measurements-made either in 
the laboratory or remotely by, for example, using bistatic lidar-of angular 
scattering; fitting the experimental data with Mie theory would give "effective" 
optical constants. But how effectual would they be? Would they have more 
than a limited applicability? Would they be more than merely consistent with 
an experiment of limited scope? It is by no means certain that they would lead 
to correct calculations of extinction; or backscattering; or absorption. We shall 
return to these questions in Section 14.2. 

8.6 A SURVEY OF NONSPHERICAL PARTICLES, REGULAR 
AND IRREGULAR 

Because homogeneous, spherical particles are the exception in nature rather 
than the rule, various exact and approximate methods have been devised for 
determining absorption and scattering by nonspherica1 particles, both those 
with regular shape (i.e., with boundaries specified by simple, smooth functions) 
and with irregular shape; some of these have already been discussed. Rayleigh 
theory and geometrical optics combined with diffraction theory, which are 
conceptually simple, apply to particles small and large compared with the 
wavelength, respectively. It is between these two limits where the major 
difficulties lie and to which most recent theoretical effort has been directed. 
Although it might be thought that all scattering problems are tractable by 
simple numerical methods, computational time can be excessive. Therefore, 
accurate and efficient methods for computing scattering by nonspherical 
particles are actively being developed. 

The following is only a brief discussion of a few selected methods, their 
physical basis, advantages, and disadvantages. Further details may be found in 
the references cited. Yeh and Mei (1980) have given a succinct overview of 
some of these methods. 

8.6.1 Separation of Variables 

The classical method of solving scattering problems, separation of variables, 
has been applied previously in this book to a homogeneous sphere, a coated 
'->phere (a simple example of an inhomogeneous particle), and an infinite right 
circular cylinder. It is applicable to particles with boundaries coinciding with 
coordinate surfaces of coordinate systems in which the wave equation is 
'cparable. By this method Asano and Yamamoto (1975) obtained an exact 
'olution to the problem of scattering by an arbitrary spheroid (prolate or 
ohlate) and numerical results have been obtained for spheroids of various 
'hape, orientation, and refractive index (Asano, 1979; Asano and Sato, 1980). 
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Although this solution is exact it shares the drawbacks of other solutions for 
nonspherical particles: computations can be complicated and lengthy, particu
larly for larger particles and for averages over all orientations, not to mention 
size and shape distributions. Because of this, perhaps, the spheroid solution has 
been slow to be adopted by other workers. Nevertheless, the results of Asano 
and Sato (1980) give some of the best insights available into the systematic 
effects of nonsphericity in light scattering. Several examples from the work of 
Asano and his collaborators are included in Chapters II and 13. 

8.6.2 Point Matching 

In the point matching method (Oguchi, 1973; Bates, 1975) the fields inside and 
outside a particle are expanded in vector spherical harmonics and the resulting 
series truncated; the tangential field components are required to be continuous 
at a finite number of points on the particle boundary. Although easy to 
describe and to understand, the practical usefulness of this method is limited to 
nearly spherical particles; large demands on computer time and uncertain 
convergence are also drawbacks (Yeh and Mei, 1980). 

8.6.3 Perturbation Methods 

A nonspherical particle may be looked upon as a sphere the boundary of which 
is distorted, or "perturbed," by different amounts at different points. The field 
scattered by such a particle is, formally at least, given by an infinite series in a 
perturbation parameter the first term of which is the Mie solution. Perturba
tion solutions to the problem of scattering by nonspherical particles have been 
advanced by Yeh ( 1964) and by Erma (1968ab, 1969). The former author 
developed his theory only to first order in the perturbation parameter. The 
latter author claims an exact solution valid for all particles for which the series 
converge, without, however, specifying the conditions for convergence or giving 
numerical results so that the practicality of his method may be assessed. An 
infinite series solution that is formally exact is of little practical use unless it 
can be truncated after a reasonable number of terms without appreciable error. 
It seems likely that the practical usefulness of both these perturbation methods 
is limited to nearly spherical particles. This is a feature common to all 
perturbation methods: the further the system of interest deviates from the 
unperturbed system, the more terms are required and the more cumbersome 
and time consuming the computations become. 

8.6.4 Purcell-Pennypacker Method 

A solution to the problem of scattering by an arbitrary particle could be 
obtained in principle by computing the dipole moment induced in each of its 
constituent atoms by the incident field and the combined fields of all the other 
atoms. But even a small particle (say - I ~tm) contains more than 10 10 atoms, 
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which means that a comparable number of equations would have to be solved 
iteratively, clearly a formidable task. Purcell and Pennypacker (1973) adopted 
the basic methodology of this approach while reducing it to more manageable 
proportions. 

A particle is subdivided into a small number of identical elements, perhaps 
100 or more, each of which contains many atoms but is still sufficiently small 
to be represented as a dipole oscillator. These elements are arranged on a cubic 
lattice and their polarizability is such that when inserted into the 
Clausius-Mossotti relation the bulk dielectric function of the particle material 
is obtained. The vector amplitude of the field scattered by each dipole 
oscillator, driven by the incident field and that of all the other oscillators, is 
determined iteratively. The total scattered field, from which cross sections and 
scattering diagrams can be calculated, is the sum of all these dipolar fields. 

Purcell and Pennypacker calculated scattering and absorption by various 
rectangular particles with different refractive indices for size parameters up to 
about two. More recently, Kattawar and Humphreys ( 1980) used the 
Purcell-Pennypacker method to investigate scattering by two spheres as a 
function of separation. Arbitrary shapes can be treated by this method but 
excessive computation time appears to preclude its use for large size parame
ters. 

8.6.5 T -Matrix Method 

A promising method based on an integral equation formulation of the problem 
of scattering by an arbitrary particle has come into prominence in recent years. 
It was developed by Waterman, first for a perfect conductor (1965), later for a 
particle with less restricted optical properties (1971). More recently it has been 
applied to various scattering problems under the name Extended Boundary 
Condition Method, although we shall follow Waterman's preference for the 
designation T-matrix method. Barber and Yeh ( 1975) have given an alternative 
derivation of this method. 

In Chapter 4 a plane wave incident on a sphere was expanded in an infinite 
series of vector spherical harmonics as were the scattered and internal fields. 
Such expansions, however, are possible for arbitrary particles and incident 
fields. It is the scattered field that is of primary interest because from it various 
observable quantities can be obtained. Linearity of the Maxwell equations and 
the boundary conditions (3.7) implies that the coefficients of the scattered field 
are linearly related to those of the incident field. The linear transformation 
connecting these two sets of coefficients is called the T (for transition) matrix. 
If the particle is spherical, then the T matrix is diagonal. 

Explicit expressions for the T matrix can be obtained by casting the 
scattering problem in integral rather than differential form. Details are given in 
the references cited above. We also recommend an expository article by Strom 
(1975). 
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Scattering by homogeneous spheroids and finite cylinders has been investi
gated by Barber and Yeh (1975) using the T-matrix method. Single coated 
prolate spheroids (Wang and Barber, 1979) as well as polydispersions of such 
particles (Wang et al., 1979) have also been treated. Because numerical results 
for particles of arbitrary shape and large volume can be obtained efficiently 
(Y eh and Mei, 1980) this method is actively being used at present. 

8.6.6 The Need for a Statistical Approach 

Many calculations for nonspherical particles have been, and are being, done 
with the methods outlined above. Although they may be quite suitable for 
single particles, ensembles of particles distributed in size, shape, and orienta
tion are often of more interest. Of course, the properties of such ensembles 
follow from those of their individual members-but not trivially. With increas
ing dispersion, calculations can quickly escalate to unmanageable proportions, 
although heroic efforts have been made for randomly oriented, homogeneous 
(Asano and Sato, 1980) and inhomogeneous (Wang et al., 1979) spheroids. 

We may imagine that an irregular particle is generated from a spheroid by 
chipping it at random. A spheroid requires four parameters for its characteriza
tion: two for size and shape, two for orientation. Each time a chip is made 
additional parameters are required. Even if an exact solution to the problem of 
scattering by such a chipped spheroid were obtainable, would it be of great 
value, particularly if we were interested only in the average properties of an 
ensemble of similar particles? 

The effect of averaging over one or more particle parameters-size, shape, 
orientation-is to efface details: extinction fine structure, particularly ripple 
structure, to a lesser extent interference structure (Chapter 11); and undula
tions in scattering diagrams. If the details disappear upon averaging over an 
ensemble perhaps the best strategy in this instance would be to avoid the 
details of individual-particle scattering altogether and reformulate the problem 
statistically. 

Further progress in the theory of light scattering by irregular particles may 
come from a statistical formulation of this problem. A small step in this 
direction is taken in Chapter 12, where extinction spectra of small irregular 
particles are approximated by averages over Rayleigh ellipsoids. The modest 
success of this approach suggests that it might profitably be extended to larger 
particles. 

NOTES AND COMMENTS 

The solution to the problem of scattering by a sphere described by the 
constitutive relations (8.5) was obtained by Bohren ( 1974). This was then 
extended to optically active spherical shells (Bohren, 1975) and cylinders 
(Bohren, 1978). 
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A good discussion of the dielectric properties of a mixture, independent of a 
specific model, has been given by Landau and Lifshitz (1960); we also 
recommend a paper by Niklasson et al. (1981) for its discussion of several 
aspects of the mixture problem. 

An approach somewhat similar to that in Section 8.5 was taken by O'Neill 
and Ignatiev ( 1978), who obtained an expression for the average dielectric 
function of a mixture containing spheroidal inclusions with ratios of semi
minor to semimajor axes given by a probability distribution function. 

Further work on the theory of backscattering by inhomogeneous particles 
and its comparison with measurements has been done by Bohren and Battan 
(1981). 

Banderman and Kemp (1973) have treated scattering by arbitrarily shaped 
particles in a manner similar to that of Purcell and Pennypacker ( 1973). 

Some of the most recent work on scattering by irregularly shaped particles is 
contained in a collection of papers edited by Schuerman (1980). 
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Chapter 9 
Classical Theories 

of Optical Constants 

A new silver coin or a polished aluminum cooking pan is shiny but opaque to 
transmitted light; pure water or a piece of window glass is transparent but 
weakly reflecting; the light transmitted by ruby gemstones is red. Such com
monly observed phenomena are consequences of the many different ways in 
which objects reflect and transmit visible light; but these properties are 
determined by the more fundamental optical constants of the materials of 
which the objects are composed. Relations between optical constants and 
reflection and transmission at plane interfaces were derived in Chapter 2. In 
this chapter we show how the variation of optical constants can be understood 
by appealing to simple models of the microscopic structure of matter. 

There are two sets of quantities that are often used to describe optical 
properties: the real and imaginary parts of the complex J:efractive index 
N = n + ik and the real and imaginary parts of the complex dielectric function 
(or relative permittivity) £ = £' + i£". These two sets of quantities are not 
independent; either may be thought of as describing the intrinsic optical 
properties of matter. The relations between the two are, from (2.47) and (2.48), 

E" 
£" =- = 2nk 

Eo , {9.1) 

n= 

k= (9.2) 

where we have assumed that the material is nonmagnetic (p. = p. 0 ). 

In Part 2 we shall usually give both sets of optical constants, ( n, k) and 
(f', f"), side by side. For some purposes one set is preferable, and for other 
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purposes the other set is preferred. For example, most people have a better 
intuitive understanding of n and k because they are related to the phase 
velocity and attenuation of plane waves in matter. In considerations of wave 
propagation, therefore, n and k are preferred. However, in considering the 
microscopic mechanisms that are responsible for optical effects, £' and £" are 
more appropriate. Reflection and transmission by slabs and plane interfaces 
are described more simply with 'n and k, while equations for absorption and 
scattering by particles small compared with the wavelength are more simply 
written using f.' and £". Therefore, at the slight risk of undue repetition, we 
shall display both sets of optical constants. 

9.1 THE LORENTZ MODEL 

Near the beginning of this century H. A. Lorentz developed a classical theory 
of optical properties in which the electrons and ions of matter were treated as 
simple harmonic oscillators (i.e., "springs") subject to the driving force of 
applied electromagnetic fields. The results obtained therefrom are formally 
identical to those of quantum-mechanical treatments, although various quanti
ties are interpreted differently in the classical and quantum-mechanical theo
ries. As most of us are more comfortable thinking in classical terms, it is 
fortunate that we may do so without doing violence to the correct results. This 
undoubtedly explains why the Lorentz model remains so useful, not only in 
guiding our intuition, but also in quantitatively analyzing experimental data. 

Following Lorentz, we take as our microscopic model of polarizable matter 
a collection of identical, independent, isotropic harmonic oscillators (Fig. 9.1 ). 
We shall later generalize to more than one kind of oscillator and to anisotropic 
oscillators. An oscillator with mass m and chargee is acted upon by: a linear 
restoring force Kx, where K is the spring constant (stiffness) and x is the 
displacement from equilibrium; a damping force bx, where b is the damping 
constant; and a driving force produced by the local electric field E 1ocal 

(magnetic forces may usually be neglected compared with electrical forces). We 
neglect radiation reaction. The equation of motion of such an oscillator is 

mx + bx + Kx = eE 1ocal· (9.3) 

The local field E local "seen" by a single oscillator and the macroscopic field E, 
which is an average over a region containing many oscillators, are different in 
general. However, we shall ignore this difference because it does not affect our 
simple model of optical constants, and proper treatment of the local field 
would be a fruitless digression at this point. A good elementary discussion of 
the local field is given in Kittel (1971, pp. 454-458). 

The electric field is taken to be time harmonic with frequency w. As in 
previous chapters, we shall deal with the complex representations of the real 
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Figure 9.1 The Lorentz model of matter. 

time-harmonic quantities (see Section 2.2). The solution to (9.3) is composed of 
a transient part, which dies away because of damping, and an oscillatory part 
with the same frequency as the driving field. We shall be interested only in the 
oscillatory part 

(ejm)E 
x=-~..:...__~--

w5- w2
- iyw' 

(9.4) 

where w6 = Kjm andy = bjm. If y * 0, the proportionality factor between x 
and E is complex; therefore, the displacement and field are not, in general, in 
phase. In order to discuss the consequences of this phase difference, we write 
the displacement as Ae;9 ( e Ejm ), where the amplitude A and phase angle 8 
are 

(9.5) 

These are shown as functions of frequency in Fig. 9.2a. Note that the 
amplitude is a maximum at w ==== w0 , where the height of this maximum is 
inversely proportional toy, and the width at half-maximum is proportional to 
y (provided that y << w0 ). At low frequencies ( w << w0 ) the oscillator responds 
in phase with the driving force (8 ==== 0°), whereas at high frequencies ( w >> w0 ) 

the two are 180° out of phase; the 180° phase change occurs in the vicinity of 
the resonant frequency w0 • The behavior of the phase will be helpful in 
understanding the speed of light in matter. 

Given the response of a single oscillator to a time-harmonic electric field, 
the optical constants appropriate to a collection of such oscillators readily 
follow. The induced dipole moment p of an oscillator is ex. If 'DC is the number 
of oscillators per unit volume, the polarization P (dipole moment per unit 
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Figure 9.2 Characteristics of the one-oscillator (Lorentz) model. 

volume) is ~ p = ~ex, and from (9.4) we have 

(9.6) 

where the plasma frequency is defined by w; = ~e2jmE0 • Equation (9.6) is a 
particular example of the constitutive relation (2.9). Therefore, the dielectric 
function for our system of simple harmonic oscillators is 

(9.7) 
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with real and imaginary parts 

w2 yw 
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(9.8) 

(9.9) 

The proof is lengthy, although straightforward, and will be omitted here, but it 
can be shown by direct substitution and integration that x' and x" satisfy the 
Kramers-Kronig relations (2.36) and (2.37). 

The frequency dependence of the real and imaginary parts of the dielectric 
function (9.7) are shown schematically in Fig. 9.2b; following this are the 
corresponding real and imaginary parts of the refractive index (Fig. 9.2c). The 
reflectance at normal incidence (2.58) is also of interest and is shown in Fig. 
9.2d. Many features of the optical properties of materials are illustrated by 
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these characteristics of the simple oscillator model because such an oscillator 
can describe many different kinds of optical excitations. Several examples of 
actual data will be compared with the results of the oscillator model later in the 
chapter. First, however, there are some general oscillator characteristics that 
should be noted: 

The region of high absorption at frequencies around w0 gives rise to an 
associated region of high reflectance provided, of course, that the oscillator 
parameters are such that k >> 1 in this region. The high reflectance allows little 
light to get past the bounding surface of the material, and that which does is 
rapidly attenuated. 

On both sides of the resonance region n increases with increasing frequency, 
which is called normal dispersion. Only in the immediate vicinity of the 
resonance frequency does n decrease with frequency, so-called anomalous 
dispersion. Such a reversal of dispersion, if it occurred in transparent regions, 
would provide a much-needed material for designing color-corrected lenses. 
Unfortunately, anomalous dispersion occurs only in regions of high absorption 
where no appreciable light is transmitted. 

The maximum value of f." occurs approximately at w0 provided that 
y << w0 • For frequencies in the neighborhood of w0 the dielectric functions 
(9.8) and (9.9) may be approximated by 

f.':::::: I+ 
w;( w0 - w )/2w0 

2 2' (w0 -w) +(y/2) 
(9 .10) 

yw;j4w0 
f.

" :::::: ___ ....:...._ ___ _ 
2 2 • 

(w0 -w) +(y/2) 
{9.11) 

It is obvious from (9.11) that the maximum value of f." is approximately 
w;jyw0 and the width of the bell-shaped curve f."( w) is y (i.e., f." falls to 
one-half its maximum value when w0 - w = ± y /2). If we set the derivative of 
(9 .I 0) with respect to the variable w0 - w equal to zero, it follows that the 
extreme values of f.', f.~ax = I + f.~ax/2 and f.~n = I - f.~ax/2, occur at 
w = w0 - y /2 and w = w0 + y /2, respectively. These properties of a narrow 
Lorentzian line are very helpful in quickly visualizing the shape of f.( w) from 
the parameters of (9.7). 

9.1.1 Comparison of Classical and Quantum-Mechanical Concepts 

The models of optical properties in this book are strictly classical. However, 
modem theoretical work aimed at understanding in detail the microphysics of 
optical properties is mostly quantum mechanical. Therefore, in this section we 
briefly discuss a few relevant quantum-mechanical concepts and also show that 
there is an analogy between the classical and quantum-mechanical descriptions 
of optical properties. 



9.1 THE LORENTZ MODEL 233 

Most readers are no doubt comfortable with the alternative descriptions of 
light as either a stream of photons-quanta of electromagnetic energy-or 
electromagnetic waves. The relation between the two is E9 = liw, where w is the 
angular frequency of the electromagnetic wave, E9 is the energy of the associ
ated photon, and li is Planck's constant divided by 27T. In discussing the 
interaction of photons with matter, we must acknowledge that they do so in a 
discrete manner: a photon absorbed in matter gives up its energy and momen
tum to produce quantum excitations. Each excitation has its own quantized 
energy and momentum. A large part of the research effort in solid-state physics 
is involved with investigating the spectrum of such elementary excitations. 

One important example is the phonon, a quantum of lattice vibration. An 
incident photon may give up its energy in a solid and create a phonon in the 
process. A less likely outcome is the production of two or more phonons within 
the bounds imposed by energy and momentum conservation. It is also possible 
for a photon to interact in a solid by exciting a phonon of lesser energy, the 
energy difference being carried off by another photon; such processes, called 
inelastic, i~l£!.!!.£~£~~E.~-~!i1Jpu~~-~~"'!!!~~ng and are beyond the scope of 
this book. The following is a partial list of quantum excitations; we shall 
discuss some of these later. 

Phonon 

Plasmon 
Magoon 

Exciton 

Polariton 

quantized lattice wave 
quantized plasma (charge density) wave 

quantized magnetic spin wave 
quantum of electronic excitation consisting of an electron-hole 
pair 
quantum of coupled electromagnetic wave and another exci
tation such as a phonon or plasmon 

The quantum-mechanical expression for the dielectric function may be written 
in the form (see, e.g., Ziman, 1972, Chap. 8, for an elementary discussion of the 
quantum theory of optical properties) 

(9.12) 

Note that ifj = I, (9.12) is formally identical with the classical expression (9.7); 
the classical multiple oscillator model, which will be discussed in Section 9.2, is 
even more closely analogous to (9.12). However, the interpretations of the terms 
in the quantum and classical expressions are quite different. Classically, w0 is 
the resonance frequency of the simple harmonic oscillator; quantum mechani
cally w11 is the energy difference (divided by li) between the initial or ground 
state i and excited state}. Classically, y is a damping factor such as that caused 
hy drag on an ohject moving in a viscous fluid; quantum mechanically, y1 
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relates to the probabilities of transition to all other quantum states. The 
oscillator strengths /;1 represent the probability of an excitation from state i to 
state}; they are calculated through the matrix elements of the dipole moment 
operator. Despite considerable underlying conceptual differences, the formal 
similarities between the classical and quantum-mechanical theories allow us to 
think classically and not be far wrong. 

9.1.2 High- and Low-Frequency Limiting Behavior 

For frequencies much greater than the resonance frequency, the real and 
imaginary parts of the dielectric function (9.7) are approximately 

Yw2 
" p £ ::::::-3-. 

w 

w >> w0 (9.13) 

The real part of the dielectric function approaches unity from below, while the 
imaginary part tends to zero as the inverse third power of the frequency. The 
corresponding components of the refractive index are 

w >> w0 (9 .14) 

and the reflectance at normal incidence is, from (9.14) and (2.58), 

R=(;J w >> w0 • (9.15) 

The 11 w4 high frequency limit for R can be useful in determining optical 
constants from Kramers-Kronig analysis of reflectance data (see Section 2.7). 
Reflectances at frequencies higher than the greatest far-ultraviolet frequency 
for which measurements are made can be calculated from (9.15) and used to 
complete the Kramers-Kronig integral to infinite frequency. 

For frequencies much less than the resonance frequency, the real and 
imaginary parts of (9. 7) are 

w2 
E:':::::: I+~' 

wo 

yw 2w 
£":::::: __ P_ 

wci 

w << w0 • (9.16) 
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The imaginary part tends to zero as w, and the real part approaches a constant 
that depends on the number density of oscillators and their mass. 

Notions of "high"- and "low"-frequency limiting behavior depend on one's 
point of view, and the notation reflects this: what is low frequency to an 
ultraviolet spectroscopist may be high frequency to an infrared spectroscopist. 
For insulating solids the value of E:' in the near infrared is often denoted as £ 0 

by ultraviolet spectroscopists; it refers to frequencies low compared with 
certain oscillators-electrons in this example-which may, however, be high 
compared with lattice vibrational frequencies. Consequently, this same limiting 
value is denoted as £

00 
by infrared workers. 

The low-frequency limit of £" (9 .16) correctly describes the far-infrared (I jA. 
less than about 100 em -I) behavior of many crystalline solids because their 
strong vibrational absorption bands are at higher frequencies. This limiting 
value for the bulk absorption, coupled with the absorption efficiency in the 
Rayleigh limit (Section 5.1), gives an w2 dependence for absorption by small 
particles; this is expected to be valid for many particles at far-infrared 
wavelengths. 

9.1.3 Index of Refraction Less Than 1 

When encountered for the first time, a refractive index n less than 1, such as at 
frequencies greater than w0 in Fig. 9.2c, often causes great anguish-some
times followed by heated debate. For one of the consequences of special 
relativity is that speeds greater than c, the free-space speed of light, are not 
attainable; yet the phase velocity of a plane harmonic wave is cjn (Section 
2.6). In fact, this was used as a stick-to no effect-with which to beat the 
theory of relativity during its infancy. In elementary texts this problem is 
sometimes disposed of by invoking the group velocity cj[d(wn)jdw] and 
stating that it is this velocity which cannot exceed c. This may be so in regions 
of normal dispersion, but in regions of anomalous dispersion the group 
velocity can exceed c and, indeed, can be negative. So invoking the group 
velocity is only likely to compound the anguish. 

This apparent clash with special relativity arises from the mistaken assump
tion that all quantities with dimensions of velocity are constrained to be less 
than or equal to c. Special relativity only places an upper bound on the velocity 
of material bodies, and we can extend this to mean signals as well. The phase 
velocity of a plane harmonic wave is the velocity of neither a material body nor 
a signal; an observer equipped with a detector and situated in the medium does 
not measure cjn as the speed at which the troughs and crests of the wave go by 
him. The plane wave originates from a source which has been turned on for a 
sufficient period of time to allow the wave to be established throughout the 
medium. The only way to measure the velocity of a signal is to turn off the 
source, note the distance between source and detector, tum on the source, and 
wait for a response. The distance to the source divided by the time elapsed 
hctween turning on the source and noting the first response of the detector 



236 CLASSICAL THEORIES OF OPTICAL CONSTANTS 

cannot be greater than c. To show this we must consider the propagation of a 
pulse, which can be decomposed into its Fourier components (Section 2.3), 
each of which propagates with a different phase velocity-some greater than 
and some less than c. As a consequence of dispersion-n depends on 
frequency-the pulse changes its shape in a complicated way as it progresses 
through the medium. The proof is difficult, but Brillouin and Sommerfeld 
showed that in a medium described by a realistic dielectric function, no signal 
can be propagated faster than c; for details we refer the reader to the book by 
Brillouin ( 1960), in which English translations of the original papers on this 
subject can be found. Subsequently, Kramers showed that a necessary and 
sufficient condition for the signal velocity in a medium to be less than cis that 
the real and imaginary parts of its refractive index satisfy the dispersion 
relations (2.49), (2.50); therefore, the proof of Brillouin and Sommerfeld, who 
used such a refractive index in their analysis, is a special case of a more general 
result. 

The proof that the signal velocity cannot be greater than cis complicated; 
but it is possible to obtain some insight into refractive indices less than l-or 
greater than 1 for that matter-by simple reasoning based on the oscillator 
model discussed above. To do so, we adopt a microscopic approach according 
to which the oscillators in a sample of matter are driven by an incident plane 
wave and reradiate (scatter) waves in all directions. In directions other than 
that of the incident wave, there is almost complete destructive interference of 
the scattered waves. In the direction of propagation, however, the incident and 
scattered waves combine to produce a transmitted wave with a phase either 
retarded or advanced relative to that of the incident wave depending on the 
phase difference between an oscillator and the incident wave; as shown in Fig. 
9.2a, this relative phase can vary from 0° to 180°. 

Consider the waves scattered by isotropic dipole oscillators in the thin slab 
of matter shown in Fig. 9.3; only part a is of concern at the moment. These 
waves add vectorially at point P to produce the resultant forward-scattered 
wave s; the important point, which is by no means obvious yet, is that this 
resultant scattered wave is phase shifted 90° relative to the incident wave (in 
addition to the phase shift between the oscillators and the incident wave). The 
background necessary to show this has been presented in Chapter 3; Fig. 3.8 is 
similar to Fig. 9.3 except that in the former the scatterers were arbitrary 
particles. The transmitted field t at P is the vector sum of the incident field and 
the fields scattered by all the oscillators. If we assume that the direction of 
vibration of the incident wave is not rotated as it propagates through the slab, 
the transmitted field is given by (3.39): 

E E ikd[l 27T0'Lh (" X) ]" 
t = oe -~ ex • 9 =0 ex' (9 .17) 

where 0t is the number of oscillators per unit volume. This result has often 
been obtained using scalar diffraction theory. Strictly speaking, (9.17) only 
applies to a dilute collection of oscillators, but interactions among them will 
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Figure 9.3 The wave transmitted (t) by a slab of dipole oscillators is the sum of incident (i) and 
~cattered (s) waves. 

not affect the qualitative aspects of our analysis, which is intended to be 
descriptive rather than completely rigorous. The vector scattering amplitude X 
for an isotropic dipole with polarizability a is (5.17): 

ik3 
A A A 

X= 4";aer X (er X eJ. 

Since er X ex= ey and er X ey = -ex when 0 = 0°, we have 

-ik3 

(ex· X)e=o =~a, 

which can be substituted into (9.17) to obtain 

(9.18) 

It follows from (9.5) and (9.6) that the polarizability can be written a= lalei8
, 

where E> is the phase difference between the displacement of an oscillator and 
the field that excites it. Thus, the total scattered field is 

E = 1 E.0thklalei(<3+7T/2) 
S 2 I ' 

(9.19) 

where we have used i = ei77
/

2
• The significance of (9.19) is that the oscillators 

'catter waves that interfere at P to give a total scattered wave Es which is 90° 
nut of phase with the oscillators and E> + 90° out of phase with the incident 
wave. Figure 9.3a shows the incident wave i, the 90° phase-shifted scattered 
wave .\', and the transmitted wave I for low frequencies where E> :::::: 0; phasor 
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diagrams are included for those who are enlightened by such. Note that the 
transmitted wave is retarded (i.e., it lags the incident wave) because of 
interactions with all the oscillators in the slab. Interaction with successive slabs 
of oscillators as the wave moves through the medium results in a phase velocity 
less than c : n > 1. Figure 9.4 shows the phase relations that lead to n > 1 at 
low frequencies; on the left side of the figure the vertical scale shows the 
oscillator phase relative to the incident wave, and on the right side the vertical 
scale shows the phase of the total scattered wave relative to the incident wave; 
phasor diagrams are also included. At frequencies well above the resonant 
frequency the oscillator phase is almost 180° and the scattered wave has a 
phase of almost 270°. Figure 9.3b shows that the scattered wave leads the 
incident wave, giving a transmitted wave that is advanced relative to the 
incident wave because of interaction with the oscillators in the slab. Interaction 
with successive slabs of oscillators as the wave moves through the medium 
results in a phase velocity greater than c: n < 1. Such a seemingly strange 
effect as the speeding up of light is thus no stranger than the slowing down of 
light; both effects depend on the relative phase of the waves radiated by 
oscillators that have been set in motion by the electromagnetic field. It should 
be carefully noted, however, that this entire discussion has been based on the 
steady-state response of the oscillators. Consideration of the transient response 
would give quite different results, including "precursors" which travel through 
the medium at exactly c regardless of the oscillator response (see, e.g., Stratton, 
1941, pp. 333-340, for a discussion of the transients leading up to the 
steady-state response). Thus, a pulse of electromagnetic energy would not 
follow the behavior we have just sketched because the steady state would not 
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Figure 9.4 Phase of a single oscillator, and that of the wave scattered by a slab of oscillators, 
relative to that of the wave exciting them. 
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have time to build up. In particular, the signal carried by the pulse could not 
be propagated faster than the free-space speed of light. 

9.1.4 An Example of Electronic Excitations: MgO 

For all solids and liquids there is a frequency region in the ultraviolet where 
light is strongly absorbed because the photon energy matches energy dif
ferences between filled and empty electron energy levels. Since there is a 
continuum of both empty and filled levels (bands), the result is an extensive 
region of high absorption. The gross properties of this complicated quantum 
system can be represented by a single classical oscillator with sufficient 
strength and damping to give it strong absorption over a broad frequency 
range. Of course, such a model cannot be expected to give the details of the 
electronic absorption structure, but it can give the general features. Thus, it is 
useful in guiding intuition and sometimes in coarse modeling of optical 
constants. 

Our first illustrative example of a real material is the electronic excitations 
of MgO, an insulating crystalline solid, which will be one of the representative 
solids of Chapter 10. The reflectance measured at near-normal incidence over 
the photon energy range from about 1 to 30 eV (2 eV corresponds to a 
wavelength of about 0.62 J.tm) is shown in Fig. 9.5; these data and the 
corresponding optical constants are from Roessler and Walker ( 1967), who 
give a table of n and k. Peaks and valleys in the reflectance curve are caused 
mostly by variations in the density of occupied and vacant electron states. The 
optical constants derived from a Kramers-Kronig analysis of the reflectance 
data (see Section 2.7) are shown in the bottom part of the figure; the 1jw4 

limiting behavior of the reflectance (9.15) was used to extrapolate the data to 
infinite energy. The dashed curves are the result of calculations based on a 
one-oscillator model using the parameters given in the figure caption. With 
these oscillator parameters the dielectric functions were calculated from (9.8) 
and (9.9); the corresponding optical constants n and k follow from (9.2), and 
the normal-incidence reflectance from (2.58). 

If we disregard the fine structure, we see that the gross behavior of R, n, 
and k is given correctly by this simple one-oscillator model. The similarity to 
Fig. 9.2 is evident. At energies well below the resonance peak, which includes 
the visible region from about 2 to 3 eV, the material is nonabsorbing (small k), 
while n is almost constant, increasing only slightly toward higher energy. This 
hchavior of n is the normal dispersion shown by all common transparent 
materials at visible wavelengths; it is the sort of frequency dependence one 
finds in elementary texts for the refractive index of glass, water, ice, and so on. 
In fact, this nearly constant refractive index that we have grown up with 
undoubtedly contributes to our collective prejudice that optical constants are 
really essentially constant, except for a small increase of n toward the blue, 
which causes separation of white light into a rainbow of colors upon passing 
through a prism or a water drop. Even the one-oscillator model clearly shows, 
however, that this prejudice is an all too simplistic view of optical properties; 
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Figure 9.5 Measured reflectance and derived optical constants for MgO are shown by solid lines 
(Roessler and Walker, 1967). Calculations for a one-oscillator model with w; = 321 (eV) 2

, y = 8 
eV, and w0 = 13 eV are shown by dashed lines. 

normal dispersion of n in the nonabsorbing region is inseparably connected 
with, and in a sense caused by, the strong absorption band centered at 
E90 = w0jli. All visibly transparent solids and liquids must therefore have 
strong absorption in the ultraviolet where they are opaque. 

In the energy region broadly centered about 14 eV (A~ 880 A), light is 
strongly absorbed in MgO after penetrating the surface of the crystal. We can 
estimate the penetration depth from (2.52): Ij/0 = exp( -4TTkzjA). Fork~ 1 
and A= 0.88 X lo-s em, the lje penetration depth is about 10- 6 em, or 100 
A; thus, it would be hopeless to attempt cutting and polishing or cleaving a 
crystal thin enough so that transmission measurements could be made in this 
energy region. On the other hand, a I 00-A penetration depth corresponds to 
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many atomic layers in the crystal; hence, reflection is not just a phenomenon 
r< mfined to surface layers of atomic dimensions, as is, for example, low-energy 
electron diffraction by solids. 

High absorption in the far ultraviolet is accompanied by high reflectance, as 
was pointed out for the general oscillator model. Figure 9.5 shows that MgO 
reflects over 20% of normally incident light in the vicinity of 20 eV (X ::::: 600 
A); this compares well with platinum-a common far-ultraviolet reflectance 
l·oating-which has a reflectance of about 12% at 18 eV (Hass and Tousey, 
I Y59). Many nonconducting solids have higher reflectances in the far ultra
VIolet than metals. At still higher energies, of course, the reflectance goes to 
tero, as does k, and n approaches 1 from below; all these trends are shown in 
hg. 9.5 by the measured values, which are in accord with the limiting behavior 
(Y.l4) and (9.15) predicted by the model calculations. Low reflectance in the 
extreme ultraviolet (- 500 A or less) is common for all solids: there are no 
dficient normal-incidence mirrors in the far ultraviolet and soft x-ray regions. 

9.1.5 An Example of Lattice Vibrations: a-SiC 

It was shown in the preceding section that the optical properties corresponding 
to electronic transitions in condensed matter are qualitatively described cor
' cctly by a one-oscillator model, although one would hesitate to use such a 
'unple model to, for example, analyze reflectance data quantitatively. In 
nmtrast, the lattice vibrational modes in some crystals are so accurately 
dc~cribed by simple oscillator theory that it is commonly used to determine the 
''Plical constants from measurements. Since the lattice vibrations and elec
t n Hlic excitations are well separated in energy for many solids, the effect of the 
l"lcctrons can be well approximated by the low-frequency limit (9.16). That is, 
.11 frequencies low compared with characteristic electronic excitation frequen
l •c~. the dielectric function is taken to be a real constant; with this assumption, 
the modified one-oscillator model appropriate to lattice vibrations is 

(9.20) 

I he notation £oe indicates that this is the dielectric function at frequencies low 
llllllpared with electronic excitation frequencies. We have also replaced w0 with 
~<',. the frequency of the transverse optical mode in an ionic crystal; micro
,l., 1pic theory shows that only this type of traveling wave will be readily excited 
hv a photon. Note that w~ in (9.20) corresponds to <Jle 2 jme0 for the lattice 
'thrations (ionic oscillators) rather than for the electrons. The mass of an 
t'kl'lron is some thousands of times less than that of an ion; thus, the plasma 
frnJuency for lattice vibrations is correspondingly reduced compared with that 
f,,r electrons. 

A solid for which this one-oscillator model fits extremely well is a-SiC; this 
'' a .. textbook .. example. although it is a solid of considerable technological 
•mportance. Furthermore. it seems to he one of those few solids that have heen 
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identified in the far reaches of interstellar space by means of just such 
vibrational absorption features presented here. Since a-SiC is not completely 
isotropic we should actually treat it according to the anisotropic model of 
Section 9.3. However, its infrared properties are almost the same for the tw(l 
principal directions. For normal incidence reflectance from platelets of SiC, 
which tend to grow with flat faces perpendicular to the hexagonal axis, the 
optical properties are isotropic. 

Measured normal incidence reflectances of a-SiC for incident electric field 
perpendicular to the hexagonal axis are shown in Fig. 9.6; these are unpub
lished measurements made in the authors' laboratory, but they are similar to 
those published by Spitzer et al. (1959). Also included in this figure are both 
sets of optical constants-n, k and £', £"-calculated from the best fit of a 
one-oscillator model to the experimental data. Note that the model curve is 
almost a perfect representation of the data over the entire range shown; for 
this solid, the technique of fitting data with a one-oscillator model is both a 
simple and accurate method for extracting optical constants. 

Many of the features exhibited by the simple model (Fig. 9.2) are also seen 
in Fig. 9.6: normal disrersion of non either side of the resonance frequency; a 
narrow region of anomalous dispersion in the neighborhood of the absorption 
band; and high reflectance around the absorption band with lower reflectance 
away from the resonance frequency where k is small. A new feature appears 
because £oe has replaced 1 in the simple oscillator equation (9.7): the region of 
negative £' ( n < k) is confined to a narrower region near the resonance; in 
contrast,£' in Fig. 9.2 is negative in a greater range above the frequency near 
w0 where £' crosses the w axis. The high-frequency edge of the negative £' 
region, where£' = 0, is denoted by w1, the longitudinal optical mode frequency; 
this is the frequency at which longitudinal oscillations of the ions are resonant. 
Without going into detail we can obtain some insight into this by considering 
the Maxwell equation 

v · D = ev · E = 0. 

If f. =t= 0, then v · E = 0 and the electric field is transverse. However, if f. = 0 
at some frequency, then v X H = 0. This in tum, together with v · B = 0, 
implies that B = 0 and, consequently, v X E = 0; that is, the electric field is 
longitudinal. Note then that w 1 is the frequency at which f. vanishes or nearly 
does so. 

In the region between wt and w1, which for SiC is between about 800 and 
1000 em- 1

, the reflectance is high not because of large k but because of small 
n. If n = 0, the normal incidence reflectance is nearly 100%; only for the 
undamped oscillator ( y = 0) is the reflectance actually 100%, but solids like 
SiC approach this rather closely. If the damping constant y in (9.20) is set 
equal to zero, the real part of the dielectric function becomes 

(9.21) 
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and the imaginary part f." is an infinitely sharp spike centered at w1• R 
calculated for this undamped model is shown by dashed lines in Fig. 9.6. Note 
that SiC is well approximated by neglecting y, which is small compared with 
w1; in particular, the 100% theoretical reflectance between w1 and w1 is almost 
reached by the actual reflectance, which exceeds 97% in this region. Such high 
reflectances of ionic crystals in narrow infrared spectral regions provide means 
for making band-pass reflection filters, which are used in some commercial 
infrared spectrophotometers. The contrast between reflectances in and away 
from the high-reflectance region can be increased by multiple reflection: a 
beam of light with a continuum of infrared frequencies, upon being multiply 
reflected by a series of ionic crystals, will emerge with mostly frequencies in the 
high-reflectance region remaining. Discovery of this effect gave rise to the 
terminology Reststrah/en (residual ray) mode for this type of crystal oscillation. 

An interesting and useful relation can be derived between the frequencies 
and the real parts of the dielectric function on either side of the Reststrahlen 
band. The frequency w1 at which £

1 vanishes is, from (9.21), given approxi
mately by 

(9.22) 

For frequencies low compared with the transverse optical frequency w~' the 
dielectric function (9.21) approaches the limiting value f.ov: 

(9.23) 

The physical significance of f.oe and f.ov should be clear from Fig. 9.16. If (9.22) 
and (9.23) are combined we obtain the Lyddane-Sachs-Teller relation: 

(9.24) 

9.2 THEMULTIPLE-OSCILLATORMODEL 

The one-oscillator model is quite useful in describing many optical excitations, 
especially when modified to include-in the low-frequency limit-the effect of 
all oscillators removed to higher frequencies [e.g., (9.20)]. The model becomes 
even more useful over a broader range of frequencies if it is extended to a 
multiplicity of oscillators. A naive pictorialization of the multiple-oscillator 
model is that it is a collection of weights and springs, as in Fig. 9.1, but of 
more than one type; that is, there is more than one resonant frequency. A 
rigorous approach to treating lattice vibrations, for example, would be to 
separate the motions of the electrons and the lattice ions, write down the 
equations of motion for the ions moving in some kind of effective potential, 
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expand this potential to terms of second order in the displacement of the ions 
from equilibrium (the harmonic approximation), and transform the equations 
of motion to a system of normal coordinates; the result is a set of independent 
equations of motion for effective harmonic oscillators-a collection of weights 
and springs. Because of the superposition principle for amplitudes in the 
harmonic approximation, the complex polarizability is an additive quantity, 
that is, summable over the effective oscillators. In general, therefore, the 
dielectric function for a collection of oscillators is just the sum over the various 
oscillators 

2 
" wPJ 

E: = E:o + .i..J 2 2 . ' 
j w1 - W - zy1w 

(9.25) 

where the parameters of the jth oscillator are the resonant frequency w1, the 
damping constant yi' and the plasma frequency wpJ· As in (9.20), E: 0 represents 
the effect of all oscillators well removed to higher frequencies. This is a division 
for convenience; if all oscillators are included in the summation, then E: 0 = 
t: ( oo) = 1. Note that n and k are not summable: they must be obtained from 
(9.25). 

A simple application of the multiple-oscillator theory is to fit measured 
reflectance data for MgO in the Reststrah/en region. In Section 9.1 we 
considered the electronic excitations of MgO, whereas we now turn our 
attention to its lattice vibrations. A glance at the far-infrared reflectance 
spectrum of MgO in Fig. 9.7 shows that it does not completely exhibit 
one-oscillator behavior: there is an additional shoulder on the high-frequency 
side of the main reflectance peak, which signals a weaker, but still appreciable, 
second oscillator. The solid curves in Fig. 9.7 show the results of a two-oscil
lator calculation using (9.25); the reflectance data were taken from Jasperse et 
al. (1966), who give the following parameters for MgO at 295°K: 

w2 -4 = 6.6 
WI 

y1 = 7.62 cm- 1 

w2 = 640 cm- 1 y2 = 102.4 cm- 1 
w2 -4 = 0.045 
w2 

Notice the second, weaker oscillator at 640 cm- 1
; from a quantum viewpoint, 

this oscillator is interpreted as the excitation of two phonons by a photon. In 
')rder for momentum to be conserved, two phonons with almost equal and 
')pposite momenta must be created: a photon has negligible momentum 
l·ompared with phonon momenta. Such two-phonon transitions usually occur 
to a noticeable extent in ionic crystals, which necessitates a multiple-oscillator 
n lrrection to the main one-oscillator Reststrah/en band. 

We note that in MgO there is a rather large difference between the 
transverse optical mode frequency at about 400 cm- 1, where E:" is a maximum, 



IOOr---~--~--~--~--~---r---r---r---T--~ 

~ 
~ 

10 

~ 8 

(/) 
z 
0 

B z 
::::> 
lL 

u a: 
1-u 
w 
_J 
w 
0 

z 
~ 
~ 6 
0 
u 

4 
_J 
<( 
u 
i= a.. 
0 

()[ 

200 

400 

!:),\._ 
400 

400 

600 800 1000 1200 

WAVENUMBER (cm-1) 

n '~ I 1 I 

600 800 1000 1200 

600 800 1000 1200 

Figure 9.7 Reflectance and derived optical constants for MgO; the measurements (eire 
from Jasperse et al. (1966). 

146 



9.3 THE ANISOTROPIC OSCILLATOR MODEL 247 

and the longitudinal optical mode frequency, where f.' = 0. This in turn implies 
[see (9.24)] a large difference between the real part of the dielectric functions in 
the high- and low-frequency limits: f.oe = 3.01 and f.ov = 9.64. More important 
for absorption by small particles, the negative f.' region extends between w1 and 
w1• We shall show in Chapter 12 that small particles of various shapes can 
absorb strongly throughout the negative f.' region. Because of the extent of this 
frequency region in MgO, its small-particle absorption spectrum can look quite 
different from its absorption spectrum in thin films, which is similar to the k 
curve. 

9.3 THE ANISOTROPIC OSCILLATOR MODEL 

Common liquids are optically isotropic, and the solids that physicists seem to 
like most are cubic and therefore isotropic. As a consequence, treatments of 
optical properties, particularly from a microscopic point of view, usually favor 
isotropic matter. Among the host of naturally occurring solids, however, most 
are not isotropic. This somewhat complicates both theory and experiment; for 
example, measurements of optical constants must be made with oriented 
crystals and polarized light. But because of the prevalence of optically aniso
tropic solids, we are compelled to extend the classical models to embrace this 
added complexity. 

In the preceding sections the optical response of matter has been described 
by a scalar dielectric function f., which relates the electric field E to the 
displacement D. More generally, D and E are connected by the tensor constitu
tive relation (5.46), which we write compactly as D = e0i • E. The dielectric 
tensor i is often symmetric, so that a coordinate system can be found in which 
it is diagonal: 

0 

where £ 1, £ 2 , £ 3 , are the principal dielectric functions. Thus, if the electric field 
is aligned along one of the principal axes, then D and E are parallel. 

To give physical meaning to the principal dielectric functions, we consider 
propagation of plane waves E 0 exp(ik • x- iwt) in an anisotropic medium; 
that is, we ask: What kind of plane waves can propagate in such a medium 
without change of polarization? If we follow the same reasoning as in Section 
2.6, we obtain from the Maxwell equations 

where we have assumed that J.L = p. 0 • Let us consider the special case where k is 
along one of the principal axes, which we may take to be the z axis without loss 
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of generality. Then if E0 is referred to principal axes, the equations above 
reduce to 

( 
2 - W2€ I ) E = 0 k 2 Ox ' 

c 

If f. 3 * 0, then E0 z = 0: the wave is transverse. There are two solutions to these 
equations: 

2 
2 w €1 k =-· 

2 ' c 

2 
2 w €2 k =-· 

2 ' c 

Eox * 0, E0Y = 0, 

E0 x = 0, E0Y * 0. 

Thus, plane waves can propagate along the z axis without change of polariza
tion provided that they are either x-polarized or y-polarized. The complex 
refractive indices for these two types of waves, however, are different: 

If f. 1 = f. 2 , then the z axis- the direction of propagation-is called the optic 
axis or the c axis. In this analysis we have tacitly assumed that the coordinate 
transformation to principal axes diagonalizes both the real and imaginary parts 
of the dielectric tensor. 

In frequency regions where absorption is small the two indices of refraction 
n1 and n2 give rise to the phenomenon of double refraction. One of the most 
common uses for this property is in making wave retarders such as quarter-wave 
plates: incident light linearly polarized with equal x andy field components is 
phase shifted upon transmission because of the two different phase velocities 
cjn 1 and cjn 2 • An entire field, usually referred to as crystal optics, arises out 
of this and further applications of crystal anisotropy. 

Different refractive indices n for different linear polarization states of light 
propagating along a principal axis is called (linear) birefringence. Crystals with 
this property are said to be birefringent or doubly refracting. If there is 
appreciable absorption, the attenuation of a wave will also depend on polariza
tion; this is referred to as dichroism or, more specifically, linear dichroism, to 
distinguish it from absorption differences in circularly polarized light. 

The classical picture that describes these anisotropic effects based on the 
Lorentz model is illustrated in Fig. 9.8, which is a generalization of the spring 
model of Fig. 9.1; note that the spring stiffness depends on direction. 

To obtain expressions for the principal dielectric functions we need only 
write three equations similar to (9.20) with three different sets of oscillator 
parameters appropriate to f. 1, f. 2 , f. 3• Each set of parameters corresponds to one 
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Figure 9.8 Anisotropic oscillator. 

of the three different springs in Fig. 9.8. A more accurate description of the 
principal dielectric functions than can be given with one oscillator for each 
principal axis is a multiplicity of such oscillators (see Section 9.2). 

The spring model suggests that the symmetry of the crystal lattice de
termines the different forms of the dielectric tensor; that is, they are related to 
the seven types of crystalline solid (amorphous solids and most liquids are 
isotropic). This is summarized as follows: 

Amorphous solids 
Most liquids 
Cubic crystals 

Uniaxial Crystals. £ 1 = £ 2 * £ 3 

Tetragonal 

Hexagonal 

Trigonal ( 

E:' + iE:" I I 

0 

0 

Orthorhombic 

( 

E:' + iE:" I I 

0 

0 

0 

0 

0 •' } i•") 3 3 

0 

•' } i•") 3 3 

lliaxial Crystals 

Triclinic 

Monoclinic (~ 
0 

.~)or(~' 
0 

€~ 
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For the low-symmetry triclinic and monoclinic crystals the principal axes 
for the real and imaginary parts of the dielectric tensor are different. This 
makes life very complicated, and we-along with most other authors-will 
avoid such complications. 

An example of a solid with anisotropic optical properties in the lattice 
vibration region is crystalline quartz, Si02 , often found naturally as large, 
clear, single hexagonal crystals. Quartz is sometimes used for wave-retarding 
plates and has other commercial and scientific uses. Two different infrared 
reflectance spectra, taken from Spitzer and Kleinman ( 1961 ), are shown in 
Fig. 9.9. Polarized light was used in this experiment, and the crystal was 
oriented and cut properly for determination of the optical properties along 
the two principal axes. The positions of the Reststrah/en bands are quite 
different for the two polarization directions (parallel and perpendicular to 
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Figure 9.9 Reflectance of quartz for light polarized perpendicular (a) and (h) parallel to the c 
axis. Measurements (dots) and a theoretical fit (solid lines) arc from Spitzer and Kleinman (1961). 
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Table 9.1 Oscillator Parameters Used to Fit the Reflectance 
Data Shown in Fig. 9.9 (From Spitzer and Kleinman, 1961) 

w
1 

(cm- 1) 2 I 2 wPJ w1 yJjwJ 

1227 0.009 0.11 
1163 0.01 0.006 
1072 0.67 0.0071 Electric field 
797 0.11 0.009 perpendicular 
697 0.018 0.012 to c axis 
450 0.82 0.0090 
394 0.33 0.007 

(Oe = 2.356 

1220 0.011 0.15 
1080 0.67 0.0069 
778 0.10 0.010 Electric field 
539 0.006 0.04 parallel 
509 0.05 0.014 to c axis 
495 0.66 0.0090 
364 0.68 0.014 

€oe = 2.383 

the c axis), especially at wavelengths greater than about 15 JLm; this shows 
the difference in the effective spring constants for different crystallographic 
directions. Spitzer and Kleinman fit the reflectance data for each polariza
tion direction with seven oscillators, the parameters of which are given in 
Table 9.1. With these parameters it is an easy matter to calculate optical 
constants from (9.25). Comparison of calculated reflectances (solid lines) 
with measured reflectances (dots) shows the success of the fitting procedure; 
this provides an excellent quantitative illustration of the anisotropic multi
ple-oscillator model. 

9.4 THE DRUDE MODEL 

There is a marked difference between the optical properties of conductors and 
nonconductors of electricity; this is shown schematically in Fig. 9.10 by simple 
energy band diagrams. Because of the large number of electrons in a solid, 
there is nearly a continuum of energy states, or levels, that these electrons can 
ot:t:upy. However, a consequence of the periodicity of the crystal lattice is that 
the energy levels are grouped into bands. If there is a forbidden energy gap, the 
hand gap, between completely filled and completely empty energy bands, the 
material is a nonconductor (i.e., an insulator or a semiconductor). If, on the 
other hand, a band of electron states is incompletely filled, or if an otherwise 
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Figure 9.10 Electron energy bands in nonconductors and conductors. Filled bands are shown 
hatched. 

filled band overlaps in energy with an empty band, the material is a conductor: 
electrons at the top of the energy distribution can be excited into adjacent 
unoccupied states by an applied electric field, which results in an electric 
current. This availability of vacant electron states in the same energy band 
provides a mechanism, intraband absorption, for absorption of low-energy 
photons. Absorption in nonconductors, interband absorption, is only likely for 
photon energies greater than the band gap. This difference between conductors 
and nonconductors gives rise to substantial optical differences: insulators tend 
to be transparent and weakly reflecting for photons with energies less than the 
band gap, whereas metals tend to be highly absorbing and reflecting at visible 
and infrared wavelengths. 

Electrons in metals at the top of the energy distribution (near the Fermi 
level) can be excited into other energy and momentum states by photons with 
very small energies; thus, they are essentially "free" electrons. The optical 
response of a collection of free electrons can be obtained from the Lorentz 
harmonic oscillator model by simply "clipping the springs," that is, by setting 
the spring constant Kin (9.3) equal to zero. Therefore, it follows from (9.7) 
with w0 = 0 that the dielectric function for free electrons is 

w2 
f.= 1- p 

w2 + iyw' 
(9.26) 

with real and imaginary parts 

w2 
€' = 1 - p 

w2 + y2' 

w;y 
€" = ---=-----

w( w2 + y2). 

(9.27) 

This is the Drude model for the optical properties of a free-electron metal. The 
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plasma frequency is given by w; = 0te 2 lme0 , where 0t is the density of free 
electrons and m is the effective mass of an electron. We have used the symbol 
wP before, but in the present context the plasma frequency has a simple 
physical interpretation. Let us take as our classical model of a metal a 
collisionless gas of free electrons moving against a fixed background of 
immobile positive ions. The number density 0t of positive charges is therefore 
constant in space and time. In equilibrium, the density of electrons is also 0t. 
But if the electrons are disturbed slightly from equilibrium by some unspeci
fied means, the nonuniform charge distribution will set up an electric field that 
will tend to restore charge neutrality. The electrons, having acquired momen
tum from the field, will overshoot the equilibrium configuration: there will be 
an oscillation. If we denote the electron number density by 0t - 80L, the 
electric field is given by 

(9.28) 

If we consider only small departures from equilibrium (180tl0tl << 1), the 
equation of continuity is approximately 

o8CJL 
v·u=--

at 0t ' 
(9.29) 

where u is the velocity field of the electron gas, which is taken to be a 
continuous charged fluid. The equation of motion of this charged fluid is 

au e - + (u · \7 )u = - - E 
at m ' 

(9.30) 

where we neglect magnetic and pressure gradient forces. The first term on the 
left side of (9.30) is of order U IT, where U is a characteristic velocity 
associated with the electron motion and T is a characteristic time; the second 
term is of order U 2 I L, where L is a characteristic length. If we assume that 
I IT >> U I L, then (9.30) is approximately 

au -~E. at= m 

I :rom these equations we obtain 

_!!-__ 80L + w2 80t = 0 
at 2 0t p CJL · (9.31) 

I he existence of plane-wave solutions E = E0 exp(ik • x- iwt), 80LI0L = 
( · exp(ik • x - iwt) to (9.28) and (9.31) requires that 

ik • E = e80L 
Eo ' 

c( w; - w2
) = 0. 

(9.32) 

(9.33) 

I here are two solutions to (9.33): (I) w2 "* w;. C = 0, which implies that the 
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plane wave is transverse (k • E = 0); and (2) C =1= 0, w2 = w;. The Drude 
dielectric function (9.26) vanishes at w = wP (neglecting damping); but we 
showed in Section 9.1 that the field is longitudinal at frequencies where 
£( w) = 0. Thus, the second solution corresponds to a longitudinal oscillation. 
This collective oscillation of the electron gas is called a plasma oscillation; it 
originates from long-range correlation of the electrons caused by Coulomb 
forces. Such plasma oscillations in gaseous discharges were investigated theo
retically and experimentally by Tonks and Langmuir ( 1929). Further refine
ments were added to the classical theory by Bohm and Gross (1949ab ); this 
work, in turn, led to a series of seminal papers on the quantum theory of 
plasma oscillations (Bohm and Pines, 1951, 1953; Pines and Bohm, 1952). 

In the more general-and realistic-case of nonzero damping, the Drude 
dielectric function vanishes at the complex frequency wP - iy j2, provided that 
w; >> y 2 j4. In the quantum-mechanical language of elementary excitations we 
refer to the excitation of a plasma oscillation as the creation (or production, or 
excitation) of a plasmon, the quantum of plasma oscillation, with energy tzwP 
and lifetime T = 2jy. For a plasmon to be a well-defined entity, its lifetime 
must be sufficiently long (wPT >> I). Although a plasmon is made up of 
electrons, it is not an electron: it is a gang, or collection, of electrons that get 
together under the urging of the long-range Coulomb force and decide to act in 
concert. Hence, for the purpose of discussing their behavior, they may, like an 
orchestra or a choir, be considered as a single entity following the same 
(Coulombic) conductor. In a choir, members are sometimes called upon to sing 
solos; so it is also in a collection of electrons. Individual particle behavior is 
exhibited, for example, in the electronic excitation spectrum of MgO (Fig. 9.5). 

An elementary treatment of the free-electron motion (see, e.g., Kittel, 1962, 
pp. 107-109) shows that the damping constant is related to the average timeT 
between collisions by y = 1 jT. Collision times may be determined by impuri
ties and imperfections at low temperatures but at ordinary temperatures are 
usually dominated by interaction of the electrons with lattice vibrations: 
electron-phonon scattering. For most metals at room temperature y is much less 
than wP. Plasma frequencies of metals are in the visible and ultraviolet: tzwP 
ranges from about 3 to 20 eV. Therefore, a good approximation to the Drude 
dielectric functions at visible and ultraviolet frequencies is 

w2 
€' :::::: 1 - _!!_ 

2' w 
w2y 

" p € ::::::--
3 ' w 

(w >> y ). (9.34) 

These equations are identical with the high-frequency limit (9.13) of the 
Lorentz model; this indicates that at high frequencies all nonconductors 
behave like metals. The interband transitions that give rise to structure in 
optical properties at lower frequencies become mere perturbations on the 
free-electron type of behavior of the electrons under the action of an electro
magnetic field of sufficiently high frequency. 
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The reflectance, dielectric functions, and refractive indices, together with 
calculations based on the Drude theory, for the common metal aluminum are 
shown in Fig. 9.11. Aluminum is described well by the Drude theory except for 
the weak structure near 1.5 e V, which is caused by bound electrons. The 
parameters we have chosen to fit the reflectance data, hwP = 15 eV and 
hy = 0.6 eV, are appreciably different from those used by Ehrenreich et al. 
(1963), liwP = 12.7 eV and hy = 0.13 eV, to fit the low-energy (liw < 0.2 eV) 
reflectance of aluminum. This is probably caused by the effects of band 
transitions and the difference in electron scattering mechanisms at higher 
energies. The parameters we use reflect our interest in applying the Drude 
theory in the neighborhood of the plasma frequency. 

For aluminum at low frequencies £' is large and negative and £" is also 
large; the magnitude of both decreases monotonically with increasing frequency. 
The corresponding n and k are both large at low frequencies, but decrease 
toward higher frequencies; k is greater than n, which is less than 1 in much of 
the region below wP (2-15 e V). Because of the small value of n, the normal 
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incidence reflectance is nearly 100% throughout this region, and even thin films 
of aluminum would transmit little light. At frequencies well above wP, £' = 1 
and f." = 0, which means that n = 1 and k = 0: at these frequencies, aluminum 
is transparent. The change from opacity to transparency near the plasma 
frequency is an example of ultraviolet transparency; it occurs in all free-electron 
type of metals: the alkali metals Li, Na, K, and Rb, and multivalent metals 
such as Mg, AI, and Pb. Ultraviolet transparency is a cut-on optical filter 
effect, which can be used to block light of wavelengths greater than A.r 

We have mentioned that the region of negative £' is of special importance 
for the optics of small particles, which can absorb and scatter strongly at 
frequencies that depend on their shape. In particular, strong absorption by 
spheres occurs at the frequency where f.' = -2. Figure 9.11 shows that there 
can be an extensive region of shape-dependent absorption and scattering by 
small metallic particles; this will be discussed more fully in Chapter 12. 

The Drude free-electron model is not limited to metals; as mentioned 
previously, nonconductors show a free-electron type of behavior at sufficiently 
high frequencies. For example, if one looks at the reflectance and dielectric 
functions of silicon (Philipp and Ehrenreich, 1963), one sees strong absorption 
bands between about 3 and 6 eV. Above about 7 eV, however, the reflectance 
falls smoothly from high to low values; f." goes smoothly toward zero; and £' 

increases from a large negative value, going through zero at the plasma 
frequency of about 17 eV. All this is characteristic of free electrons. 

Impurities in semiconductors, which release either free electrons or free 
holes (the absence of an electron in an otherwise filled "sea" of electrons), also 
give rise to optical properties at low energies below the minimum band gap 
(e.g., 1.1 eV for Si) that are characteristic of the Drude theory. Plasma 
frequencies for such doped semiconductors may be about 0.1 eV. 

An interesting qualitative application of the Drude theory can be made to 
the ionosphere, the region of the atmosphere lying between about 50 and 500 
km, in which the number density of free electrons is sufficient to affect 
radio-wave propagation. An electron density of 106 em- 3 gives rise to a 
plasma frequency of order 107 sec- I, which corresponds to a wavelength of 
about 30m. At lower frequencies (longer wavelengths) than wP the ionosphere 
is highly reflecting, just as a metal is, which has an important effect on 
low-frequency radio-wave propagation. The ionosphere becomes transparent to 
radio waves greater than wP for the same reason that free-electron metals 
become transparent in the ultraviolet. Therefore, high-frequency radio waves 
are not so greatly affected by "skipping" or reflection from the ionosphere. 
Obviously, radio communication with satellites or spaceships above the iono
sphere must rely on frequencies greater than its maximum plasma frequency. 
The electron density is not uniform with height and varies considerably 
because of such changing effects as sunspot activity; also, the earth's magnetic 
field complicates the propagation of radio waves in the ionosphere. Neverthe
less, the Drude model gives a qualitative description that helps in understand
ing the observed phenomena. 
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Table 9.2 Plasma Frequencies and Corresponding Wavelengths for a Range of 
Free-Electron Densities 

'JC(cm- 3) wP (sec -I) 'AP Type of Plasma 

1024 5.7 X 10 16 33oA 

1022 5.7 X 10 15 33ooA } metals 
Al('Ap = 830 A) 

Cs('Ap = 3620 A) 
1020 5.7 X 10 14 3.3 ILm 

1018 5.7 X 10 13 331Lm 

) 
doped 

1017 1.8 X 1013 105 ILm } electron-hole 
semiconductors 

1016 5.7 X 10 12 
droplets 

330 ILm 

106 5.7 X 107 33m 
} ionosphere ( F layer) 

105 1.8 X 107 105m 

Plasma frequencies and the corresponding wavelengths for a range of 
free-electron densities are given in Table 9.2; the plasma effects mentioned in 
this section are noted beside the wavelengths (electron-hole droplets will be 
discussed in Chapter 12). 

9.4.1 Free and Bound Electrons in Metals 

Despite its applicability to metals such as aluminum, Drude theory alone does 
not accurately describe the optical characteristics of many other metals. Silver 
is a good example of a metal that exhibits some free-electron type of behavior, 
which can be treated with the Drude theory; but it also has a substantial 
hound-electron component, which appreciably alters the free-electron optical 
properties. The normal-incidence reflectance of silver (Irani et al., 1971) is 
shown in Fig. 9.12a; a logarithmic scale was used to emphasize the unusually 
large variation of reflectance over a narrow range around wr The low-energy 
part of the spectrum suggests a free-electron type of reflectance: it is almost 
I 00% and falls precipitously to quite low values near the plasma frequency at 
about 3.9 eV. Beyond the plasma frequency, however, results differing markedly 
from Drude theory occur as the reflectance rises abruptly and vacillates a little 
hcfore again falling to low values; this behavior above 4 eV is interpreted as a 
hound charge effect. In Fig. 9.12b the experimentally determined f.' for silver is 
decomposed into components contributed by free and bound charges. That is, 
polarizabilities and, hence, susceptibilities are additive; thus, we may write a 
composite dielectric function f. = £1 + 8£, that includes a contribution 8£, 
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Figure 9.12 (a) Reflectance of silver (from Irani et alo, 1971)0 (b) Separation of the measured f' 
into free and bound contributions (from Ehrenreich and Philipp, 1962)0 

from Lorentz oscillators and a free-electron contribution E/ 
2 2 

wpe " wpJ 
t:=l- 2 0 +""- 2 2 0 ' 

w + zyew i w1 - w - zy1w 

where the subscript e is appended to free-electron parameters. 
The free-electron contribution to the dielectric function in Fig. 9.12b is 

obtained from the Drude theory with parameters determined from the low-
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frequency limit of the data (hw < 0.1 eV); the bound-charge contribution then 
follows simply by subtraction: 8th = t' - tj. These results clearly show the 
strong effect of bound charges on the plasma frequency. From the equation 
w; = CJLe 2 jme0 with the electron density CJL appropriate to silver, the plasma 
frequency is calculated to be 9.2 eV, the frequency at which t' would be 
approximately zero if only free electrons determined the optical properties of 
silver. However, the appreciable positive contribution of the bound charges at 
energies below about 6 eV pulls up the t' curve so that it crosses the axis at 3.9 
eV rather than 9 eV. The plasma frequency, defined as the frequency at which 
t' = 0, is shifted from the far to the near ultraviolet because of the bound 
charges, resulting in the onset of ultraviolet transparency near 3200 A instead 
of 1300 A. Almost as soon as the reflectance drops at the plasma frequency, 
however, the peak in 8th near 4 eV causes a rise in reflectance that would not 
occur were it not for the bound charges. We thus see how competing bound 
and free charges in metals can greatly alter their optical properties. 

An interesting metal to compare with silver is copper: its reddish-brown 
color obviously signals considerable differences in optical constants in the 
visible; yet the electron energy band structures of the two metals are qualita
tively quite similar. The difference in their appearance lies in the position of 
the t' peak caused by bound charges, which is near 4 eV in silver and near 2 eV 
in copper. Because the free-electron contribution tot' is so strongly negative, 
the positive contribution of the bound charges is not sufficient to raise t' to 
positive values and thereby decrease the plasma frequency, as it does in silver. 
Although the reflectance does not drop because the plasma frequency is 
shifted, the bound charges do have an important effect. The onset of their 
effects near 2 e V causes a sharp decrease in reflectance from nearly I 00% at 
lower energies; a weaker example of the reflectance decrease caused by bound 
charges can be seen near 1.5 eV in the aluminum reflectance spectrum of Fig. 
9 .11. At 2 e V, which corresponds to wavelengths in the red part of the visible 
spectrum, the reflectance of copper is still high; at the other end of the visible 
spectrum (about 3 e V), the bound charges greatly reduce the reflectance. It is 
this higher reflectance in the red than in the blue that gives the metal its 
characteristic "copper" color. 

9.5 THE DEBYE RELAXATION MODEL 

There is another important mechanism for polarizing matter containing perma
nent, as opposed to induced, electric dipoles: partial alignment of the dipoles 
along the electric field against the counteracting tendency toward disorienta
tion caused by thermal buffeting. The restoring "force" that tries to return a 
polarized region to an unpolarized state is thus the statistical tendency toward 
random orientation of the dipoles; this is quite different from the conceptual 
springs of the Lorentz theory. The dipole restoring tendency does not cause 
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overshoot leading to oscillation of the electric polarization; it is as if perma
nent electric dipoles are overdamped, whereas Lorentz oscillators are under
damped. Because the permanent dipoles merely relax to equilibrium, this mode 
of polarization is referred to as relaxation and is usually associated with Debye, 
who did the early definitive work (one of the best references continues to be 
Polar Molecules, 1929, by Debye). Since many liquids are composed of 
molecules that have permanent dipole moments, Debye relaxation by molecu
lar rotation plays an important role in determining the optical constants of 
these liquids at certain frequencies, usually in the microwave region. Many 
solids also show Debye relaxation because of the presence of charged defects 
or impurities, which may have nonequivalent positions in the crystal lattice, 
leading to the possibility of reorientation of the resulting dipole moments. 

The return to equilibrium of a polarized region is quite different in the 
Debye and Lorentz models. Suppose that a material composed of Lorentz 
oscillators is electrically polarized and the static electric field is suddenly 
removed. The charges equilibrate by executing damped harmonic motion 
about their equilibrium positions. This can be seen by setting the right side of 
(9.3) equal to zero and solving the homogeneous differential equation with the 
initial conditions x = x 0 and .X = 0 at t = 0; the result is the damped harmonic 
oscillator equation: 

x = Re{ Xoe- iwote- yt}. 

The decay of the initial polarization is therefore 

we append 1 to the polarization to indicate a collection of Lorentz oscillators. 
In contrast with these damped harmonic oscillators, a collection of Debye 
oscillators (permanent dipoles), if polarized initially, returns to equilibrium 
with the time dependence 

(9.35) 

There is no oscillation: the polarization merely relaxes toward zero with a time 
constant T. In the following paragraphs, we shall use (9.35), the basic assump
tion of the Debye theory, to derive an expression for the dielectric function of 
a collection of permanent dipoles. 

If at time t0 a constant electric field E0 (i.e., a step function) is suddenly 
applied to a sample of polarizable matter, the polarization will follow the time 
evolution illustrated schematically in Fig. 9.13. There are contributions to the 
polarization from electrons, lattice ions, and permanent dipoles. We shall 
assume that the response of the permanent dipoles is much slower than that of 
the electrons and ions; that is, the response of the latter may be considered to 
occur instantaneously compared with the time required for the matter to reach 
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Figure 9.13 Schematic diagram of the time response of polarization following application of a 
field £ 0 at time t0 . 

its final equilibrium polarization. When the field is applied at time t0 , 

therefore, a polarization P(t0 ) = EoXovEo is instantaneously induced; as time 
increases, the polarization approaches the limiting value P( oo) = e0 x0 dE0 • We 
remind the reader that in our notation Xov is the susceptibility at frequencies 
low compared with characteristic lattice vibrational frequencies, which are in 
turn low compared with electronic frequencies; and Xod is the susceptibility at 
frequencies low compared with dipole frequencies (i.e., the static, or de, 
susceptibility). By assuming an exponential approach to equilibrium as in 
(9.35) we can write a physically plausible expression for the time-dependent 
polarization: 

P(t) = P(oo)- ce-(t-to)/T (t > t0 ). (9.36) 

The constant Cis determined from the requirement that lim P(t) = P(t0 ): 
t.l. to 

With a bit of rearranging (9.36) can be put in a form which is easier to 
interpret and which will enable us to generalize it to a series of step functions: 

(9.37) 

The first term on the right side of (9.37) is the contribution to the total 
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polarization from the lattice ions; the second term Pd(t), is the contribution 
from the permanent dipoles. 

Suppose now that two different two-step fields are applied: (1) at t0 the 
electric field 2 E I is turned on and at t I the field suddenly changes to E I; and 
(2) the field at ti is the same as in (1) but between t0 and ti it is EI/2. It is clear 
from Fig. 9.14 that the polarization in these two cases is different, even for 
t > t I when the applied field is the same; that is, the polarization at time t 
depends on the history of the applied field and not merely its instantaneous 
value. This is a specific example of a general conclusion that we made about 
the response of a linear medium to a time-dependent electric field (see Section 
2.3). The polarization at all times greater than t I can be obtained by following 
reasoning similar to that which led to (9.37): we write P(t) in the form (9.36) 
and require that limnr,P(t) = Pd(ti) + EoXovEI; the result is 

(t > ti). (9.38) 

It is not difficult to show that (9.38) can be written 

P() - E + ( - )jtE(')_!}__[ -(t-t')/T]d' t - EoXov I Eo Xod Xov 
10 

t dt' e t · (9.39) 
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Figure 9.14 Polarization as a function of time for two different two-step applied fields. 
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Although this was obtained for a series of two step functions, it should be clear 
that it is valid for any number of such functions. Indeed, any field can be 
approximated by a series of step functions, where the error can be made 
arbitrarily small by choosing sufficiently small steps; thus, (9.39) is 
valid for any field. The technique of representing an arbitrary forcing function 
by a series of steps (or, more correctly, impulses) was first developed by Green, 
and a good account of this is given by Marion (1970, p. 139); the exponential 
function multiplying E(t') in (9.39) is therefore the Green's function for the 
system of permanent dipoles in the Debye theory. The first term in (9.39) is the 
lattice polarization, which we assume follows the instantaneous field; the 
second term is the sum of all polarization changes caused by the slow dipole 
relaxation mechanism. Note that (9.39) is a particular example of a linear, 
causal constitutive relation (Section 2.3). 

To obtain the frequency-dependent susceptibility x( w ), we need the polari
zation in response to a time-harmonic field E0e- iwt: 

+e (x -X )jr E e-iwt'_!!_[e-<t-t')/T] dt' 
0 Od Ov _ 

00 
0 dt' · (9.40) 

Implicit in (9.40) is the assumption that w is small compared with lattice 
vibrational frequencies. The susceptibility in the frequency region where Debye 
relaxation is the dominant mode of polarization is therefore 

~ 
X= Xov + 1 · ' -zwT ~ = Xod- Xov 

from which follows the dielectric function 

€ = €ov + 1 - iwT (9.41) 

with real and imaginary parts 

(9.42) 

Our derivation of (9.41) follows closely that of Gevers (1946) and is similar to 
that of Brown (1967, pp. 248-255). Because of the nature of this derivation it 
should hardly be necessary to do so, but it can be shown directly by 
integration-more easily than for the Lorentz oscillator--that the real and 
imaginary parts of the Debye susceptibility satisfy the Kramers-Kronig rela
tions (2.36) and (2.37). 

The imaginary part of the dielectric function (9.41) is a maximum at 
w = 1/T and behaves similarly to €" for the Lorentz oscillator. The real part, 
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however, behaves quite differently: it has no maxima and no rmmma but 
decreases monotonically from £ad at low frequencies to £ov at high frequencies; 
the transition occurs in the neighborhood of w = ljr. At low frequencies, the 
permanent dipoles easily follow the electric field changes, and the de dielectric 
function can be quite large; at high frequencies, however, they are unable to 
keep up with the oscillating field, and €' falls to a value that does not include a 
contribution from the permanent dipoles. 

The Debye equations (9.42) are particularly important in interpreting the 
large dielectric functions of polar liquids; one example is water, the most 
common liquid on our planet. In Fig. 9.15 measured values of the dielectric 
functions of water at microwave frequencies are compared with the Debye 
theory. The parameters £ 0 d, £ 0 v, and r were chosen to give the best fit to the 
experimental data; r :::: 0.8 X 10- 11 sec follows immediately from the frequency 
at which£" is a maximum; £ 0 d - £ov is 2£~ax· 

On physical grounds, relaxation of permanent dipoles is expected to be 
highly dependent on temperature; this is in contrast with Lorentz oscillators, 
the dielectric behavior of which is relatively insensitive to changes in tempera
ture. Debye (1929, Chap. 5) derived a simple classical expression for the 
relaxation time of a sphere of radius a in a fluid of viscosity 11: 

(9.43) 

where T is the absolute temperature and k 8 is Boltzmann's constant. Two 
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Figure 9.15 Dielectric function of water at room temperature calculated from the Debye relaxa
tion model with T = 0.8 X 10- 11 sec, £ 0 d = 77.5, and £ 0 ., = 5.27. Data were obtained from three 
sources: Grant et al. (1957), Cook ( 1952), and Lane and Saxton ( 1952). 
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factors conspire to affect the relaxation time: the numerator of (9.43) arises 
from the viscous restoring torque on a small sphere; the denominator arises 
from the thermal buffeting. The greater is T, the lower the viscosity (in liquids) 
and the shorter the relaxation time; the greater is T, the more quickly will 
thermal motion randomize an oriented collection of permanent dipoles after 
the orienting field is removed. The room temperature viscosity of water is 
about 0.01 gjcm-sec, and if we take a ~ 10- 8 em, (9.43) yields a relaxation 
time of about 0.3 X 10 -II sec; thus, the simple theory is in good agreement 
with the relaxation time deduced from the experimental data of Fig. 9.15. 

A naive interpretation of the phase transition from liquid to solid water as 
the temperature is decreased is that the water undergoes a large discontinuous 
increase in viscosity. Thus, the permanent electric dipoles that were free to 
rotate in the liquid are suddenly immobilized. Consistent with this interpreta
tion is the expectation that the relaxation time for ice should be much greater 
than for water, with a corresponding decrease in the frequency at which £" is a 
maximum. This is indeed so: if water were to freeze suddenly from room 
temperature, then €' at frequencies in the region shown in Fig. 9.15 would 
plunge from a high of about 80 to a low of about 3.2. Such large changes can 
he observed, for example, in radar backscattering from melting ice particles or 
freezing water droplets; this large difference between the dielectric functions of 
ice and liquid water is the major contributor to the "bright band" in vertical 
radar reflectivity profiles observed by meteorologists (see, e.g., Battan, 1973, p. 
190). 

Dipole relaxation is often described by a superposition of exponentially 
decaying functions with different relaxation times in place of the single 
relaxation time in (9.35). This is analogous to the need for several oscillator 
parameters in the Lorentz model. Both €' and €" are functions of frequency; 
therefore, frequency can be eliminated to give a functional relationship be
t ween them. Experimental measurements of the dielectric functions in the 
dipole frequency region are often displayed as a plot of €" versus €', called the 
('ole-Cole plot. From a glance at such a plot it is immediately obvious whether 
( Jr not a single relaxation time is sufficient to determine the frequency 
dependence of the dielectric function; it is not difficult to show from (9.42) 
that for a single relaxation time, the Cole-Cole plot is a semicircle centered on 
the €' axis at ( f.od + f.ov )/2 and with radius ( f.od - f.ov )/2: 

9.6 GENERAL RELATIONSHIP BETWEEN €' AND €" 

W c must reemphasize that the real and imaginary parts of the complex 
dielectric function (and the complex refractive index) are not independent. 
Arhitrary choices of t' and t" (or n and k) do not necessarily correspond to 
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any real solid or liquid at some wavelength. The interdependence of €' and €" 

has been illustrated in each of the classical models of this chapter: the Lorentz 
model, the Drude model, and the Debye model. These connections between 
real and imaginary parts of the same complex function are specific examples of 
the Kramers-Kronig relations discussed in Section 2.3. For any solid or liquid 
the real part of the dielectric function at any frequency w is related to the 
imaginary part at all frequencies by 

(. ' ( w) = 1 + !:_Pi oo n (." ( n) d n. 
'lT 0 0 2

- w2 
(9.44) 

We are now in a position to better understand and, we hope, appreciate, the 
sometimes mysterious Kramers-Kronig relations. 

First, we note that the consequence of no absorption ( €" = 0) at all 
frequencies is that the integral in (9.44) vanishes and €' = 1. Optically, such a 
material does not exist: there is no way that it can be distinguished from a 
vacuum by optical means. The Kramers-Kronig relations also tell us that it is 
a contradiction to assert that either the real or imaginary parts of the dielectric 
function can be independent of frequency; the frequency dependence of the 
one implies the frequency dependence of the other. These consequences of the 
Kramers-Kronig relations are almost trivial, but it is disturbing how often 
they are blithely ignored. 

The high- and low-frequency behavior of £' can be inferred from (9.44) 
regardless of the nature and number of absorption features in £". As w 
becomes arbitrarily large, all contributions to the integral go to zero and 
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Figure 9.16 Schematic diagram of the frequency variation of the dielectric function of an ideal 
nonconductor. 
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limw--+ 
00 

t:'( w) = I. Thus, it is a general result that at frequencies far above all 
absorption bands t:' approaches the free-space value 1; the frequency is so high 
that none of the polarization mechanisms can respond. At low frequencies, on 
the other hand, t:' is the sum of contributions from each polarization mecha
nism-electronic, vibrational, and dipolar-with the lowest-frequency mecha
nism contributing most: 

t:'(O) = 1 + ~ 1oo t:"(Q) dQ. (9.45) 
'lT 0 Q 

The consequence of (9.45) is that for any material other than free space, 
somewhere at higher frequencies there must be an absorption mechanism 
lurking. 

A schematic diagram of the frequency dependence oft:' and t:" for an ideal 
nonconductor (no Drude term) is given in Fig. 9.16; this summarizes several of 
the points made in this chapter. Possible fine structure in the optical constants 
is ignored for simplicity. The notation we have used for the high- and 
low-frequency dielectric functions in the various models will become clearer 
after consulting this figure. At w = 0 the dielectric function is composed of 
contributions from permanent dipoles, vibrational oscillators, and electronic 
oscillators. As the frequency is increased, the permanent dipoles cannot 
respond and t:' drops from the static value t: 0d to t: 0v, the value at frequencies 
low compared with characteristic vibrational frequencies. As w increases 
through the vibrational region, t:' oscillates and then settles down to t: 0 e, the 
low-frequency limit for electronic modes. Finally, as the frequency increases 
beyond the point where all the electronic modes are exhausted, t:' approaches 
1. In each frequency interval where t:' is changing there is an associated peak in 
t:", the absorptive part of the dielectric function. There are other polarization 
modes associated with core electrons in the atoms, which give rise to much 
weaker variations in t:' and t:" at x-ray frequencies; we have arbitrarily chosen 
to exclude these from our discussion of "optical properties." 

NOTES AND COMMENTS 

Hodgson (1970) and Christy (1972) have treated optical properties of matter in 
a spirit similar to that of this chapter. And so has Garbuny (1965), although 
within a book of broader scope. 

We direct the reader to the book by Davies (1969) for further reading about 
wave propagation in the ionosphere. 

Crystal optics-the optics of anisotropic media-is treated at an elementary 
level by Wood (1977). More advanced treatises are those by Nye (1957) and by 
Ramachandran and Ramaseshan (1961 ). 

Frohlich and Pelzer (1955) determined the frequencies of longitudinal waves 
in matter described by the three simple dielectric functions- Lorentz, Drude, 
and Debye-discussed in this chapter. 



Chapter 10 
Measured Optical 

Properties 

In the preceding chapter we discussed classical theories of optical constants 
based on simple hypothetical models. Lest we mislead the reader, we must 
emphasize that the illustrative materials and frequency ranges in that chapter 
were carefully selected; everything does not, alas, conform in detail to such 
simple models. Ultimately, therefore, recourse must be had to measured 
frequency-dependent optical constants, and to fully understand scattering and 
absorption by small particles one must be aware of how the optical constants 

1 

of real materials vary. In this chapter we give synopses of measured optical 
constants of an insulating solid, a metal, and a liquid: magnesium oxide, 
aluminum, and water. These materials illustrated simple theoretical dielectric 
functions in Chapter 9; the emphasis in this chapter is on measurements and 
their interpretation for a wide range of frequencies, from microwave to far 
ultraviolet. We also briefly comment on the magnitude of k, the imaginary part 
of the refractive index, and the validity of using bulk dielectric functions in 
small-particle calculations. 

10.1 OPTICAL PROPERTIES OF AN INSULATING SOLID: 
MgO 

Although not a common solid, magnesium oxide has been available for many 
years as pure single crystals, which have been studied over a broad wavelength 
range. Single crystals are cleaved easily for reflection and transmission studies, 
and small particles are produced by simply burning magnesium ribbon in air. 
Ultraviolet and infrared optical properties of MgO were used in Sections 9.1 
and 9.2 to illustrate the Lorentz model applied to electronic and vibrational 
absorption. In Fig. 10.1 the real and imaginary parts of the dielectric function 
are shown for photon energies from far infrared to far ultraviolet. Because 
investigators of optical properties are usually interested in limited spectral 
regions, it was necessary to piece together results from several sources which 
are cited in the figure caption (unfortunately, there is not yet a compendium of 
optical constants of solids). Note that the imaginary part of the dielectric 
function is plotted on a logarithmic scale, whereas the real part is shown on a 
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linear scale; therefore, structure in the real part appears more prominent than 
associated structure in the imaginary part. 

The imaginary part of the dielectric function of MgO ranges over eight 
decades, an enormous variation [and recall that €" enters into the exponent of 
the transmission equation (2.52)]. There are two distinct absorption regions: 
absorption by electrons occurs above about 1 eV and that by lattice vibrations 
below about 0.3 eV. The sharp peak below the minimum band gap energy 
(- 7.6 eV), especially prominent in the €' curve (and in Fig. 9.5), is evidently 
the result of creation of an exciton. When a photon with energy slightly below 
the band gap is absorbed by an electron near the top of a filled band, the 
electron leaves behind a positively charged hole. Interaction of the hole and the 
electron can bind the pair together, much like an electron and a proton are 
bound in a hydrogen atom. The bound electron-hole pair-an excitation 
which cannot transport charge-is called an exciton. In ionic solids such as the 
alkali halides and MgO the exciton is tightly bound, and the electron is 
confined mostly to the vicinity of the negative ion (0 2

- in MgO). A sequence 
of progressively closer spaced absorption bands leading up to the continuous 
transitions is sometimes observed; the electron-hole pair may be thought of as 
having a sequence of bound-state energy levels like a one-electron atom (e.g., 
hydrogen). In weakly bound excitons, the electron orbit ranges over many 
lattice parameters; in this instance the permittivity of free space, which is 
appropriate for the hydrogen atom, must be replaced by the permittivity of the 
solid in which the electron moves. The larger permittivity of solids compared 
with free space has the twofold effect of compressing the hydrogen atom 
energy levels and increasing the orbital radius of the electron. A notable 
example of a material showing hydrogen-like energy-level structure near the 
band gap is Cu02 , which has a number of exciton bands at low temperatures. 

Beyond the exciton peak in the far ultraviolet there is a series of other 
absorption features in MgO, which are more distinct in Fig. 9.5. These 
features, a theoretical treatment of which requires electron energy band calcu
lations, are caused by maxima in the combined density of available states for 
electrons in the ground and excited states. 

On the low-energy side of the transparent region there is strong absorption 
by lattice vibrations. The huge peak near 0.05 eV is the Reststrahlen band, 
which was discussed in Section 9.2. For both energy and momentum to be 
conserved, only the long-wavelength transverse optical mode phonon can 
couple strongly to the photon; this interaction produces the dominant infrared 
peak. A second peak in£", some three orders of magnitude less intense, is on 
the high-energy side of the Reststrahlen peak at about 0.08 eV. This is 
interpreted as the result of excitation of two phonons by a photon, a much less 
probable event. In the region 0.1-0.2 eV there is weak residual absorption, 
which is probably related to multiple phonon excitation. 

Between the regions of strong absorption by electronic and vibrational 
transitions there is a region of high transparency where absorption is dominated 
by impurities and imperfections. Artificial crystals of MgO are thus quite 
transparent to visible light. This transparent region can be made more interest-
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ing by a bit of stimulation. We have inset a separate spectrum of €" for 
radiation-damaged MgO in Fig. 10.1 (the variations of €' are too small to be 
seen in the figure); the dielectric function was obtained by a four-oscillator fit 
to transmission data of Chen and Sibley (1969). These additional bands in 
MgO are examples from the rich field of color centers, or F-centers (from the 
German Farbenzentrum ), in transparent crystals. Because the bands absorb 
differently in different parts of the visible spectrum the originally clear crystals 
are colored. In the simplest color center, for example, an electron is trapped in 
the vicinity of a missing negative ion site, which has an effective positive 
charge. The trapped electron has energy levels to which it can be excited by 
photons of approximately visible wavelengths. Although the energy levels of 
the trapped electron can be quite narrowly spaced, absorption of a photon is 
usually accompanied by production of several phonons along with the elec
tronic excitations; this gives the possibility of photon absorption over a rather 
broad band of energies, which accounts for the 0.05-eV width of the three 
MgO absorption bands (Fig. 10.1). The sharp spike on the low-energy side of 
the first band seems to be a no-phonon band where (as the name implies) the 
electronic transition is not accompanied by phonon emission and attendant 
band broadening. Only in rare instances, of which this is one, is the no-phonon 
band strength comparable with that of broad phonon-assisted bands. There are 
many other kinds of color centers in crystals. The most extensive work has 
been done on alkali halide crystals, which can be colored either by irradiation 
or by heating the solid in its alkali metal vapor. Natural radioactivity is 
thought to be the agent producing color centers in some crystals highly prized 
for their color-amethyst, for example. Old bottles left in the sun for many 
years owe their purple hue to color centers induced by low-level ultraviolet 
photon bombardment. Impurities must sometimes be present to make radia
tion-induced energy levels possible. Much work remains to be done before the 
exact formation mechanisms of all color centers are understood. 

Impurity atoms in transparent crystals also frequently have electronic 
energy levels that contribute to absorption bands in the transparent region. In 
most instances the electronic transitions are coupled to multiphonon processes, 
as in F-centers, causing broadening of the absorption bands; sometimes there 
are no-phonon bands. Not all impurity atoms produce such effects. Particu
larly important coloring agents are the transition metal atoms, which can yield 
a variegated collection of absorption bands; the colors of gemstones such as 
ruby, saphire, and the garnets are the result of transition metal impurities in 
otherwise clear crystals, and many colored minerals owe their hues to this same 
cause. Even the reds and oranges of the Grand Canyon can be traced to iron 
1 mpurities in crystals of its rocks. 

10.2 OPTICAL PROPERTIES OF A METAL: ALUMINUM 

In modern times aluminum has become one of the most common metals in the 
mdustrialized world; every day we encounter aluminum as cooking ware, foil, 
and building materials. Aluminum is highly renecting at all visible wavelengths 
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and into the far ultraviolet, making it the commonly used coating for high
quality mirrors, including reflecting telescope mirrors. Although aluminum 
oxidizes readily, the oxide coating inhibits further deterioration by oxidation; 
this preserves the quality of the surface for most optical applications because 
the oxide is transparent to visible light. 

The dielectric function and reflectance of aluminum, which were displayed 
in Fig. 9.11, are shown over a broader energy range in Fig. 10.2; note that two 
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Figure 10.2 Dielectric functions and reflectance of aluminum (Hagemann ct al., 1974 ). 
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logarithmic scales are needed to properly show structure at both high and low 
energies. These optical properties were taken from Hagemann et al. (1974), 
who did experiments in the range 13-150 eV and also surveyed the literature 
for determinations of optical constants at lower energies; these authors give 
very useful tables of optical constants for aluminum as well as magnesium, 
copper, silver, gold, bismuth, carbon, and aluminum oxide. 

Below the plasma frequency at about 15 eV the only appreciable deviation 
from Drude theory occurs near 1.5 eV, where interband electronic transitions 
produce a peak in £" and associated structure in £'; with this exception, £' for 
aluminum goes monotonically toward negative infinity and £" toward positive 
infinity as the energy approaches zero. 

Features abruptly appear at about 60 eV, where£' is nearly I and £" has 
fallen to about 0.0 I. This signals the onset of absorptive effects associated with 
deeper lying core electrons in the aluminum atoms; note carefully that the 
change in scale for £' greatly exaggerates the relative importance of the core 
transitions. The electron configuration of the aluminum atom is [Ne]3s 2 3p; 
that is, two 3s electrons and one 3p electron outside a closed neon-like shell. 
The three outer electrons only partially fill the electron energy band that is 
formed when the atoms come together to make up the solid; it is this partially 
filled band that gives continuous free-electron absorption. Electrons in the 
neon-like cores are so tightly bound that photons of energy greater than about 
60 eV are required to excite them. It is these core electrons that give rise to 
structure in the dielectric function of aluminum at high energies. Although 
such core transitions were not mentioned in the chapter on classical theories, 
they could be modeled reasonably well by a superposition of Lorentzian 
( lscilla tors. 

At energies high compared with the core electron excitation energies, £' 
again approaches 1 and £" tends toward zero. In the x-ray region, of course, 
further excitation of deep-lying electrons will occur, giving absorption struc
ture and attendant variation in£'. These transitions are more properly regarded 
as atomic transitions: they are little affected by the fact that the atoms are 
grouped in a solid. 

10.3 OPTICAL PROPERTIES OF A LIQUID: WATER 

< >ptical properties of liquids are similar in many ways to those of solids. 
I Jectrically, there are metallic liquids such as mercury and molten iron, but the 
majority of common liquids are nonmetallic. As an illustration of a liquid we 
have chosen H 20, a ubiquitous substance on our planet; water dominates not 
1 1nly atmospheric processes but the chemistry of life. 

The optical properties of water have been studied for centuries; the modern 
results are scattered throughout the literature of many scientific fields. For
tunately, several authors have critically surveyed the literature on H 20 and 
have assembled collections of optical constants for broad wavelength ranges. 
l'ttcsc reviews include those by Irvine and Pollack (1968), Hale and Querry 
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(1973), and Ray (1972); extensive tabulations of nand k, which are very useful 
for small-particle calculations, are given in the first two papers. Because of 
more recent data included in the paper by Hale and Querry, and because they 
ensured that n and k are connected by Kramers-Kronig relations, we have 
based our figures for liquid H 20 on their paper. 

Dielectric functions calculated from refractive indices tabulated by Hale 
and Querry are plotted in Fig. 10.3; optical constants at wavelengths shorter 
than 0.2 p.m were taken directly from the work of Kerr et al. ( 1972). In 
deference to the many workers who do not commonly use electron volts, we 
include a wavelength scale. As was done for MgO, £

1 is plotted linearly and £" 
is plotted logarithmically. We also include on the £

11 plot some results for solid 
H 20 from Irvine and Pollack; comparison of ice and water gives insight into 
the similarities and differences between a solid and its liquid. The insulating 
liquid H 20 is not unlike the insulating solid MgO: the electronic and vibra
tional excitation regions for both materials are well separated by a highly 
transparent region. Electronic absorption by H 20 begins to be appreciable at 
about 0.2 p.m; strong vibrational absorption bands rise above the continuum 
between about 1 and 100 p.m. The major difference between MgO and liquid 
H 20 occurs longward of the vibrational absorption region: dipole relaxation in 
H 20 (discussed in Section 9.5) maintains a high level of absorption from the 
microwave well into the infrared; this also is the cause of the major differences 
between the optical properties of liquid and solid water. 

10.3.1 The Transparent Region 

The lowest point in the entire absorption spectrum lies in the visible, where£" 
plunges to less than 10- 8. A simple calculation shows that water is quite 
transparent to visible light for path lengths of tens of centimeters. If we ignore 
reflection, which is only a few percent, then the transmission T by a slab of 
thickness dis exp(- ad), where to good approximation a is 2'11'£ 11 jnA. In the 
visible, therefore, a is about 10- 3 cm- 1

• Even in a large glass full of water 
( d ::::: 10 em) there is no discernible absorption. However, T::::: 0.6 for d = 500 
em; thus, there is appreciable absorption in a home swimming pool of 
moderate size. Moreover, there is appreciable differential absorption over the 
visible spectrum. If we take as blue A = 4250 A, as red A = 6000 A, and use k 
values from Hale and Querry of 1.3 X 10- 9 and 10.9 X 10- 9

, respectively, the 
transmission percentages for a 5-m path length of pure water are the following: 
blue, 82.5%; red, 32%. Thus, white light transmitted over such a distance 
should take on a distinctly bluish hue. This apparently can be observed in the 
clear water of swimming pools, although competing effects such as reflection of 
the blue sky, color of the pool bottom and sides, impurities and particles in the 
water, and scattering by the water molecules themselves can render the 
interpretation complicated. Because absorption in ice and water are similar, 
light transmitted by pure ice over distances of several meters should also 
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Figure 10.3 Dielectric functions of water (Hale and Querry, 1973). f." for ice is taken partly from 
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appear bluish; this seems to be an important factor in the blue color of glacial 
crevasses and other large-scale natural ice formations. 

10.3.2 The Debye Relaxation Region 

At microwave frequencies Debye relaxation is the dominant absorption mecha
nism in water. The broad maximum in£" near A.= 1 em is shown in Fig. 9.15, 
which also shows how well the simple Debye theory fits experimental data. 
This suggests that H 20 is not a linear molecule with, say, two hydrogen atoms 
at equal distances from and on opposite sides of the oxygen atom. Instead, the 
hydrogen atoms are grouped toward the same side of the oxygen atom; the 
angle between them is about 105°. The resulting electron distribution favors a 
higher electron density around a hydrogen atom; this imparts to the molecule a 
slightly ionic binding character and gives it a permanent dipole moment which 
can respond to microwave electric fields. Damping of the dipoles, which 
determines the relaxation time, is highly temperature dependent. Moreover, the 
molecules abruptly lose their orientational mobility as liquid water freezes to 
ice, and the Debye relaxation vanishes. The result is a huge change in the 
dielectric function at microwave frequencies, with effects extending well into 
the infrared. Because of the frequent coexistence of ice and water and the 
prevalent use of radar to probe the earth's environment, the difference between 
the dielectric functions of water and ice can have important consequences. For 
example, radar reflections from thunderstorms are quite different for rain and 
hail. Radio waves have been used to map the topography of polar ice sheets by 
means of reflected signals (Robin et al., 1969); however, it may not be possible 
to use such techniques for glaciers and other ice masses containing appreciable 
liquid water. 

1 0.3.3 The Molecular Vibration Region 

The infrared absorption bands of water can be grouped into two regions: the 
molecular bands between 1 and 10 JLm, and the intermolecular bands between 
10 and 100 JLm. In the first region the absorption bands are similar to those of 
the free molecule; they occur in the liquid at 1.45, 1.94, 2.95, 4.7, and 6.05 JLm. 
The fundamental vibration frequencies of the free (vapor phase) H 20 molecule 
help elucidate the vibrational modes of the H 20 molecule in the liquid phase. 
The nonlinear triatomic molecule H 20 has nine degrees of freedom: three 
describing the translational motion of the center of mass; three rotational 
degrees of freedom; and three vibrational degrees of freedom. The normal 
modes of vibration of the free H 20 molecule are illustrated schematically in 
Fig. 10.4 together with the notation commonly used to denote the three normal 
frequencies. We may now surmise that the absorption band near 3 JLm in liquid 
and solid H 20 is related to the v1 and v3 vibrational modes of the free 
molecule, which are the 0-H stretching modes. The 6.05-J.tm band in the 
liquid is the v

2 
bending mode of the molecule, which occurs at 6.27 JLID in the 
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Figure 10.4 Normal modes of vibration of the free water molecule. 
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free molecule. The other absorption bands in water are more difficult to 
interpret precisely, but they are evidently overtones and combination bands of 
the three fundamental vibrations. 

There are two broad absorption bands in water at 17 and 62 JLm superim
posed on the tail of the Debye absorption. Since there are no broad absorption 
hands in H 20 vapor in this region these bands must be the result of interaction 
hetween molecules-intermolecular vibrations. The fact that these bands show 
larger differences between the liquid and solid phases than the shorter-wave
length molecular vibrations is consistent with this interpretation. There are two 
kinds of intermolecular vibrations: rotational and translational. The shorter 
wavelength band, at 17 J.tm in water and 12 JLm in ice, is the rotational band. 
Note the appreciable shift of this band toward higher frequencies in passing 
from water to ice, a consequence of the expected "tightening" of the rotational 
restoring forces as the liquid freezes. The 62-J.tm band in water is the inter
molecular translational band. In ice it is made up of two bands, at 44.8 JLm and 
62 JLm. Largely as a result of much less Debye absorption at these wavelengths, 
the intermolecular bands in ice are much more dominant than in water. In 
l'able 10.1 we summarize the absorption bands in H 20 that are the result of 
molecular motions. 

There is an important difference between an ionic crystal like MgO and a 
molecular substance such as liquid or solid H 20. In the molecular substance 
there is a clear distinction between molecular and intermolecular modes 
hccause the atoms are bound into molecules much more tightly than the 
molecules are bound to one another. In the ionic crystal there is no such 
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Table 10.1 Molecular Absorption Bands in Liquid and Solid H 20 

Band Positions (JLm) 

Water Ice 

1. 45 1. 52 
1. 94 2.0 
2.95 3.08 
4. 7 4.5 
6.05 6.05 
17 12 
62 45 

62 
lcm 

Type of Molecular Motion 

0-H molecular stretching mode (v1 and v3 ) 

H-0-H molecular bending mode (v2) 

Intermolecular rotational 
Intermolecular translational 

Debye relaxation 

distinction; only one dominant absorption mode exists associated with lattice 
waves in which positive and negative ions move in opposition (the optic mode). 
One cannot even distinguish a unique cluster of atoms or ions to call a 
molecule; in a sense, the entire crystal is a molecule. An important conse
quence of this distinction between ionic and molecular substances is that 
vibrational absorption in the former is packed into one small frequency range, 
whereas in the latter there are a number of isolated absorption bands. It 
follows from the Kramers-Kronig relations, therefore, that ionic crystals 
usually have much stronger vibrational absorption bands than do molecular 
substances. 

10.3.4 The Electronic Absorption Region 

Features in the far-ultraviolet absorption spectrum of H 20 are the result of 
electronic excitations. The most prominent features in£" for water occur at 8.2 
eV (8.5 eV for ice), 9.8 eV, and 13.5 eV. It is clear from inspection of the 
dielectric function that the electronic excitations are not exhausted beyond 14.6 
eV, the region for which there is no published data; for if this were so, then£" 
would be approaching zero and £' would be approaching one from lower values 
(see Section 9.2 and the high-energy data in Figs. 9.5 and 10.2). Interpretation 
of the high-energy peaks for H 20 relies heavily on intercomparisons among the 
liquid, vapor, and solid phases (Kerr et al., 1972). For example, the water band 
at 8.2 eV is associated with an electronic excitation in the free molecule at 7.5 
eV; the energy is shifted in going from the vapor to the liquid or solid because 
of bonding between molecules. The other two bands are similarly related to 
corresponding structure in the electronic absorption spectrum of H 20 vapor. 
This close correspondence between electronic absorption spectra of free mole
cules and condensed phases is similar to that in the vibrational region. 
Interpretation of electronic absorption in the ionic crystal MgO, however, 
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requires a complete energy band calculation for guidance, and molecular 
spectroscopy is of little help. 

10.4 A COMMENT ON THE MAGNITUDE OF k 

There are two fields in which great effort has been expended to infer the 
imaginary part of the complex refractive index of remote particles: the study of 
interstellar dust and the study of atmospheric aerosols. Determination of k for 
atmospheric and interstellar particles is a stringent test of methods for invert
ing data obtained by remote sensing. In both fields values of k in the range 
10- 3-10- 2 at visible wavelengths have frequently been inferred. However, it 
is rare to find a solid or liquid with these values of k in the visible, and for 
good physical reasons. Most solids and liquids either have very low values of k 
(e.g., 10- 6 ) or k of order I. Intermediate values, such as 10- 3

, are usually 
found only at wavelengths where k is rapidly changing from low to high values. 
For example, k in the visible for MgO is less than 10- 5 and for water is less 
than 10- 8 (see Figs. 10.1 and 10.3); for both materials k is 10- 3 at about 2000 
A near a rapidly rising absorption edge. The reason for the propensity for 
either high or low values of kin solids at visible wavelengths lies in the electron 
energy band structure (see Fig. 9.10). In nonmetallic solids there is very little 
absorption for photon energies less than the band gap and, consequently, k is 
small; for photon energies greater than the band gap, however, k is large. 
Absorption usually rises rapidly as the photon energy increases through the 
band gap region. Metals, on the other hand, have large values of k at all 
frequencies below the plasma frequency, which is characteristically in the 
ultraviolet. 

Our discussion so far has been confined to pure materials. It might be 
supposed that any value of k could be achieved by introducing controlled 
amounts of impurities or defects; however, this is generally not so. A solid 
cannot be doped to arbitrary levels; in addition, the impurity must produce 
absorption in the band gap region. Although some atoms, most notably 
transition metal atoms, do give absorption bands when incorporated into some 
solids, it is usually difficult to have enough impurities to give k = 0.01; we 
illustrate this with a story. 

A Dirty Silicate Story A friend of one of the authors is an astronomer-as 
well as a professional mineral dealer-who became interested in "dirty sili
cates" as candidates for interstellar dust. He therefore selected for determina
tion of k the blackest natural silicate mineral in his possession, the coal-black 
mineral hornblende, which contains a high concentration of impurities such as 
iron. A slice about 100 p.m thick was polished, and transmission was measured 
in a recording spectrophotometer. The fact that appreciable light was trans
mitted for all near-infrared and visible wavelengths indicated that k was rather 
small. Calculations indeed confirmed that k was less than 10- 4 between about 
6 and 0.3 p.m. And yet this was the blackest silicate in the possession of a 
professional collector. It is not easy to find k = 0.01 in the band gap region of 
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a solid; on the other hand, where interband or intraband transitions occur, it is 
not easy to find such a low value. 

The example in the preceding paragraph also illustrates that a macroscopic 
sample that looks black does not have a k of order 1; if it did have such a high 
k value, it would probably look shiny. Let us emphasize this with a quantita
tive example. Suppose that a 1-mm-thick wafer of a black solid transmits 1% of 
the light incident on it. If we neglect reflection losses (typically small for 
nonconductors), then k is approximately (see Section 2.8) (A.j4'1Th)ln(IJI1 ). 

For A.= 0.5 p.m, h = 0.1 em, and IJ 11 = 100, k is about 2 X 10- 4
• Thus, 

black materials need not have k values in the visible much greater than 10 - 4
. A 

k of 10- 4
, which might seem small at first glance, is in fact huge: it gives rise 

to appreciable absorption of visible light in all but very thin samples. 

10.5 VALIDITY OF BULK OPTICAL CONSTANTS IN 
SMALL-PARTICLE CALCULATIONS 

Before continuing into Chapters 11-13, where we use bulk optical constants in 
small-particle calculations, it is well to pause and remind ourselves that bulk 
optical constants, without modification, may not always apply to small par
ticles. Up to this point we have tacitly assumed that the interaction of 
electromagnetic waves with particles can be treated in the continuum ap
proximation-the electromagnetic theory of Part 1-with constitutive rela
tions independent of size; dielectric functions, such as those presented in this 
chapter and the preceding one, are for bulk matter. It requires no great insight, 
however, to realize that matter cannot be subdivided indefinitely without 
change in optical properties. For example, optical absorption by atomic 
aluminum is clearly not the same as that by bulk metallic aluminum, and the 
absorption spectrum of molecular MgO bears little resemblance to that of 
crystalline MgO. The question to ask, therefore, is not if, but at what size, 
optical constants appropriate to small particles deviate appreciably from those 
of bulk matter. This question cannot be answered simply and precisely because 
there may be several reasons for the breakdown of bulk optical constants, the 
relative importance of each of which depends on the type of material, particle 
size, and frequency. For example, in sufficiently small metallic particles the 
electron mean free path is limited by the particle boundary, with consequences 
for their optical properties; this is discussed in Section 12.1. Other effects are 
increased spacing between electronic and vibrational energy levels and the 
increased importance of surface states in particles with large surface-to-volume 
ratios; these have been surveyed by Huffman ( 1977). 

Although we admit that these effects must surely appear in small particles, 
we cannot countenance the uncritical invocation of vague and esoteric "quan
tum size effects," as is sometimes done, to dispose of optical phenomena in 
small particles that are not understood. Often the correct interpretation may be 
much simpler: particle shape, for example, which we shall discuss in Sections 
12.3 and 12.4. Our best advice, based on calculations (Martin, 1973: Chen et 
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al., 1978, for example) and those experiments which have been done with 
sufficient care to allow unambiguous interpretation, is that quantum size 
effects are unimportant except for particle sizes well below 1000 A, in most 
instances below 100 A. We shall bring evidence to bear in support of this 
assertion in Chapter 12. 

10.6 SUMMARY OF ABSORPTION MECHANISMS AND 
TEMPERATURE EFFECTS 

There are many ways in which electromagnetic waves can interact with matter 
in its condensed phases, liquid and solid. Some of these have been treated with 
simple models in Chapter 9, and examples are given in this chapter. Lest we 
leave the reader with an oversimplified view of optical constants we list in 
Table 10.2 several absorption mechanisms in solids together with the spectral 
regions in which they are important. References, primarily review articles and 
monographs, are also included to guide the reader in further study. 

Most optical studies of condensed matter have been made near room 
temperature, but there are applications in which optical properties are required 
at high temperatures (e.g., particles as solar radiation absorbers) or at low 
temperatures (e.g., interstellar dust grains). Although we cannot discuss all 
possibilities, the following brief comments may be helpful. 

In general, temperature tends to affect more greatly low-frequency (infrared 
and far infrared) than high-frequency (visible and ultraviolet) absorption 
mechanisms. At room temperature (- 300°K) kBT corresponds to about 0.025 
cV (A. ~ 10 JLm); thermal energies are therefore quite small compared with 
ultraviolet photon energies, so temperature changes only slightly perturb 
ultraviolet absorption mechanisms. Of the two major types of absorption 
mechanisms, vibrational and electronic, the former are far more temperature 
dependent. Infrared absorption bands of ionic solids, associated with collective 
lattice oscillations, commonly increase in width and decrease in height with 
increasing temperature; the frequency of peak absorption tends to shift to 
lower values, although the shift is small except for large temperature changes 
( l 00-I000°K). Excellent examples are given by Jasperse et al. (1966), who 
-,tudied the Reststrahlen band in LiF from 7.5 to 1060°K and that in MgO 
from 8 to 1950°K. Far-infrared ( > 100 JLm) absorption in crystalline solids 
may change by several orders of magnitude as temperature increases, although 
ahsorption in amorphous solids tends to be independent of temperature (Mitra 
and Nudelman, 1970). 

Temperature changes do not appreciably affect ultraviolet optical properties 
1 )f hoth metals and insulators, although at low temperatures absorption bands 
associated with excitons and electron band transitions are usually sharper, and 
frequencies of peak absorption may shift slightly. In the soft x-ray region, 
1 ra nsi tions of core electrons buried in the interior of atoms hardly notice 
temperature changes. 



Table 10.2 Summary of Absorption Mechanisms 

Spectral Region Type of Absorption References 

Microwave Debye relaxation De bye ( 1929) 
> lmm in polar matter 

Electron energy splitting Hadni ( 1970a) 
in rare earth ions 

Far infrared Phonon-difference processes Hadni ( 1970b) 
- I mm (1000 J.Lm) Superconducting band gap Tinkham ( 1970b) 
to- 100 J.Lm Defect-induced vibrations Genzel ( 1969) 

Impurity-induced vibrations McCombie ( 1970) 

Intramolecular vibrations Sherwood ( 1972) 
Intermolecular vibrations Sherwood ( 1972) 

Infrared Reststrahlen absorption Mitra (1969); 
- 100 in ionic crystals Plendl ( 1970) 
to- 2 J.Lm Two-phonon and multiphonon Bend ow ( 1978) 

processes 
Magnetic excitation Tinkham ( 1970a) 

in magnetic insulators 
Intraband electron Nilsson (1974); 

transitions in metals Glicksman ( 1971) 
Free carriers in Dixon ( 1969); 

semiconductors Moss (1959) 

Electron states of impurities McClure (1959b); 
Bums (1970) 

No-phonon lines and Silsbee ( 1969); 
phonon sidebands Rebane ( 1974) 

Near visible No-magnon lines and McClure (1974) 
- 2 p.m to magnon sidebands 

- 3000A Electron defect states Markham (1966) 
(color centers) 

Transition-metal-ion DiBartolo ( 197 4); 
energy levels Crosswhite and 

Moos (1967) 
Electron band gaps Harbeke ( 1972) 

in semiconductors 
Electron band tailing Tauc (1972) 

in amorphous semiconductors 

Far ultraviolet Exciton bands (single Nikitine (1969); 
- 3000 to and series) Reynolds ( 1969) 
- 5ooA Band-to-band transitions Phillips ( 1966) 

of electrons 
Molecular electron McClure ( 1959a) 

transitions 
Electron plasma Steinmann ( 1968); 

oscillations Glicksman ( 1971) 
in metals 

Extreme ultraviolet, Core electron transitions Brown (1974) 
soft x-ray 

- 500 to 
- 20A 

282 



NOTES AND COMMENTS 283 

Recall, however, that temperature changes often give rise to phase changes 
such as solid-to-liquid, magnetic, and superconducting phase transitions, with 
associated appreciable changes in optical properties at all wavelengths. We 
mentioned in Section 9.5 that the Debye relaxation mechanism, which 
dominates the radio-frequency behavior of liquid water, practically vanishes in 
the transition to ice. Similarly, superconducting band gap absorption disap
pears above the transition temperature. 

NOTES AND COMMENTS 

Optical properties of solids encompasses a field of study too extensive to be 
covered adequately in a single volume. Monographs that emphasize different 
aspects of the subject, together with the topics they treat especially well, are 
listed below. 

Wooten (1972): Metals. 
Greenaway and Harbeke (1968): Semiconductors. 
Sherwood (1972): Infrared lattice vibrations. 
Burns (1970): Ions in crystals. 

Some of the most comprehensive coverages of optical properties are found in 
the following proceedings of summer schools and conferences: Tauc (1966), 
Nudelman and Mitra (1969), Mitra and Nudelman (1970), Abeles (1972), 
Mitra and Bendow (1975); the first two are especially recommended. 

The following articles in the series Solid State Physics offer comprehensive 
reviews of various topics. 

McClure (1959ab ): Molecules and ions in crystals. 
Stern (1963): Optical properties in general. 
Markham (1966): Color centers. 
Phillips (1966): Fundamental electronic spectra. 

Glicksman (1971): Metals. 
Brown (1974): Extreme ultraviolet spectra of solids. 
Nilsson (1974): Metals and alloys. 
Bendow (1978): Transparent insulators. 

The first two volumes in a compilation of optical data on all the metallic 
clements, in the photon energy range 0.1-500 eV, have been recently published 
hy Weaver et ·al. (198lab). 

Two highly recommended papers on the color of water are those by 
Bancroft (1919) and by Raman (1922). The first of these contains lengthy 
4uotes from earlier work. 

Molecular vibrations are treated in great detail in the books by Herzberg 
( 1945) and by Wilson et al. (1955). 
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Chapter 11 
Extinction 

Extinction is the attenuation of an electromagnetic wave by scattering and 
absorption as it traverses a particulate medium. In homogeneous media the 
dominant attenuation mechanism is usually absorption. Comparison of extinc
tion spectra for small particles of various sizes with absorption spectra for the 
bulk parent material reveals both similarities and differences; we shall make 
such comparisons in the early part of this chapter. After reviewing the meaning 
of extinction and the various ways it is commonly presented (Section 11.1 ), we 
survey extinction effects in particles of the three illustrative materials of 
Chapter 10 (Section 11.2). Following this survey, the major features of spectral 
extinction (except those reserved for Chapter 12) are discussed in more detail: 
extinction dominated by scattering, including size and size distribution effects 
(Section 11.3); ripple structure (Section 11.4); and the effects of absorption 
(Section 11.5). Calculations of extinction by spheroids and infinite cylinders in 
Section 11.6 are followed in Section 11.7 by measurement techniques and 
experimental results for both spherical and nonspherical particles. We con
dude with a brief summary in Section 11.8. 

11.1 EXTINCTION= ABSORPTION+ SCATTERING 

If multiple scattering is negligible the irradiance of a beam of light is exponen
tially attenuated from I; to I 1 in traversing a distance h through a pru:ticulate 
medium (see Section 3.4): 

1 = exp( -aexth). 
l 

(11.1) 

Extinction is the result of both absorption and scattering: 

(11.2) 

··)( is the number of particles per unit vvlume; cabs and csca are the absorption 
and scattering cross sections. Although both processes occur simultaneously, 
there are instances where one or the other dominates. For example, visible light 
passing through a fog is attenuated almost entirely by scattering, whereas light 
passing along the shaft of a coal mine might be attenuated primarily by 
ahsorption. A simple hut effective demonstration of these two extremes, 
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particularly well suited to large audiences, is shown schematically in Fig. 11.1. 
Two transparent containers (Petri dishes serve quite well) are filled with water, 
placed on an overhead projector, and their images focused on a screen. To one 
container, a few drops of milk are added; to the other, a few drops of India 
ink. The images can be changed from clear to a reddish hue to black by 
increasing the amount of milk or ink. Indeed, both images can be adjusted so 
that they appear equally dark; in this instance it is not possible, judging solely 
by the light transmitted to the screen, to distinguish one from the other: the 
amount of extinction is about the same. But the difference between the two 
suspensions immediately becomes obvious if one looks directly at the con
tainers: the milk is white whereas the ink is black. Milk is a suspension of very 
weakly absorbing particles which therefore attenuate light primarily by scatter
ing; India ink is a suspension of very S_!!!_~!l~~~~~I?-_E'!!Ji_~!~ _ _wlli_G_h_~!t~r:t~ 
light prilllarily J>y absorption~_ Although this demonstration is not meant to be 
quantitative, and lis complete interpretation is complicated somewhat by 
multiple scattering, it clearly shows the difference between extinction by 
scattering and extinction by absorption. Moreover, it shows that merely by 
observing transmitted light it is not possible to determine the relative contribu
tions of absorption and scattering to extinction; to do so requires an additional 
independent observation. 

Extinction of light by particles is a fairly commonly observed phenomenon: 
sunlight through a dust storm or a polluted layer of air; automobile headlights 
in fog; a skin diver's light in murky water. All these examples of extinction, 
however, are not necessarily described by the theoretical expressions ( 11.1) and 
(11.2). Multiple scattering aside, underlying (11.2) is the assumption that all 
light scattered by the particles, however small the scattering angle, is excluded 
from the detector. But the eye, or any other detector, collects light scattered in 

Figure 11.1 A demonstration of how extinction 
may be dominated either by scattering or by absorp
tion: one Petri dish contains a milk suspension: the 
other contains an India ink suspension. 
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some possibly small but finite set of angles around the forward direction; the 
larger the particles the more the scattering diagram is peaked in the forward 
direction and the greater the possible discrepancy between measured and 
calculated extinction. Thus, a detection system may have to be carefully 
designed to measure extinction that can be legitimately compared with theoret
ical extinction, particularly by large particles. Extinction by interstellar dust is 
an example where the requirements of theory are most likely to be strictly 
satisfied: distances to particles are thousands of light years and a detector 
coupled to a telescope receives almost entirely light that has not been scattered. 

There is not a unique way of representing extinction. Physicists, because 
they are accustomed to cross sections for various atomic and nuclear processes, 
are probably most comfortable with the extinction cross section cext = cabs + 
Csca. On the other hand, the extinction efficiency Q ext = Cextl (cross-sectional 
area) is more likely to bring a smile to the face of an a~tronomer or an 
atmospheric scientist. In the books by van de Hulst (1957) ;ri~1'<.erker (1969), 
extinction efficiencies are presented almost exclusively; consequently, this has 
become widespread. But we argued in Section 3.4 that the extinction cross 
section per unit particle volume (or mass) may be a more appropriate measure 
of how efficiently a particle attenuates light. These three ways of representing 
extinction, which are listed below, may be looked upon as merely different 
ways of normalizing the extinction cross section. 

Cross section 

Cross section per 
unit area 

'-- • t I (. t ,· ,--, ( _/ j i 

Cross section per CextfV 3Qextf4a (sphere) 
unit volume 

Plots of each of these quantities as a function of particle size would look 
quite different and, therefore, would tell different stories. Except for a scale 
factor, each of them plotted as a function of wavelength for the same particle 
size would be identical. In our first example of extinction (Fig. 4.6) we 
displayed the efficiency QexP as we shall often do in this chapter. In Chapter 
12, however, our preference switches to the extinction cross section per unit 
particle volume. Unnormalized extinction cross sections (strictly speaking, the 
differential scattering cross section integrated over the acceptance angle of the 
detector) are more appropriate in Section 13.5 on particle sizing. 

11.2 EXTINCTION SURVEY 

( 'urves of extinction as a function of size parameter show a wealth of features, 
even when calculated with uninteresting constant optical constants, as has 
often been done. When realistic optical constants are used in calculations the 
different types of extinction effects become even more numerous. In this 
~cc.:tion we incorporate optical constants of the three illustrative materials of 
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Chapter 10 with Mie theory in a survey of extinction effects which we shall 
discuss in more detail in subsequent sections. 

11.2.1 Magnesium Oxide 

Volume-normalized extinction is plotted in Fig. 11.2 as a function of photon 
energy for several polydispersions of MgO spheres; both scales are logarithmic. 
For comparison of bulk and small-particle properties the bulk absorption 
coefficient a = 4TTkjA. is included. Some single-particle features, such as ripple 
structure, are effaced by the distribution of radii. The information contained in 
these curves is not assimilated at a glance: they require careful study. 

At and near visible wavelengths, where bulk MgO is highly transparent, 
extinction is dominated by scattering. As a consequence, attenuation by MgO 
particles is quite different from that by the bulk solid. If the particles are much 
smaller than the wavelength, scattering varies as the fourth power of the 
photon energy (ljA.4 ); at such wavelengths extinction is a linear function of 
photon energy on a logarithmic plot. Greater extinction of higher than lower 
energy light gives rise to reddening, which may be observed in light transmitted 
through an MgO-smoked microscope slide. If the particles are large compared 
with the wavelength, extinction dominated by scattering is nearly independent 
of photon energy. Note in particular the broad range of neutral extinction for 
the particles with mean radius 1.0 JLm. White light would undergo little 
discernible change in color upon transmission by such particles. 

At energies where MgO electronic absorption sets in, structure in the bulk 
optical constants appears in extinction (both scattering and absorption), but 
only for the smallest particles (0.01 JLm). No structure is apparent in the 
extinction spectrum of particles with mean radius 0.05 JLm at energies greater 
than about 7.6 eV. At these energies the particles are "black": no appreciable 
light that penetrates the particles reemerges carrying the spectral information. 
This effect could be called "saturation", although this term is used in many 
different ways. 

Because the particles must be very small, not more than a few hundred 
angstroms for most substances, there have been few laboratory observations of 
structure in ultraviolet extinction spectra of small, nonmetallic particles. Par
ticles of the required size are difficult to make. Grinding them from the bulk, 
with the attendant problem of separation, is almost hopeless. Various smokes 
can be made, MgO particularly easily, but not of all substances that might be 
of interest. 

Extinction and absorption spectra for 0.01 JLm particles with optical con
stants appropriate to radiation-damaged MgO (see Fig. 10.1) are also shown in 
Fig. 11.2. The lowest-energy absorption band among the three broad bands 
shows clearly in extinction but not the highest-energy band. In this instance 
obscuration of structure is caused by the dominance of scattering over absorp
tion, not "saturation" of absorption. This is obvious from the absorption 
spectrum, in which all three bands are evident. To observe the band at 3.5 eV 
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would require measuring absorption in the presence of a large amount of 
scattering. Diffuse reflectance techniques (Kortum, 1969) or the increasingly 
popular photoacoustic spectroscopy (Rosencwaig, 1980) could be used. These 
techniques, however, would be applied less successfully to absorption bands 
between 7 and 20 eV for 0.05-p.m particles or larger. 

At infrared wavelengths extinction by the MgO particles of Fig. 11.2, 
including those with radius 1 JLm, which can be made by grinding, is dominated 
by absorption. This is why the KBr pellet technique is commonly used for 
infrared absorption spectroscopy of powders. A small amount of the sample 
dispersed in KBr powder is pressed into a pellet, the transmission spectrum of 
which is readily obtained. Because extinction is dominated by absorption, this 
transmission spectrum should follow the undulations of the intrinsic absorp
tion spectrum-but not always. Comparison of Figs. 10.1 and 11.2 reveals an 
interesting discrepancy: calculated peak extinction occurs at 0.075 eV, whereas 
absorption in bulk MgO peaks at the transverse optic mode frequency, which 
is about 0.05 eV. This is a large discrepancy in light of the precision of modern 
infrared spectroscopy and could cause serious error if the extinction peak were 
assumed to lie at the position of a bulk absorption band. This is the first 
instance we have encountered where the properties of small particles deviate 
appreciably from those of the bulk solid. It is the result of surface mode 
excitation, which is such a dominant effect in small particles of some solids 
that we have devoted Chapter 12 to its fuller discussion. 

The scattering cross section in Fig. 11.2 also peaks at about 0.075 eV, 
although it is much less than the corresponding absorption cross section. Note 
that the scattering cross section drops sharply near 0.1 eV, where the real part 
of the refractive index is about 1 and the imaginary part is low: the particles 
are almost optically identical with free space. This is the Christiansen effect, 
which can be exploited to make a band-pass filter (see, e.g., Smith et al., 1968, 
pp. 395-399). Transmission through a collection of particles is greatest near 
the Christiansen frequency (where n ::::::: 1 and k ::::::: 0) because scattering nearly 
vanishes; at neighboring frequencies scattering greatly diminishes the trans
mitted light. Larger particles than we have discussed in connection with Fig. 
11.2 are required, however, so that absorption does not dominate over scatter
ing. 

11.2.2 Water 
' .,;.' ·,j ·"; 

J 

Mie calculations with the optical constants of water given in Fig. 10.3 are 
shown in Fig. 11.3; extinction and absorption are plotted logarithmically, 
photon energy linearly. The bulk absorption coefficient of water is shown in 
Fig. 11.3c. Because many of the extinction features of water and MgO, both of 
which are insulators, are similar, we present calculations for a single water 
droplet (in air) with radius 1.0 JLm. Size-dependent spectral feature~ are 
therefore not obscured as they are for a distribution of radii. 

Perhaps the most conspicuous features in extinction appear where water is 
transparent, between about 0.5 and 7 eV. Interference of incident and 
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forward-scattered light (see Section 4.4) gives rise to interference structure: a 
series of broad, regularly spaced extinction maxima and minima. Superim
posed on this is sharp and highly irregular ripple structure, which originates in 
resonant electromagnetic modes of a sphere. We shall discuss interference and 
ripple structure in more detail in Sections 11.3 and 11.4. Since the positions of 
these features are size dependent (especially ripple structure) they tend not to 
appear in calculations for polydispersions. This is why the extinction curves for 
MgO (Fig. 11.2) are so different from the extinction curve in Fig. 11.3. Also 
included in this figure is the absorption cross section per unit particle volume. 
Interference structure does not appear in absorption but ripple structure does, 
although at energies where absorption is very small. Comparison of the curves 
for a water droplet (a and b) with that for water (c) shows that interference 
and ripple structure give to a droplet spectral features which contrast markedly 
with those of its parent material. 

The extinction features at energies where water is transparent are rapidly 
squelched in the ultraviolet as the onset of electronic transitions greatly 
increases bulk absorption. In the infrared, however, vibrational absorption 
bands in water are carried over into similar bands in extinction (dominated by 
absorption if a << A) by a water droplet. Unlike MgO there are no appreciable 
spectral shifts in going from the bulk to particulate states. The reason for this 
lies in the strength of bulk absorption and will be discussed more thoroughly in 
Chapter 12. 

11.2.3 Aluminum 

The calculated extinction spectrum of a polydispersion of small aluminum 
spheres (mean radius 0.01 pm, fractional standard deviation 0.15) is shown in 
Fig. 11.4; both scales are logarithmic. In some ways spectral extinction by 
metallic particles is less interesting than that by insulating particles, such as 
those discussed in the preceding two sections. The free-electron contribution to 
absorption in metals, which dominates other absorption bands, extends from 
radio to far-ultraviolet frequencies. Hence, extinction features in the trans
parent region of insulating particles, such as ripple and interference structure, 
are suppressed in metallic particles because of their inherent opacity. But 
extinction by metallic particles is not without its interesting aspects. 

Note that there is no bulk absorption band in aluminum corresponding to the 
prominent extinction feature at about 8 eV. Indeed, the extinction maximum 
occurs where bulk absorption is monotonically decreasing. This feature arises 
from a resonance in the collective motion of free electrons constrained to 
oscillate within a small sphere. It is similar to the dominant infrared extinction 
feature in small MgO spheres (Fig. 11.2), which arises from a collective 
oscillation of the lattice ions. As will be shown in Chapter 12, these resonances 
can be quite strongly dependent on particle shape and are excited at energies 
where the real part of the dielectric function is negative. For a metal such as 
aluminum, this region extends from radio to far-ultraviolet frequencies. So the 
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Figure 11.4 Calculated extinction by a polydispersion of aluminum spheres (top) compared with 
the bulk absorption spectrum of aluminum (bottom). 

possible range of shape-dependent features in extinction spectra of small 
metallic particles is correspondingly broad. 

11.3 SOME EXTINCTION EFFECTS IN INSULATING 
SPHERES 

In the preceding section and elsewhere we have touched on a few points that 
deserve further elaboration. For example, we have emphasized that extinction 
l:akulations should, in general, be done with wavelength-dependent optical 
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constants; in this section we examine the consequences of not doing so. Then 
we go on to consider the progressive obliteration of features in extinction by a 
polydispersion of spheres as the spread of their radii is increased. 

11.3.1 Two Views of Extinction 

Two curves showing extinction by a sphere are given in Fig. 11.5. The 
refractive index for the top curve is 1.33 + il0- 8, which corresponds to water 
at about 5600 A. This is the type of extinction curve most commonly 
encountered, although it is easy to misinterpret. It strictly represents the 
dependence of extinction on radius at a fixed wavelength, not its dependence 
on wavelength, despite the fact that the abscissa is proportional to 1/A. The 
reason for this is that the optical constants of water-indeed, any 
substance-depend on wavelength. Only if a suitable refractive index m(A) is 
incorporated with Mie theory can a calculated curve faithfully show how 
extinction varies with wavelength, and then only for a single size. This type of 
curve, for a particle of radius 1.0 p.m, is shown in Fig. 11.5b. 

Comparison of the two curves in Fig. 11.5 reveals both similarities and 
differences. In the transparent region, between about x = 3 and x = 37, the 
extinction features are qualitatively similar but the positions of the major 
(interference) peaks may be appreciably displaced. The positions of the first 
peaks (near x = 7) are almost identical. But the second peaks are slightly 
shifted and the third- and higher-order peaks are considerably shifted. This 
progressively increasing displacement of peak positions is a result of the 
increase of the real part of the refractive index of water toward the ultraviolet. 
In the regions where water is absorbing-infrared and ultraviolet-the two 
curves show little similarity. At x = 37 ripple structure abruptly vanishes from 
the extinction curve of Fig. 11.5b; this results from the strong electronic 
absorption that sets in shortward of about 0.2 p.m, the absorption edge. A 
similar effect occurs for all nonmetallic solids and liquids, although the 
position of the absorption edge-in or near the ultraviolet-is different for 
each substance. At values of x less than about two,extinction features in Fig. 
11.5b do not have counterparts in Fig. 11.5a; these features arise from the 
infrared absorption _ _?_~~-~_?!_ water. 

11.3.2 Size Distribution Effects 

Extinction features that strongly depend on particle size will be obscured, if 
not totally obliterated, in a polydispersion. Many analytical expressions for the 
radius probability distribution have been used in Mie calculations. For purpo
ses of illustration we have chosen the Gaussian distribution, according to 
which the probability that a sphere has radius between a and a + dais 

1 [ 1 ( a - a ) 
2

] --exp -- -- da, 
a/fii 2 a 
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where li is the mean radius and a 2 is the variance. Although the Gaussian 
distribution probably does not represent natural aerosols and other particulate 
systems very well;its advantages are simplicity and familiarity. 

To show the effect of increasing size dispersion on extinction}a series of 
calculations for water droplets is given in Fig. 11.6. The topmost curve 
reproduces the calculations of Fig. 11.5a for a single sphere; the standard 
deviation a is increased in successively lower curves. 

Ripple structure, beginning with the sharpest at large size parameters, is the 
first to disappear as a is increased. As the distribution is further widened, the 
interference structure fades away. For the widest distribution the only remain
ing features are reddening at small size parameters, and, at the other extreme, 
an asymptotic approach to the limiting value 2. 0 < ~~ r ( ; : 

Without an appreciation for the possible spread of sizes in real particulate 
systems the values of a in Fig. 11.6 are merely those of an adjustable 
parameter. We therefore give distribution widths for some natural and artificial 
aerosols and hydrosols in Table 11.1; we excluded from this list broad 
distributions, such as raindrops, to which the notion of a width is not really 
applicable. 

Table 11.1 Approximate Size Distribution Parameters for Some Natural and Artificial 
Aerosols and Hydrosols 

Mean Radius Fractional Standard 
Particles (I'm) Deviation Reference 

Polystyrene spheres 
in water 0.05-2 0.005-0.01 

Bergland-Liu 
generator 0.01 Bergland and Liu (1973) 

Sinclair-LaMer 
generator 0.1-0.2 Kerker (1969, p. 320) 

Ultrasonic 
nebulizer 0.3 Perry et al. (1978) 

Nozzles and sprays 20-300 1.1 Com and Esmen (1976) 
Com rust spores 3.4 0.038 Com and Esmen (1976) 
Lycopodium spores 15 0.01 Com and Esmen (1976) 
Blood cells (dried) 8 0.08 Com and Esmen (1976) 
Clover pollen 26 0.04 Com and Esmen (1976) 
Giant ragweed 

pollen 9.8 0.05 Com and Esmen ( 1976) 
Orchard grass 

pollen 15.5 0.07 Com and Esmen (1976) 
Upper clouds 

of Venus 1.0 0.3 Hansen and Hovenier (1974) 
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11.4 RIPPLE STRUCTURE 

Ripple structure-sharp, irregularly spaced features in extinction by weakly 
absorbing spheres- is evident in Figs. 4.6, 11.3, 11.5, and 11.6. In some ways 
ripple structure is merely a nuisance. It is, after all, unlikely to be observed in 
extinction by many polydispersions, natural and artificial. Yet calculations for 
a single sphere are of necessity done at a finite number of size parameters, one 
of which may just happen to correspond to a sharp peak unrepresentative of 
the generally smooth variation of extinction. Ways have been devised to get 
around this problem (see, e.g., Penndorf, 1958). Often the best approach in 
these days of fast computers is to do calculations for a distribution of sizes 
rather than for a single size (see Fig. 11.6). Before the digital computer was 
commonplace it was prohibitively expensive to do calculations for a very fine 
size parameter grid. Consequently, many of the older extinction curves do not 
exhibit as much structure as that shown in Fig. 11.5a. But even this curve is 
not indicative of the extreme fineness of extinction structure. A closer look at a 
small part of Fig. 11.5a (enclosed by a rectangle) reveals even more structure. 
Figure 11.7 shows results of extinction calculations for a water droplet similar 
to those of Chylek et al. (1978a). Structure that was barely perceptible in Fig. 
11.5a is now well resolved. Even on this expanded scale, however, there are 
unresolved extinction peaks; these are indicated by the vertical lines at about 
x = 50.33, 50.68, 51.12, and 51.90. To resolve these peaks requires an even 
finer size parameter grid. For example by decreasing Llx to 10-6 the peak near 
x = 50.33 is resolved in Fig. 11.8. Thus, the closer we look the more structure 
we find. One might well wonder if there is an end to this: is it a matter of dogs 
having fleas, which themselves have fleas, and so on ad infinitum? Chylek et al. 
( 1978a) have made a careful study of this question and claim that no more 
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Figure 11.7 High-resolution (~x = 10- 4
) calculation of the ripple structure in extinction by a 

water droplet (m = 1.33 + ii0- 8
). After Chylek et al. (1978a). 
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Figure 11.8 The unresolved extinction peak near x = 50.33 in Fig. 11.7 is resolved by decreasing 
~X to 10- 6. 

structure is revealed by decreasing Llx below 10- 7
; therefore, the peak shown 

in Fig. 11.8 is an example of the narrowest to be found. Ripple structure is not 
limited to the scattering component of extinction but is present in absorption 
as well (Bennett and Rosasco, 1978).""' / .. :· " . < ·- , "'!. 1 , ... ., 1 7 

We discussed in Section 4.3 the electromagnetic normal modes, or virtual 
modes, of a sphere, which are resonant when the denominators of the scatter
ing coefficients an and bn are minima (strictly speaking, when they vanish, but 
they only do so for complex frequencies or, equivalently, complex size parame
ters). But Qextis an infinite series in an and bn, so ripple structure in extinction 
must be associated with these modes. The coefficient en (dn) of the internal 
field has the same denominator as bn(an). Therefore, the energy density, and 
hence energy absorption, inside the sphere peaks at each resonance: there is 
ripple structure in absorption as well as scattering. 

For each index n there is a sequence of values of x for which the mode 
associated with an or bn is excited. We may therefore label each (nonover
lapping) extinction peak with the type of mode [electric (an) or magnetic (bn)], 
the index n, and the sequential order of x (Chylek, 1976): for example, a~0 , 
a ~0 , and so on, where the superscript indicates the order of x; the extinction 
peaks between x = 50 and x = 52 for a water droplet are so labeled in Fig. 
11.7. 

Three peaks, labeled a~0 , ai0 , a~0 , in the real part of a 60 (x) for a water 
droplet are shown in Fig. 11.9; the real part of the refractive index is fixed but 
the imaginary part is varied. These optical constants could be obtained by, for 
example, adding a little dye (food coloring) to water; this would increase k 
without appreciably changing n. Note that the horizontal scale is different for 
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Figure 11.9 Three peaks in the real part of a60 . The imaginary part of the refractive index is 
progressively increased from top to bottom but the real part is fixed (1.33). After Chylek et al. 
(l978b). 

each set of curves. Similar curves, for different optical constants, have been 
given by Chylek et al. (1978b). 

The peaks appear to be Lorentzian, and if we were to plot Im{a60(x)} this 
would be even more obvious. That this is indeed so, to good approximation, 
was shown by Fuchs and Kliewer ( 1968), who discussed in detail the normal 
modes of an ionic sphere. 

For given k, the peaks broaden with increasing order. As absorption is 
increased for a fixed order each peak is broadened at the expense of its height, 
particularly the a~0 peak; the broader, higher-order peaks are not nearly as 
severely damped by absorption. This accounts for the rapid loss of the sharpest 
extinction peaks with increased absorption (Fig. 11.12). 

Ripple structure was observed in scattering at 90° by water droplets as they 
nucleated and grew in a cloud chamber (Dobbins and Eklund, 1977). We shall 
show in Section 11.7 that ripple structure is easily observed in extinction by 
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polystyrene spheres suspended in water. In both these examples the ripples are 
fairly broad and therefore can be observed despite the distribution of particle 
sizes. Single spheres are required, however, if one is to observe the very sharp 
structure associated with larger, more refractive spheres. Such observations 
have been reported for the microwave and visible regions; these are discussed 
below. 

11.4.1 Sphere in a Microwave Waveguide 

The possibility of making use of ripple structure in microwave devices has been 
discussed for years (e.g., Richtmyer, 1939). For example, a "notch" filter can 
be made by combining a sphere with a waveguide. This was done by Affolter 
and Eliasson (1973): they suspended a 0.2-cm SrTi03 (f.' = 324.4) sphere 
symmetrically in a waveguide and measured the transmitted power as a 
function of frequency. Their results are shown in the lower part of Fig. 11.10; 
calculations of the power loss ratio (equivalent to I I 10 in our notation) are 
shown in the upper part of this figure. Attenuation of microwave power is 
almost complete in a narrow frequency band. Calculations show that the shape 
of this band strongly depends on £", which is also evident in Fig. 11.12; 
Affolter and Eliasson suggested that this could be used to measure f." of 
weakly absorbing materials. 

11.4.2 Ripples in Radiation Pressure 

It might be thought that ripple structure, particularly the sharp features at 
large x (Fig. 11.5), would be primarily of theoretical interest because it could 
not be observed in a distribution of sizes. Even with a single particle a small 
dispersion of wavelengths would obliterate such structure. In recent years, 
however, many features of the complex ripple structure pattern have been 
observed in a set of elegant and beautiful experiments. Ashkin and Dziedzic 
(1971, 1976, 1977) have developed a method of levitating transparent particles 
in a strongly focused laser beam. Not only is a particle balanced against 
gravity by radiation pressure, it is also laterally stabilized in the beam. An 
electronic feedback system adjusts the laser power so that a particle is kept at a 
fixed height. If the wavelength is varied, then the radiation pressure, and hence 
the laser power necessary for stable levitation, also varies; this technique has 
been called radiation-pressure-force spectroscopy. 

The power required to levitate an oil drop as its size parameter is varied by 
tuning the dye laser wavelength is shown in the lower curves of Fig. 11.11. The 
calculated radiation pressure efficiency (plotted as 1 I Q pr) is shown in the 
middle curve and Qext in the upper curve; the refractive index m = 1.47 + il0- 6 

is approximately constant over the small wavelength interval. This figure is 
taken from Chylek et al. ( 1978b ), who identified the peaks in the upper curve. 
Curve a of the experimental results is for values of x calculated from the drop 
size determined microscopically with an accuracy of ± 5%. The ripple structure 
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Figure ll.ll Calculated extinction and radiation pressure for a sphere compared with the power 
necessary to levitate the sphere. From Chylek et al. (1978b), who used the experimental results of 
A~hkin and Dziedzic ( 1977). 

features are so distinctive, however, that a much more accurate determination 
of x was made by matching experimental and theoretical curves; curve b is 
based on the more accurate drop size. Experiment and theory now agree very 
well except for the small displacements attributed to drop evaporation during 
the scan. All features of the calculated spectrum are observed in the measure
ments except those with width ~x of order 10-6

, shown as dashed lines in the 
ralculations. These correspond to first-order resonances of the normal modes 
(e.g., b~0 , a~2 , etc.) and are too narrow to be resolved despite the laser's high 
'pcctral purity. 

42 

The experiments of Ashkin and Dziedzic impressively demonstrate the 
romplexity of the electromagnetic modes of a sphere and the high degree of ?r 
.1n:uracy with which Mie theory describes them; they also provideaineanS'iO~-
mcas\.u:lng- the sizesoT.s1iigie- spheres .to within. 1 part in 105 or 106 and for 
'L'nsitively monitoring small size changes. 

11.5 ABSORPTION EFFECTS IN EXTINCTION 

!\t this point the reader should be well aware that all solids and liquids are 
'trongly absorbing in some spectral regions and that this has consequences for 
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extinction, some of which were discussed in the survey section (11.1 ). We 
examine the effects of absorption on extinction further in this section. 

11.5.1 Ripple and Interference Structure 

Absorption is progressively increased in the sequence of extinction curves in 
Fig. 11.12 for a narrow Gaussian distribution of radii. Because the refractive 
index (wavelength) is fixed for each curve the abscissa is proportional to the 
mean radius. Although the optical constants for the upper curves are similar to 
those of water at some infrared wavelengths, m = 1.33 + iO.l is not; in this 
particular instance our point is better made by varying only k despite our 
general aversion to this sort of arbitrary and unrealistic fiddling with optical 
constants. 

It is obvious at a glance that ripple structure is the first to fade as 
absorption is increased, beginning at the larger values of x. Next, the inter
ference structure is damped, and again, it is more pronounced for large x. In 
Section 4.4 we interpreted this structure as arising from interference between 
the undeviated beam and the central ray through a sphere. Consistent with this 
interpretation is the expectation that these extrema should vanish whenever k 
is sufficiently large (kx > 1) that no !J.ppreciable light penetrates through the 
particle; that this is so is evident from Fig. 11.12. 

11.5.2 Effect of an Absorption Edge 

What is at first sight a paradox emerges from careful study of Fig. 11.12: 
extinction at fixed x does not always increase with increasing k. For example, 
at x = 2 extinction increases with increasing absorption; this is most evident in 
the bottom two curves. But at x = 6 it decreases with increasing absorption. At 
x = 11, however, there is again a reversal. Thus, the effect of a rapid onset of 
strong absorption, such as that occurring in the ultraviolet for all insulating 
solids and liquids, will depend on the particle size. For example, near the 
absorption edge of MgO (- 7 eV) extinction by a 0.01-JLm sphere sharply 
increases (Fig. 11.2). But when the radius is increased to 0.05 J.Lm, extinction 
sharply drops just beyond the absorption edge. These effects are more clearly 
apparent in the experimental extinction curves for polystyrene (Fig. 11.19). 
The physical reason why increasing absorption can decrease extinction is that 
interference is thwarted if the light does not penetrate through the particle. At 
size parameters corresponding to interference peaks-destructive inter
ference-an absorption edge decreases extinction; conversely, at size parame
ters corresponding to interference valleys, thwarting of constructive inter
ference increases extinction. 

11.5.3 Asymmetry Associated with Narrow Absorption Bands 

Suppose that a material has a narrow, symmetric absorption band in the bulk 
state. It seems no more than common sense to expect that the corresponding 
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ex tinction band for a particle of this material should also be symmetric. Yet 
when the particle is sufficiently large that the extinction band has an apprecia
ble scattering component, it may be not at all symmetric. This type of 
asymmetry was first pointed out by van de Hulst (1957) in connection with 
small particles of the interstellar medium. Since then various calculations have 
hccn made for both coated and uncoated particles (Wickramasinghe and 
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Nandy, 1970; Greenberg and Stoeckly, 1971; Greenberg and Hong, 1974). 
We have chosen the sharp absorption band at 1.18 eV in radiation-damaged 

MgO (see the inset curves in Figs. 10.1 and 11.2) to illustrate the asymmetry 
effect. The band strength derived from measurements is not sufficient to 
clearly illustrate the effect, so we increased it, along with the strengths of the 
three broader peaks that accompany it, by a factor of 100. Optical constants 
were calculated from the multioscillator model (9.25) with parameters chosen 
to best fit the data; then the strengths w£1 were increased a hundredfold. The 
resulting band strengths might be thought of as representing much higher 
levels of radiation damage, although it is doubtful that they could be realized 
in this way. The maximum f." of the enhanced 1.18-eV band is 0.082, 
corresponding to a k of about 0.024. Note that this is still some hundreds of 
times lower than intrinsic absorption in MgO between 7 and 20 eV. 

Calculations for a range of particle sizes are shown in Fig. 11.13. Note that 
the scales have not been shifted for the different sizes: extinction increases with 
size because of scattering. The extinction band for the 0.1-1-"m particle faith
fully reflects the characteristics of the intrinsic absorption band. But asymme
tries develop for particles larger than about 0.2 ,_..m; indeed, at a radius of 0.3 
,_..m the absorption band looks like an "emission" band relative to the con
tinuum. The explanation- for this strange extinction behavior near an absorp
tion band lies in the preceding section: extinction is not a steadily increasing 
function of bulk absorption. A narrow absorption band is similar to a small 
absorption edge that falls just as rapidly as it rises, which can thus cause 
extinction peaks, dips, or both. 
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Figure ll.l3 Extinction calculations for a radiation-damaged MgO sphere showing how increas
ing size gives asymmetric bands. The lowest curve (unlabeled) is for a sphere of radius ().()I p.m. 
From Huffman ( 1977). 
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11.5.4 Dominance of Absorption in the Rayleigh Limit 

Extinction is proportional to the square of the volume of a particle small 
compared with the wavelength-but only if absorption is negligible. If it is not 
it will always dominate over scattering for sufficiently small sizes [see (5.12)], in 
which instance extinction is proportional to particle volume. The volume 
attenuation coefficient av = cextfv of water droplets is shown as a function of 
radius in Fig. 11.14a for a set of wavelengths. Water is very weakly absorbing 
at visible wavelengths (k < 10- 8

) and extinction is therefore dominated by 
scattering; interference structure is evident but ripple structure has been 
suppressed for clarity. As the wavelength is increased the first interference 
peak shifts to larger radii; and av is constant for the smaller sizes, which 
indicates that extinction is predominantly absorption. At wavelengths where 
absorption is sufficiently strong (e.g., A. = 12.5 JLm) av is constant until the 
radius is so large that almost no light penetrates into the particle's interior; this 
has practical consequences: at such wavelengths extinction by a polydispersion 
is independent of the details of the size distribution provided that the volume 
fraction of larger particles is small. Thus, Carlon et al. (1977) suggested that 
liquid water content along a path in the atmosphere could be determined by 
measuring attenuation of an infrared beam along that path. Most solids and 
liquids are somewhat absorbing in the infrared; moreover, larger particles have 
short atmospheric residence times. So extinction of infrared radiation by 
atmospheric aerosols is expected to be nearly independent of size (but not 
necessarily shape, as we shall see in Chapter 12), and attenuation measure
ments could therefore be used to remotely monitor their total volume. 
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•·IJ(ure 11.14 Volume-normalized extinction as a function of size calculated for spheres of (a) 
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There are some notable differences apparent in Fig. 11.14 between the 
extinction curves for aluminum spheres and those for water droplets. For 
example, av is still constant for sufficiently small aluminum particles but the 
range of sizes is more restricted. The large peak is not an interference 
maximum: aluminum is too absorbing for that. Rather it is the dominance of 
the magnetic dipole term b1 in the series (4.62). Physically, this absorption 
arises from eddy current losses, which are strong when the particle size is near, 
but less than, the skin depth. At "A = 0.1 ,_..m the skin depth is less than the 
radius, so the interior of the particle is shielded from the field; eddy current 
losses are confined to the vicinity of the surface and therefore the volume of 
absorbing material is reduced. 

11.6 EXTINCTION CALCULATIONS FOR NONSPHERICAL 
PARTICLES 

To this point we have dealt only with spheres, which have the advantage that 
their extinction properties are easily calculated while still giving substantial 
guidance into extinction by small particles in general. And there are many 
particles that are indeed spherical: cloud droplets; sulfuric acid droplets 



11.6 CALCULATIONS FOR NONSPHERICAL PARTICLES 311 

(apparently present in the upper clouds of Venus); sulfur colloids; and the 
much-used polystyrene spheres. For such particles Mie theory is admirably 
suited. 

A few particles, such as spores, seem to be rather well approximated by 
spheroids, and there are many examples of elongated particles which may 
fairly well be described as infinite cylinders. Our next step toward understand
ing extinction by nonspherical particles is to consider calculations for these 
two shapes. To a limited extent this has already been done: spheroids small 
compared with the wavelength in Chapter 5 and normally illuminated cylin
ders in Chapter 8. We remove these restrictions in this section; measurements 
are presented in the following section. Because calculations for these shapes are 
more difficult than for spheres, we shall rely heavily on those of others. 

11.6.1 Spheroids 

Asano and Yamamoto ( 1975) solved the problem of absorption and scattering 
by an isotropic, homogeneous spheroid of arbitrary size by expanding the 
fields in vector spheroidal harmonics and determining the coefficients of the 
scattered field in a manner similar to that for a sphere (Chapter 4). A few 
results of calculations were given in this first paper; Asano (1979) subsequently 
published a more extensive set of calculations of scattering and absorption by 
spheroids of varying size, shape, and refractive index under various conditions 
of illumination. We now borrow a few examples from this work to extend our 
understanding of extinction by nonspherical particles. We note immediately 
that three factors add complications beyond those for spheres. First, a spheroid 
may be either prolate or oblate; second, the direction and state of polarization 
of the incident beam must be specified; and third, a spheroid has two 
characteristic lengths, its major and minor axes. As a consequence, the number 
of possible sets of calculations in a complete treatment of extinction by 
spheroids is vastly greater than that for spheres. Out of this multitude we have 
chosen only a few for illustration. 

Figure 11.15 shows Asano's calculations of extinction by nonabsorbing 
spheroids for an incident beam parallel to the symmetry axis, which is the 
major axis for prolate and the minor axis for oblate spheroids. Because of axial 
symmetry extinction in this instance is independent of polarization. Calcula
tions of the scattering efficiency Qsca' defined as the scattering cross section 
divided by the particle's cross-sectional area projected onto a plane normal to 
the incident beam, are shown for various degrees of elongation specified by the 
ratio of the major to minor axes ( ajb ); the size parameter x = 2'lTajA. is 
determined by the semimajor axis a. 

A glance at the curves in Fig. 11.15 reveals extinction characteristics similar 
to those for spheres: at small size parameters there is a Rayleigh-like increase 
of Qsca with x followed by an approximately linear region; broad-scale 
interference structure is evident as is finer ripple structure, particularly in the 
curves for the oblate spheroids. The interference structure can be explained 
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Figure 11.15 Calculated extinction by spheroids; the incident light is parallel to the symmetry 
axis. From Asano (1979). 

qualitatively, as was done for spheres in Section 4.4, as alternate destructive 
and constructive interference between the ray passing through the center of the 
particle, thereby undergoing a phase shift of 4'1Ta(m - 1)/A, and the undevia
ted beam. For the prolate spheroids, with m = 1.5, this phase shift is simply x, 
and we might expect the positions of the extinction maxima to be independent 
of elongation. This does not, however, occur, although the separation ~x 
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between peaks is approximately 2'lT. Note in particular that the position of the 
first extinction maximum (the first destructive interference) shifts to larger x 
with increasing elongation ajb. Asano has attributed this to edge phenomena, 
which become more important as the curvature at the point where the incident 
beam grazes the particle decreases, that is, with increasing ajb (for fixed a). In 
the limit ajb --+ oo the prolate spheroid illuminated end on becomes an 
infinite cylinder with the wave propagating along its axis (i.e., a cylindrical 
waveguide); there is indeed some similarity between the extinction curve in 
Fig. 11.15 for the largest ajb and that for an infinite cylinder illuminated at 
nearly grazing incidence (Fig. 11.17). Additional evidence in support of this 
interpretation is provided by the curves in Fig. 11.15 for oblate spheroids; the 
curvature of such spheroids at the point of grazing increases with increasing 
ajb (for fixed a). If we were to plot Qsca for the oblate spheroids as a function 
of the phase shift parameter 4'lTb(m - 1)/A, the positions of the first maxima 
would be more nearly congruent than they were for the prolate spheroids. 

Perhaps the greatest difference between the extinction calculations for 
prolate and oblate spheroids is in the ripple structure, which is much more 
obvious for the latter and even persists to the largest ajb ratios shown, 
although with reduced amplitude. 

Asano's calculations of absorption and scattering efficiencies for an absorb
ing prolate spheroid (which are not reproduced here) are qualitatively similar 
to those for spheres. For example, absorption dampens both large- and 
small-scale oscillations. As x increases Qabs and Qsca approach the respective 
asymptotic limits 1 - Q ref! and 1 + Q ref!; Q ref!, the average reflectance over 
the particle's illuminated face (see Section 7.1 ), is small for the given refractive 
index (1.5 + i0.1), so in this instance the asymptotic efficiencies are approxi
mately 1. The extinction efficiency therefore oscillates about two with decreas
ing amplitude as x increases. 

Extinction calculations for obliquely incident light, also taken from Asano 
( 1979), are shown in Fig. 11.16. The symmetry axis is parallel to the z axis and 
the direction of the incident beam, which makes an angle~ with the symmetry 
axis, lies in the xz plane, the plane of incidence. The incident light is polarized 
~:i ther with its electric field or its magnetic field perpendicular to the plane of 
1 ncidence; these two polarization states are denoted by TE (transverse electric) 
and TM (transverse magnetic). 

Straight lines connect the extinction efficiencies computed at size parameter 
mtervals ~x = 1; this coarse spacing attests to the difficulties of doing 
romputations for obliquely incident light. In general, TE and TM waves are 
-.cattered similarly, although there are slight differences which lead to polariza
tion (in the forward direction) of unpolarized obliquely incident light. Extinc
t ton of light incident along the symmetry axis of the oblate spheroid is broad 
and rippled, but the maximum becomes more peaked and shifts to smaller 
values of x as the obliquity is increased (i.e., as~ is increased from 0° to 90°). 
h>r the prolate spheroid a similar, but opposite, effect is evident: the first 
~xtinction maximum decreases and shifts to larger values of x with increasing 
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Figure 11.16 Calculated extinction of obliquely incident light by spheroids. From Asano (1979). 

obliquity. It should be kept in mind, however, in interpreting these results that 
the distance through the center of the prolate spheroid along the direction of 
incidence decreases with increasing obliquity, whereas the opposite is true for 
the oblate spheroid. Extinction by the prolate spheroid, which is rather 
elongated (ajb = 5), is quite similar to that by an infinite cylinder, which we 
discuss next. 

11.6.2 Infinite Cylinder 

An infinite right circular cylinder is another particle shape for which the 
scattering problem is exactly soluble (Section 8.4), although it might be 
thought that such cylinders are so unphysical as to be totally irrelevant to real 
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problems. But microwave extinction measurements (discussed in Section 11. 7) 
indicate that finite cylinders with length-to-diameter ratios as low as about 5 
can be closely approximated as infinite cylinders. Thus, many problems 
involving particles such as textile fibers, asbestos fibers, and even smoke 
particles aggregated into chain-like structures, can be treated adequately within 
the framework of infinite cylinder theory. 

We have already given examples of extinction by infinite cylinders il
luminated normally to their axes (Section 8.4), and Appendix C contains a 
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program for such computations. The same type of computations are required 
to determine extinction of obliquely incident light; although we omit the 
details here, they may be found in the paper by Lind and Greenberg ( 1966), 
from which we have taken Fig. 11.17. The refractive index m = 1.6 is ap
propriate to Lucite at microwave frequencies. As the angle of incidence ~ is 
varied from 90° (normal) to 1 o (nearly grazing), the extinction efficiencies for 
TE and TM waves approach each other, as required by symmetry. The curve of 
extinction as a function of size is broad and rippled when the light is normally 
incident but narrows as ~ is increased until at nearly grazing incidence it is a 
series of sharp peaks dominated by the one at smallest x; this was also evident 
in the extinction curves for the elongated prolate spheroid (Fig. 11.16). At 
grazing incidence the efficiencies vanish, but in this instance the cylinder is 
more properly considered as a waveguide. 

It seems fairly obvious from inspection of Fig. 11.17 that the extinction 
curve for a collection of randomly oriented cylinders would be similar to that 
for a polydispersion of spheres. 

11.7 EXTINCTION MEASUREMENTS 

Extinction is determined by measuring the ratio of transmitted to incident 
irradiance ( 11.1 ). Many laboratories are equipped with recording spectropho
tometers which can measure this quantity very quickly for liquid or solid 
samples. In principle this same type of instrument may be used for measuring 
extinction by particulate samples. The results, however, may be unreliable 
unless the detector is designed to reject forward-scattered light, which may be 
the major contributor to extinction by particles larger than the wavelength. 

The essentials of a proper experimental arrangement for measuring extinc
tion are shown in Fig. 11.18. Light from a point source is collimated by, for 
example, a lens, transmitted through the particulate sample, and focused 
through a small pinhole onto a detector. In principle, light scattered in other 
than the forward direction is not detected. Of course, the pinhole cannot be 
infinitesimally small; in practice, therefore, the acceptance angle is determined 
by the size of the pinhole and the focal length of the second lens. Figure 11.18 
is only schematic, however; the effective size of the source may be reduced by 
additional apertures and a monochromator may be inserted in the system. 

I ~ 
SOURCE COLLIMATING FOCUSING DETECTOR 

LENS LENS 

Figure 11.18 Schematic diagram of an experiment to measure extinction. 
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Although conventional spectrophotometers are not usually designed to 
reject light scattered at small angles, such instruments may be adequate for 
extinction measurements if the particles are not too large. But it is well to be 
aware of the potential pitfalls of measuring extinction this way. Several of the 
extinction curves in Chapter 12 for very small smoke particles ( < 0.1 JLm) were 
obtained with a commercial spectrophotometer. Infrared scattering by such 
particles is small and nearly uniform in all directions, even for rather large 
refractive indices. In this instance the simple measurement technique is quite 
accurate. 

11.7.1 Polystyrene Spheres 

Measured extinction spectra for aqueous suspensions of polystyrene 
spheres-the light scatterer's old friend-are shown in Fig. 11.19. Water is 
transparent only between about 0.2 and 1.3 JLm, which limits measurements to 
this interval. These curves were obtained with a Cary 14R spectrophotometer, 
a commonly available double-beam instrument which automatically adjusts for 
changing light intensity during a wavelength scan and plots a continuous, 
high-resolution curve of optical density. To reproduce the fine structure 
faithfully, the curves were traced exactly as they were plotted by the instru-
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ment. Note that in contrast with previous extinction curves wavelength is the 
abscissa in Fig. 11.19. Although the measurements were not made using the 
"proper" experimental arrangement shown in Fig. 11.18, the particles are not 
too large and are suspended in water, so measured extinction is not greatly 
different from what would be obtained if forward-scattered light were excluded 
from the detector. 

Almost all the calculated extinction features discussed previously may be 
found in the measured extinction curves: reddening when a/'A is small; 
interference peaks, the first of which shifts to longer wavelengths with increas
ing size; ripple structure; and the effects of an ultraviolet absorption edge. 
Reddening, as a result of greater scattering of shorter wavelengths, is evident in 
the spectrum for the 0.312-,um spheres. But the 1.05-,um spheres exhibit a 
tendency toward bluing, which is rare in natural aerosols. Even small-scale 
ripple structure, which sets in on the short-wavelength side of the interference 
peak for the 1.05-,um spheres, is obvious. Although such ripple structure is not 
usually observed in extinction spectra of polydispersions, it is in this instance 
because of the small size dispersion (- 1 %) and the high resolution of the 
spectrophotometer. Absorption dominates extinction by the smallest spheres 
and rises sharply near X = 0.23 ,urn, the absorption edge of polystyrene; the 
barely perceptible features near 0.22 ,urn and 0.27 ,urn are also observed in bulk 
polystyrene (Inagaki et al., 1977). With the absorption edge so clearly marked 
it is apparent that the extinction band near 0.26 ,urn for the 0.312-,um spheres 
is a result of abrupt suppression of the first interference peak by strong 
absorption; this is an excellent experimental example of an effect that was 
discussed in Section 11.2 in connection with calculations for MgO and in 
Section 11.5. 

Extinction spectra could be used to size particles by matching measured 
features with those calculated from Mie theory provided that the size distribu
tion is narrow and the particles are nearly spherical. 

11.7.2 Irregular Quartz Particles 

Disappearance of prominent extinction features for spheres with an increase in 
the spread of sizes was illustrated in Fig. 11.6; similar effects occur for 
irregular particles. For example, Fig. 11.20 shows measurements for various 
size-graded fractions of irregularly shaped quartz particles suspended in water 
(Hodkinson, 1963). Measurements were made at three different wavelengths 
and the results plotted against size parameter (the refractive index changes 
only slightly). Data were normalized by assuming that the constant extinction 
efficiency at the largest size parameters was equal to the asymptotic limit 2. 
None of the prominent features calculated for spheres appear in these results; 
extinction merely rises steadily at small size parameters (reddening) to a 
constant value at large size parameters. Although some size information is 
present near values of x where extinction levels off it seems that accurate sizing 
of such a distribution of irregular particles by extinction holds little promise of 
success. 
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Figure 11.20 Measured extinction by five aqueous suspensions of irregular quartz particles 
(Hodkinson, 1963) at the wavelengths 0.365, 0.436, and 0.546 fLm. 

11.7.3 Additional Measurements 

The measurements presented in the preceding two sections represent extremes: 
a highly monodisperse suspension of spheres with much extinction structure, 
and a broad size distribution of irregularly shaped particles with no prominent 
features. Measured extinction intermediate between these two extremes has 
heen reported. For example, DeVore and Pfund (1947) segregated different 
size fractions of several fine powders on glass substrates. The first extinction 
maximum was clearly apparent for each sample, in contrast with the results in 
Fig. 11.20. These authors were even able to infer refractive indices of the 
powder solids by noting the shift of the first interference peak as the particles 
were surrounded by different liquids. Procter and Barker (1974) and Procter 
and Harris (1974) determined extinction by segregated size fractions of quartz 
and diamond dust. For these irregular particles there was evidence of the first 
1 n terference maximum, after which extinction fell steadily toward the asymp
totic limit. 

11.7.4 Direct Measurement of Absorption 

1:.xtinction is not difficult to measure-in principle. But if it is to be separated 
mto its components an independent measurement of either scattering or 
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Figure 11.21 Schematic diagram of an experiment to measure absorption (using the photoacous
tic method) and extinction. 

absorption is required, which may be difficult. To determine total scattering 
either differential scattering measurements must be integrated over all direc
tions or some special optical arrangement, such as an integrating sphere, must 
be used to collect all the scattered light. Errors in Qsca are carried over into 
Qabs inferred from Qext - Qsca; and if Qsca =::: Qext the relative error in Qabs can 
be quite large. It is possible, however, to measure absorption directly-rather 
than extinction less scattering-by a method variously referred to as 
optoacoustic, photoacoustic, or spectrophone. Particles illuminated by light 
chopped at audio frequencies are periodically heated; this causes pressure 
oscillations (sound) which are detected by a sensitive microphone. Only 
absorbed light contributes to the heating, so absorption can be measured 
directly even in the presence of appreciable scattering. A schematic arrange
ment for simultaneously measuring absorption by the photoacoustic method 
and extinction is shown in Fig. 11.21. A closed cell contains particles, which in 
this instance are merely suspended in air. The signal from the microphone is 
amplified by a lock-in amplifier referenced to the frequency and phase of the 
light chopper. By rotating the detector arm in the scattering plane angular 
scattering could also be measured. If a focused laser beam were used as the 
light source, absorption by single particles could conceivably be measured, and 
scattering combined with this absorption to give extinction. An advantage of 
the photoacoustic method is that the sensitivity of the detector, a microphone, 
in no way depends on the wavelength of the light. 

Absorption by particles, for example acetylene smoke (Roessler and Faxvog, 
1979a) and diesel emissions (Faxvog and Roessler, 1979), has been measured 
by the photoacoustic method. 

11.7.5 Microwave Extinction Measurements 

There undoubtedly have been many studies-many of which are probably 
classified-of absorption and scattering of microwaves by all kinds of objects, 
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particularly large objects such as aircraft and missiles. We have not thoroughly 
searched for all papers relevant to microwave scattering because our main 
interest has been in infrared to ultraviolet radiation. There is, however, a series 
of microwave experiments undertaken primarily to understand scattering of 
much shorter wavelength light by particles of comparable size, but by exploit
ing the inherent advantages of microwaves. 

Extinction and scattering of light by a particle of given shape depend only 
on the ratio of a characteristic dimension (for a sphere, its radius) to the 
wavelength and the refractive index at that wavelength. Because of this 
similarity principle, scattering of visible light by small particles (- 1 p.m) may 
be studied by using microwaves and much larger particles (- 10 em) with the 
same shape and refractive index as the particles of interest. This microwave 
analog technique is discussed further in Section 13.3. 

The essential ingredients of a microwave extinction experiment are shown in 
Fig. 11.22. The particle is suspended by threads so that its orientation can be 
changed and it can be moved in and out of the beam. Extinction is most 
conveniently determined in this instance by measuring the magnitude and 
phase of the forward-scattering amplitude and obtaining the cross section from 
the optical theorem (3.24). The experiment consists of nulling the detector 
(both amplitude and phase) with no scatterer present and then measuring the 
additional amplitude and phase of the forward-scattered wave with the par
ticles inserted in the beam; calibration is accomplished with spheres of known 
size and refractive index. 

The obvious advantage of the microwave experiment is that oriented single 
particles of arbitrary shape and, within limits, arbitrary refractive index, can be 
studied easily. Multilayered and other inhomogeneous particles pose no partic
ular problems. 

Microwave (X = 3 em) extinction measurements for beams incident parallel 
(~ = 0°) and perpendicular(~ = 90°) to the symmetry axis of prolate spheroids 

TRANSMITTING 
ANTENNA 

RECEIVING 

ANTENNA 

Figure 11.22 Schematic diagram of the microwave analog technique for measuring extinction by 
~inglc oriented particles. 



322 EXTINCTION 

of varying semimajor axis a, but constant elongation ajb = 2, are shown in 
Fig. 11.23. These curves were taken from the paper by Greenberg et al. ( 1961 ), 
although a few notational changes were made for the sake of consistency. The 
general characteristics of this measured extinction are similar to those calcu
lated for spheroids (Figs. 11.15 and 11.16). When the beam is incident 
perpendicular to the symmetry axis the extinction peaks are broad, and the 
ripple structure for TM polarization appears somewhat more pronounced than 
that forTE polarization. When the beam is incident parallel to the symmetry 
axis the extinction peak narrows and shifts to a smaller size parameter. The 
same kind of behavior is evident in the extinction curve for infinite cylinders 
(Fig. 11.17). 

Extinction by a cylinder of the same material and with the same elongation 
as the spheroid, also measured by Greenberg et al., is shown in Fig. 11.24. Not 
surprisingly, extinction by the cylinder and spheroid are qualitatively similar. 
Infinite cylinder calculations agree rather well with measurements even for 
such a short cylinder. Additional experiments by Greenberg et al. suggest that 
such calculations tend to agree better with measurements if the length-to-diam
eter ratio is greater than about 5. Although the two extinction efficiencies (TE 
and TM) do not separately approach the infinite cylinder limits uniformly with 
increasing elongation (they oscillate about these values), the difference between 
the efficiencies more nearly does. Thus, there is some experimental evidence to 
support the assertions near the end of Section 8.4, made on the basis of 
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Figure 11.23 Measured extinction of microwave radiation by prolate spheroids. From Greenber& 
et al. (1961 ). 
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Figure 11.24 Measured extinction of microwave radiation by cylinders. From Greenberg et al. 
(1961). 

diffraction theory, about when a finite cylinder may be considered effectively 
infinite. Of course, differences will always remain between finite and infinite 
cylinders with the same diameter and composition. The extent to which the 
former may be approximated by the latter will depend on the physical quantity 
of interest (extinction, angular scattering) and the desired accuracy. 

11.8 EXTINCTION: A SYNOPSIS 

Mie theory does an admirable job of predicting extinction by spherical 
particles with known optical constants: even the finest details it predicts-rip
ple structure-have been observed in extinction by single spheres. Several 
different causes-a distribution of sizes or shapes, and absorption-have the 
same effect of effacing the ripple structure or even the broader interference 
structure. 

Absorption dominates over scattering for sufficiently small absorbing par
ticles. Volumetric extinction by such particles is independent of their size but 
not of their shape; we shall discuss shape effects further in the following 
chapter. 

Extinction is frequently dominated by scattering if the particle is about the 
same size as or larger than the wavelength. But absorption, which is usually 
manifested by absorption bands or absorption edges, can strongly affect 
extinction in unexpected ways: extinction may either increase or decrease with 
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increasing absorption, and symmetric absorption bands in bulk matter may be 
transformed into highly asymmetric or even inverted extinction bands in small 
particles. 

Extinction is easy to measure in principle but may be difficult in practice, 
especially for large particles where it becomes difficult to discriminate between 
incident and forward-scattered light. Spheres and ensembles of randomly 
oriented particles do not linearly polarize unpolarized light upon transmission. 
But single elongated particles or oriented ensembles of such particles can 
polarize unpolarized light by differential extinction. 

NOTES AND COMMENTS 

Asymptotic expressions for extinction and absorption efficiencies of spheres 
averaged over a size parameter interval ~x - 'TT (i.e., with no ripple structure) 
have been derived by Nussenzveig and Wiscombe (1980). 

Further discussion of extinction by oriented particles is given in van de 
Hulst (1957, Chaps. 15 and 16). 



Chapter 12 
Surface Modes 

in Small Particles 

There is a class of electromagnetic modes in small particles, called surface 
modes, which give rise to interesting-perhaps puzzling at first sight-absorp
tion spectra: small-particle absorption spectra can have features where none 
exist in the bulk and several features where only a single absorption band 
exists in the bulk. Particle shape and the variation of the dielectric function 
determine the number, position, and width of such features, which are mani
festations of surface modes. Despite their dominant influence on absorption 
and scattering, and the ease with which they emerge from simple theory, 
surface modes have received little attention, particularly from applied scien
tists. 

The extinction curves for magnesium oxide particles (Fig. 11.2) and 
aluminum particles (Fig. 11.4) show the dominance of surface modes. The 
strong extinction by MgO particles near 0.07 eV(- 17 p.m) is a surface mode 
associated with lattice vibrations. Even more striking is the extinction feature 
in aluminum that dominates the ultraviolet region near 8 e V: no corresponding 
feature exists in the bulk solid. Magnesium oxide and aluminum particles will 
be treated in more detail, both theoretically and experimentally, in this 
chapter. 

In Sections 12.1 and 12.2 we discuss the theory of surface modes in 
spherical and nonspherical particles, respectively; in Sections 12.3 and 12.4 
comparisons between theory and experiment are given, first for insulators and 
then for metals and metal-like materials. 

There are several persistent misconceptions about the interaction of light 
with particles small enough to be described by Rayleigh theory. One is that 
they are very "inefficient" absorbers and scatterers of light. By any measure of 
efficiency, including the conventional efficiency Q (a somewhat unusual ef
ficiency as it is not restricted to be less than 1 ), the small particles discussed in 
this chapter are very efficient. Qabs is often much greater than 1, and small 
particles are, per unit mass, among the most efficient of absorbing materials. 
Another common misconception is that if a particle is small compared with the 
wavelength, an electromagnetic wave does not probe the details of its structure 
and, consequently, shape does not appreciably affect its absorption spectrum: 
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small particles obediently follow in the footsteps of the parent material. In fact, 
one of the most interesting aspects of small particles is that they can exhibit 
absorption features that are totally dominated by shape and that bear little 
resemblance to those of the bulk material. When first confronted with intense 
shape-dependent absorption in very small particles there is an unfortunate 
tendency to assume that bulk dielectric functions have become inapplicable, 
perhaps because of the importance of quantum-level spacings. We emphasize, 
however, that these effects can usually be explained satisfactorily with classical 
electromagnetic theory (indeed, classical electrostatics!) and bulk optical con
stants. 

12.1 SURFACE MODES IN SMALL SPHERES 

The conditions for the vanishing of the denominators of the scattering coeffi
cients an and bn for a homogeneous sphere are (4.54) and (4.55). We now 
consider these conditions in the limit of vanishingly small x. From the series 
expansions (5.1) and (5.2) of the spherical Bessel functions of order n, together 
with a bit of algebra, we can show that the denominator of an vanishes in the 
limit x ---+ 0 (finite jml) provided that 

2 n + 1 
m = --n , n = 1,2, ... (12.1) 

where we have taken the sphere to be nonmagnetic. In the limit x ---+ 0 there is 
no solution to'( 4.55), the condition that the denominator of bn vanish, for any 
n. At frequencies where (12.1) is satisfied, the corresponding scattering coeffi
cient an is infinite. These frequencies are complex and, consequently, the 
associated normal modes are said to be virtual. Nevertheless, at real frequen
cies close to these complex frequencies, the scattering coefficients will be large. 
If (12.1) is approximately satisfied at some frequency, there will be a maxi
mum, or resonance, in the cross sections. We shall refer to the normal modes 
(i.e., the vector spherical harmonics) associated with these frequencies as 
surface modes; they are characterized by internal electric fields with no radial 
nodes. The radial variation of the radial component of the electric field inside 
the sphere for a given normal mode is, from (4.40), (4.50), and (5.1), 

E CX: (N(l)) CX: rn- I 
lr eln r (x,lmlx << 1). ( 12.2) 

The greater the order of the normal mode, the more the field is localized near 
the surface of the sphere, hence the designation surface modes. The lowest-order 
mode (n = 1) is uniform throughout the sphere, and this mode is sometimes 
called the mode of uniform polarization. 

For sufficiently small spheres, a 1 will be the dominant coefficient; for n = I 
the condition (12.1) is 

( 12.3) 
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If, for the moment, we take the sphere to be in free space, then (12.3) in 
component form becomes 

2nk = 0, (12.4) 

where n + ik is the complex refractive index of the particle. The solution to 
(12.4) is 

n = 0; k = {i. (12.5) 

The conditions (12.5) have been stumbled upon from time to time and then 
dismissed as "unphysical": n cannot be 0! But the reader who has faithfully 
waded through Chapters 9 and 10 should by now be somewhat hardened to 
refractive indices less than l-or even 0. Indeed, one of our objectives in 
Chapter 9 was to clear the way for the introduction of (12.5), knowing full well 
that it is often unpalatable. Prejudices about what the dielectric function can or 
cannot be are not nearly so deeply rooted as those surrounding the refractive 
index; thus, ( 12.3) can be cast in a more palatable form in terms of the 
complex dielectric function of the particle E = E' + iE": 

(12.6) 

where Em is the dielectric function of the surrounding medium (assumed to be 
nonabsorbing). The solution to (12.6) is 

£
11 = 0. (12.7) 

We shall call the frequency at which E' = - 2Em and E" ~ 0 the Frohlich 
frequency w F; the corresponding normal mode- the mode of uniform polariza
tion-is sometimes called the Frohlich mode. In his excellent book on dielec
trics, Frohlich (1949) obtained an expression for the frequency of polarization 
oscillation due to lattice vibrations in small dielectric crystals. His expression, 
based on a one-oscillator Lorentz model, is similar to (12.20). The frequency 
that Frohlich derived occurs where E' = - 2Em. Although he did not explicitly 
point out this condition, the frequency at which (12.6) is satisfied has generally 
become known as the Frohlich frequency. The oscillation mode associated with 
it, which is in fact the lowest-order surface mode, has likewise become known 
as the Frohlich mode. Whether or not Frohlich's name should be attached to 
these quantities could be debated; we shall not do so, however. It is sufficient 
for us to have convenient labels without worrying about completely justifying 
them. 

The condition (12.6) has on occasion been attributed to Mie, presumably 
because it can be obtained from the Mie theory. But it is sobering to realize 
that it follows from simple electrostatics. For we showed in Section 5.2 that the 
absorption efficiency in the electrostatics approximation is 

{ 
E- E } 

Q ah~ = 4x Jm E + 2£: ' (12.8) 
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from which (12.6) follows almost trivially. (We have omitted the subscript 1 
from £ for convenience; it will be reintroduced when we discuss coated 
particles.) Prediction of a resonance in the cross sections at the frequency 
where£ = - 2£m underscores our assertion at the beginning of Chapter 9 that 
it is often more enlightening to express various quantities in terms of the 
dielectric function rather than the refractive index. If we write (12.8) in terms 
of the relative refractive index m, 

{ 
m

2
- 1} Q abs = 4x Im 2 ' 

m + 2 

then the resonance is almost certain not to be noticed: there is a deep 
psychological resistance to looking upon the square of the refractive index as 
anything other than an inherently positive number. So we encourage a kind of 
bilingualism when considering the optics of small particles. 

The origin of the misconception that the absorption spectrum of particles in 
the Rayleigh limit is not appreciably different from that of the bulk parent 
material is easy to trace. Again, for convenience, let us take the particles to be 
in free space. In Chapter 3 we defined the volume attenuation coefficient av as 
the extinction cross section per unit particle volume; if absorption dominates 
extinction, then av for a sphere is 3Qabs/4a, where a is the radius. If we 
assume that n >> k, which is true for most insulating solids at visible wave
lengths, then 

(n >> k), (12.9) 

where a = 47Tk/A. is the bulk absorption coefficient. The factor multiplying a 
in (12.9) does not vary greatly over spectral regions in which n does not vary 
greatly and in many instances is not much different from 1. But this is not 
always true; in particular, n can vary greatly in the negative E:' region where, 
moreover, the assumption that k is much less than n, which is necessary for the 
validity of ( 12.9), completely breaks down. Thus, ( 12.9) is not always a reliable 
guide to spectral effects in small spheres (or, indeed, small particles of any 
shape); there will be many illustrations of this in succeeding paragraphs. 

Let us return now to the general expression (12.8) for absorption by small 
spheres and write it as a function of E:' and E:": 

(12.10) 

The absorption efficiency at the Frohlich frequency is therefore 

(12.11) 
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which runs completely counter to intuition: the maximum absorption is 
inversely proportional to the absorptive part of the complex dielectric function. 
Note that although x is restricted to small values, say x < 0.1, Qabs is not 
necessarily small at the Frohlich frequency. For example, if x is 0.1 and 
£"(wp)/£m is 0.1 (and there is no physical reason why it cannot take on this or 
even smaller values), then Q abs = 12! 

We tacitly assumed in the preceding paragraph that the absorption maxi
mum in the region where £' is negative occurs at the Frohlich frequency. 
Although this is not strictly correct, the Frohlich frequency is usually ap
proximately equal to the frequency of maximum absorption; the precise 
position of the maximum depends on the behavior of the dielectric function 
and can be determined only by detailed calculations. This is analogous to the 
position of absorption peaks in the bulk material: we usually assume that such 
peaks occur at the maxima of £", whereas this is only approximately correct. 

12.1.1 The Effect of Finite Size on the Frohlich Frequency 

Equation (12.6) is strictly valid only in the limit of vanishingly small x. We can 
obtain a better approximate condition for small but finite-sized particles by 
retaining more terms in the series expansions (5.1) and (5.2). The condition 
that the denominator of a 1 vanish is, from (4.54), 

(12.12) 

lf l/; 1 is expanded to terms of order x 4 and ~ 1 to terms of order x, then (12.12) 
correct to terms of order x 2 is 

(12.13) 

For small x, this is not appreciably different from (12.6). However, (12.13) 
gives us an indication of how the Frohlich frequency shifts as the size of the 
sphere increases. If in the neighborhood of the frequency where£ = - 2£m the 
real part of the dielectric function is an increasing function of frequency (this 
will almost always be so), an increase in particle size shifts the Frohlich 
frequency to lower values (i.e., to longer wavelengths). 

12.1.2 The Effect of a Coating 

In the preceding paragraphs we considered a homogeneous sphere. Let us now 
examine what harpens when a homogeneous core sphere is uniformly coated 
with a mantle of different composition. Again, the condition for excitation of 
the first-order surface mode can be obtained from electrostatics. In Section 5.4 
we derived an expression for the polarizability of a small coated sphere; the 
condition for excitation of the Frohlich mode follows by setting the denomina
tor of (5.36) equal to zero: 

(12.14) 
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where £ 1 and £ 2 are the dielectric functions of core and mantle, respectively, 
and f is the fraction of the total particle volume occupied by the core. If we 
take the dielectric function £m of the surrounding medium to be 1, then (12.14) 
becomes 

[ 

£ 2 (1 - /) + (2 + /) l 
£1 = -2£2 £2(2/ + 1) + 2(1 - /) . (12.15) 

As a check on (12.15) we note that £1 = -2 when/= 1, as required. If the 
core volume is small compared with that of the mantle (/ << 1), then (12.15) 
becomes £1 ~ -2£2, which is the Frohlich mode condition for a homogeneous 
sphere with dielectric function £ 1 in a medium with dielectric function £ 2 (this 
is not a particularly startling result). Thus, the effect of coating a small, 
homogeneous sphere is to shift its Frohlich frequency; the magnitude of this 
shift depends on the behavior of £ 1 as well as the kind and amount of coating. 

12.1.3 Frohlich Modes of Voids and Bubbles 

In previous chapters we have always taken particles to be in a nonabsorbing 
medium. We now briefly remove this restriction. The notion of extinction by 
particles in an absorbing medium is not devoid of controversy: more than one 
interpretation is possible. But Bohren and Gilra (1979) showed that if the 
extinction cross section is interpreted as the reduction in area of a detector 
because of the presence of a particle [see Section 3.4, particularly the develop
ment leading up to (3.34)], then the optical theorem for a spherical particle in 
an absorbing medium is formally similar to that for a nonabsorbing medium: 

( 12.16) 

where the wave number k is now complex. For a nonabsorbing medium k is 
real and may be taken outside the brackets in (12.16). As before, we may define 
the extinction efficiency Qext as cextf7Ta

2
' which in the small-particle limit is 

(12.17) 

Note that the size parameter x for a sphere in an absorbing medium is 
complex. 

Consider now a spherical void ( £ = 1) in an otherwise homogeneous medium. 
Light is not absorbed by such a void, but it can influence the absorption of 
light in the surrounding medium. The condition for a resonance in the 
extinction efficiency of a small spherical void follows readily from (12.17): 

( 12.18) 
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The resonance condition for a hollow sphere, or bubble, in air is, from 
(12.14), 

(f + 2)(1 + 2£) + !(2£- 2)(1- f)= 0, (12.19) 

where f is the dielectric function of the solid part of the bubble. There are two 
roots to (12.19): 

f = + 
- (5 + 4/) + 3/f+81 

4- 4f 
f_= 

- (5 + 4/)- 3/f+81 
4- 4f 

Iff is small (a nearly solid bubble), the two roots are approximately f+ = - -!
and f _ = - 2; these are the resonance conditions for a spherical void in a 
medium with dielectric function f and a solid sphere with dielectric function f 

in free space, respectively. As I is increased f+ increases monotonically and f _ 

decreases monotonically, where lim1-+ I f+ = 0 and lim1-+ I f _ = - oo. (Of 
course, when I= 1, the bubble bursts!) 

Up to this point we have considered only the conditions for resonances in 
the cross sections of small spherical particles of various kinds; we have said 
nothing quantitative about their strengths and the frequencies at which they 
might occur other than brief introductory remarks about ionic crystals in the 
infrared and metals in the ultraviolet. To determine if a resonance is realizable, 
where it occurs, and its strength, we need to know how the dielectric function 
varies with frequency. Therefore, in the following sections we shall examine 
some of the preceding resonance conditions in the light of simple, but realistic, 
dielectric functions. 

12.1.4 Crystals with Simple Vibrational Modes 

Detailed calculations of surface modes in small spherical particles are best 
carried out using the exact theory and measured optical constants. Even 
though simple models may fit measured data reasonably well, there can be 
considerable differences between calculations based on model and measured 
optical constants. This has been stressed by Hunt et al. (1973), who illustrated 
their point with NiO. Nevertheless, the usefulness of back-of-the-envelope 
calculations is not to be gainsaid provided their limitations are kept firmly in 
mind. Cross-section resonances for spheres are sharp and, consequently, are 
often missed in calculations done in a state of ignorance about their existence; 
it is wise to chart the approximate position of resonances before beginning a 
series of calculations. In the following paragraphs, therefore, we examine the 
consequences of (12.6) for crystals that are well described by the simple 
one-oscillator model of Section 9 .1. We shall sometimes loosely refer to such 
crystals as "ionic," which is not strictly correct. The reason for this terminol
ogy is that strongly ionic crystals have been given prominence in work on 
lattice vibrational modes. But ionic particles are not the only ones that can 
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support surface modes. Indeed, an ionic crystal is a limiting case, an idealiza
tion, in which bonding is entirely Coulombic and covalent bonding is negligi
ble. 

If we ignore damping, the Frohlich frequency follows readily from ( 12.6), 
(9 .21 ), and (9 .23): 

(12.20) 

A consequence of (9 .23) and (9 .24) is that wt < w F < w 1. This is no more than a 
statement that (12.6) is satisfied only in the region where E' is negative, which, 
for simple one-oscillator materials, lies between w1 and w1; we shall call this the 
surface mode region. 

Laboratory measurements of extinction spectra are often done with particles 
suspended in some nonvacuous medium. It is usually taken for granted that 
features in such spectra are insensitive to ~his medium provided that it is 
weakly absorbing, but in the surface mode region this assumption can be
greatly in error. For if we differentiate (12.20) with respect to Em, which we 
take to be greater than or equal to 1, then dwFjdEm < 0; in going from air to 
some nonvacuous medium, the Frohlich frequency shifts to a lower value. Note 
that the magnitude of this shift depends on the width of the surface mode 
region: it can at most be w1 - w1• This is just one example of an important 
general rule about surface modes: their characteristics strongly depend on how 
the dielectric function varies with frequency. 

We noted in Section 9.1 that for a one-oscillator model, E"( w) falls to 
one-half its maximum value E"( w1) at w = wt ± y /2 provided that y jw1 << 1. 
Under the same condition on yjw1 [see (12.33)] the half-width of the sphere 
absorption spectrum (12.10) is also y. That is, the width of the absorption band 
is preserved in going from the bulk to particulate states, although the position 
of the band can be appreciably shifted. 

We now pause briefly in the theoretical discussion to consider a specific 
example, silicon carbide, the infrared optical constants of which are given to 
good approximation by a one-oscillator model (Fig. 9.6). Extinction efficien
cies for small silicon carbide spheres in air calculated from Mie theory and the 
parameters of Fig. 9.6 are shown in Fig. 12.1. For the 0.1-pm-radius sphere, 
which is sufficiently small that Rayleigh theory is adequate, the single extinc
tion feature at 930 em- 1 is the Frohlich mode, or lowest-order surface mode; 
its position is very near that predicted by (12.20). The frequency at which 
absorption is a maximum is appreciably shifted from what it would be in thin 
films, the transverse optic mode frequency w1 = 793 em- 1

• The small-particle 
extinction efficiency at wF is orders of magnitude greater than that at wf' which 
does not even show on the linear plot. As the size is increased, the surface 
mode peak shifts slightly to lower frequencies, in accordance with ( 12.13), and 
broadens as higher-order surface modes, which are not resolved on this plot, 
are excited. Simultaneously, an increasingly complicated series of modes 
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Figure 12.1 Calculated extinction efficiencies of silicon carbide spheres in air. The wave number 
denotes the inverse of the wavelength. 

appears just below w1• These modes are of the same nature as the ripple 
structure modes discussed in Chapter 11. They appear at rather small size 
parameters in this instance because the refractive index rises to very large 
values just below w1 (Fig. 9.6). Fuchs and Kliewer (1968) have given a detailed 
discussion of the positions and widths of these modes, which they call 
"low-frequency modes." It is worth noting again that the extinction efficiency 
Q ext can be much greater than 1 in the surface mode region even for spheres 
small compared with the wavelength. 

Extinction spectra for a 0.1-p.m-radius SiC sphere in potassium bromide 
(t:, = 2.33) and in air (€"' = I) are shown in Fig. 12.2. The Frohlich mode 
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Figure 12.2 Calculated extinction efficiencies of a silicon carbide sphere (0.1 /Lm) in air and in 
potassium bromide. 

shifts to a lower frequency in going from air to KBr, in agreement with (12.20). 
Note also that the extinction efficiency at the Frohlich frequency is greater for 
the particle in a KBr matrix than in air even though KBr is nonabsorbing over 
the SiC surface mode region. 

A number of experiments over the past 10 years have qualitatively confirmed 
that the general aspects of absorption by small ionic particles are in accord 
with the preceding discussion for spheres. In particular, the dominant absorp
tion peak is shifted toward higher frequencies in going from bulk to particulate 
states and there is a predictable shift depending on the surrounding medium. 
Some notable examples are the alkali halides KC 1, N aC 1, and KBr (Martin, 
1969, 1970, 1971; Bryksin et al., 1971), MgO (Genzel and Martin, 1972, 1973), 
and U02 and Th02 (Axe and Pettit, 1966). Notably lacking in the comparison 
between theory and experiment has been agreement about the width and 
strength of absorption bands. To understand these discrepancies requires that 
we consider the effect of departures from sphericity; this will be undertaken in 
Section 12.2 as a prelude to further discussion of vibrational modes in 
insulators. 
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12.1.5 Simple Metals 
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We showed in the preceding section that for solids with strong vibrational 
bands the position of features in absorption spectra can be shifted appreciably 
in going from the bulk to particulate states. Metallic particles can deviate even 
more markedly from the behavior of the bulk parent material: they can have 
absorption features over broad frequency regions where none appear in the 
bulk. For a simple metal-one that is well described by the Drude formula 
(9.26)-the imaginary part of the dielectric function has no maximum: it 
merely decreases monotonically with increasing frequency. But there will be a 
peak in the absorption cross section of a small spherical particle of such a 
metal near the frequency wF where E: = - 2£m. If y 2 << w;, it follows from 
(9.27) that 

( 12.21) 

In air E:m = 1 and (12.21) reduces to 

wP 
WF = 13. (12.22) 

Unlike ionic materials, the negative E:' region for a simple metal is not confined 
to a relatively narrow band of frequencies: the surface mode region extends 
from wP down to zero frequency. As a consequence, metallic particles can be 
richer in surface modes than ionic particles. This will become apparent in 
Section 12.2 when we discuss the effect of shape on surface modes; for the 
moment, we content ourselves with spheres. 

Following (9.27) we discussed the physical interpretation of the plasma 
frequency for a simple metal and introduced the concept of a plasmon, a 
quantized plasma oscillation. It may help our understanding of the physics of 
surface modes in small particles and the terminology sometimes encountered in 
their description if we expand that discussion. 

It was tacitly assumed in Chapter 9 that the plasma was unbounded; that is, 
we had in mind bulk plasmons. But because of the long-range nature of the 
organizing forces in a plasma oscillation, it is reasonable to expect that for a 
~ufficiently small system, the electrons will sense the presence of the boundaries 
and modify their collective behavior accordingly. Indeed, following hard on the 
heels of the acceptance of bulk plasmons in metals came the realization that 
o.;urface plasmons were possible in thin films (Ritchie, 1957; Stern and Ferrell, 
1960). Whereas the energy of a bulk plasmon is hwP, that of a surface plasmon 
111 a thin film (in air) is hwp/ fi. The next member of this family of plasmons 
1s the surface plasmon in a sphere (in air) with energy hwp/ 13 [see (12.22)]. 
l'hus, surface modes in small metallic particles are often called surface plas
mons. All of this illustrates a general rule, which we can state but not prove: if 
there is an interesting effect in a thin film, there will be a corresponding effect, 
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albeit with possibly a few new twists, in small particles. Both are examples of 
systems with at least one small dimension. 

Ions in the lattice of a solid can also partake in a collective oscillation 
which, when quantized, is called a phonon. Again, as with plasmons, the 
presence of a boundary can modify the characteristics of such lattice vibra
tions. Thus, the infrared surface modes that we discussed previously are 
sometimes called surface phonons. Such surface phonons in ionic crystals have 
been clearly discussed in a landmark paper by Ruppin and Englman (1970), 
who distinguish between polariton and pure phonon modes. In the classical 
language of Chapter 4 a polariton mode is merely a normal mode where no 
restriction is made on the size of the sphere; pure phonon modes come about 
when the sphere is sufficiently small that retardation effects can be neglected. 
In the language of elementary excitations a polariton is a kind of hybrid 
excitation that exhibits mixed photon and phonon behavior. 

The choice of quantum-mechanical or classical language to describe surface 
modes in small particles is dictated more by taste than by necessity. However, 
there is an unfortunate tendency among physicists to consider that "quantum 
mechanics is intrinsically better than classical mechanics, and that classical 
mechanics is something real physicists ought to grow out of"; we agree with 
Pippard (1978, p. 3) that this is a "disputable proposition." Indeed, much 
mischief has been done-and is still being done-by incorrectly applying 
quantum theory to "explain" the strange optical behavior of small particles. 
Surface modes in small particles are adequately and economically described in 
their essentials by simple classical theories. Even, however, in the classical 
description, quantum mechanics is lurking unobtrusively in the background; 
but it has all been rolled up into a handy, ready-to-use form: the dielectric 
function, which contains all the required information about the collective as 
well as the individual particle excitations. The effect of a boundary, which is, 
after all, a macroscopic concept, is taken care of by classical electromagnetic 
theory. 

We must again emphasize, even more strongly than we did at the beginning 
of this chapter, that surface plasmons and surface phonons are not examples of 
the failure of the bulk dielectric function to be applicable to small particles. 
Down to surprisingly small sizes-exactly how small is best stated in specific 
examples, as in Sections 12.3 and 12.4-the dielectric function of a particle is 
the same as that of the bulk parent material. But this dielectric function, which 
is the repository of information about elementary excitations, manifests itself 
in different ways depending on the size and shape of the system. 

12.1.6 Limitation of the Mean Free Path 

There is one clear exception to the rule that bulk dielectric functions tend to be 
applicable to very small particles: in metal particles smaller than the mean free 
path of conduction electrons in the bulk metal, the mean free path can be 
dominated by collisions with the particle boundary. This effect has been 
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invoked by many authors, including Doyle (1958), Doremus (1964), Kreibig 
and von Fragstein (1969), Kreibig (1974), and Granqvist and Hunderi (1977). 

The dielectric function of a metal can be decomposed into a free-electron 
term and an interband, or bound-electron term, as was done for silver in Fig. 
9.12. This separation of terms is important in the mean free path limitation 
because only the free-electron term is modified. For metals such as gold and 
copper there is a large interband contribution near the Frohlich mode frequency, 
but for metals such as silver and aluminum the free-electron term dominates. A 
good discussion of the mean free path limitation has been given by Kreibig 
(1974), who applied his results to interpreting absorption by small silver 
particles. The basic idea is simple: the damping constant in the Drude theory, 
which is the inverse of the collision time for conduction electrons, is increased 
because of additional collisions with the boundary of the particle. Under the 
assumption that the electrons are diffusely reflected at the boundary, y can be 
written 

where Ybulk is the bulk metal damping constant, vF is the electron velocity at 
the Fermi surface, and Lis the effective mean free path for collisions with the 
boundary. Kreibig used L = 4aj3 for a sphere of radius a, although there is 
slight disagreement among various authors about the constant of proportional
ity between L and a. 

Near the plasma frequency in metals w2 >> y 2
; therefore, to good approxi

mation, the imaginary part of the Drude dielectric function (9.26) is 

( 12.23) 

Although the effect of the mean free path limitation on the real part of the 
dielectric function is slight, the effect on the imaginary part is often substan
tial. For small silver particles Kreibig (1974) found that f." near the Frohlich 
frequency is given by 

" - 0 23 26 .4 f.-. +--, 
a 

where a is in angstroms. Thus, f." is enhanced by more than 10% for particles 
of radius I 000 A, and for a radius of about 115 A, f." is twice the bulk value. 
The effect of the decreased mean free path is to increase the width and lower 
the peak height of the surface plasmon absorption. A combination of Mie 
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theory and the free-electron contribution to the dielectric function suitably 
modified to include the mean free path limitation gives good agreement with 
experiments in which the metal particles are spherical and well isolated from 
one another. 

12.1.7 Surface Modes in Small Aluminum Spheres 

As an example of extinction by spherical particles in the surface plasmon 
region, Fig. 12.3 shows calculated results for aluminum spheres using optical 
constants from the Drude model taking into account the variation of the mean 
free path with radius by means of (12.23). Figure 9.11 and the attendant 
discussion have shown that the free-electron model accurately represents the 
bulk dielectric function of aluminum in the ultraviolet. In contrast with the 
Qext plot for SiC (Fig. 12.1), we now plot volume-normalized extinction. 
Because this measure of extinction is independent of radius in the small size 
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limit deviations from Rayleigh theory are clearly evident. The upper curve of 
Fig. 12.3 shows the shift of the Frohlich mode toward lower energies as the size 
increases (12.13). A higher-order surface mode is also obvious in the curve for 
the 200-A particle. The net result of increasing size is thus a shift of the 
maximum toward lower energies, broadening of the band, and a decrease in 
volume-normalized extinction. The lower part of the figure shows calculated 
results for radii smaller than 50 A, where the mean free path limitation 
becomes an appreciable effect. Increased damping in the Drude formula (9.26) 
gives rise to an increased width of the dominant, lowest-order surface mode; at 
the same time the peak height is reduced. Both the excitation of higher-order 
surface modes with increasing size and greater damping for very small particles 
have been verified experimentally; this will be discussed in Section 12.4. 

12.1.8 Field Lines of the Poynting Vector 

Small spheres can absorb more than the light incident on them. The truth of 
this assertion follows from simple calculations using ( 12.11 ). But analytical 
proofs have less force, to some minds at least, than geometrical proofs. For this 
reason, therefore, we consider the interaction of light with a small sphere in a 
way which, as far as we know, has not been done before. The result is not new 
knowledge but rather new evidence supporting and firmly implanting in our 
minds what we already know. 

We showed in Section 3.3 that the total Poynting vector S in the region 
surrounding an arbitrary particle can be written as the sum of three terms: 

s = si + ss + sext. 

S; is the Poynting vector of the incident field and Ss that of the scattered field; 
we may interpret sext as the term that arises because of interaction between the 
incident and scattered fields. Of greater interest here, however, is the flow of 
electromagnetic energy exclusive of that scattered. Thus, the Poynting vector 
under consideration (normalized by 1;, the magnitude of S;) is 

A= S; + Sext 
I; 

Were it not for the particle, of course, A would just be a unit vector parallel to 
the direction of propagation of the incident plane wave, and the field lines 
would be parallel lines. At sufficiently large distances from the particle the 
field lines are nearly parallel, but close to it they are distorted. It is the nature 
of this distortion in the neighborhood of a small sphere and its relation to the 
optical properties of the sphere that we now wish to investigate. 

If the incident wave is x-polarized, the cf>-component of A is zero in the xz 
plane ( cf> = 0). In this plane, therefore, the field lines are solutions to the 
differential equation 

( 12.24) 
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For a sufficiently small sphere, a 1 is the dominant scattering coefficient in the 
series (4.45) and is given by (5.4). All the ingredients are at hand, therefore, for 
writing (12.24) in explicit form, a laborious task the details of which are best 
omitted; the result is 

dp cos f) 
d f) = - P sin fJ 

[ p3 + { ( x 2p2cos f) + x 2p2 
- 1) ( K rcos ~ + Ki sin ~) 

+ ( xp cos fJ + xp )( Krsin ~- Kicos ~)}] 
x-----------------------------------------

[p3 + {{x 2p2cosfJ + 2)(Krcos~ + Kisin~) 
+(xpcosfJ- 2xp)(Krsin~- Kicos~)}] 

( 12.25) 

where K = Kr + iKi = (€- 1)/(£ + 2), ~ = xp (cos fJ- 1), and p = rja. Sub
ject to restrictions on the size of the sphere, (12.25) is completely general: it 
gives the field lines of the Poynting vector right up to the boundary of the 
sphere. 

This equation was solved numerically with a fourth-order Runge-Kutta 
scheme. It was usually more convenient to recast (12.25) as a differential 
equation in the rectangular Cartesian: coordinates; sometimes, however, the 
advantage was tipped in favor of the polar coordinates. The results shown in 
Fig. 12.4 were obtained with a mixture of the two approaches. 

At a photon energy of about 8.8 eV -the surface plasmon energy-the real 
part of the dielectric function of aluminum is - 2; the corresponding imagin
ary part is about 0.2. It follows from (12.11 ), therefore, that the absorption 
efficiency of a small aluminum sphere (in air) with size parameter 0.3 is about 
18: such a sphere presents to incident photons a target area 18 times greater 
than its geometrical cross-sectional area. More palpable evidence of the sphere's 
great size in this instance is provided by Fig. 12.4a, which shows the field lines 
of A in the region surrounding the sphere. Note the strong convergence of field 
lines near the sphere; light that, according to geometrical optics, would have 
passed the sphere without impediment, is deflected toward it. 

An absorption cross section 18 times greater than the geometrical cross 
section implies that the absorption radius-to coin a term-is about 4.2 times 
greater than the geometrical radius. This follows from the analytical expression 
(12.11), but it should also emerge from purely geometrical reasoning. And 
indeed it does: note in Fig. 12.4a that those field lines extending to about 3.9 
times the particle radius converge onto the particle. 

At energies on either side of 8.8 eV a small aluminum sphere presents a 
much smaller target to incident photons. At 5 eV, for example, the absorption 
efficiency of a sphere with x = 0.3 is about 0.1; as far as absorption is 
concerned, the sphere is much smaller than its geometrical cross-sectional area. 
The field lines of the Poynting vector, shown in Fig. 12.4b, are what are to be 
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Figure 12.4 Field lines of the total Poynting vector (excluding that scattered) around a small 
.tluminum sphere illuminated by light of energy 8.8 eV (a) and 5 eV (b). The dashed vertical line 
111 (a) indicates the effective radius of the sphere for absorption of light. 

expected for such a small target: a few lines intersect the sphere but most are 
deflected around it. 

The imaginary part of the dielectric function of SiC at its Frohlich frequency 
111 the infrared (about 932 em- 1

) is close to that of aluminum at 8.8 eV. So Fig. 
l2.4a also shows the field lines of the Poynting vector around a small SiC 

... phere illuminated by light of frequency 932 em- 1
• At nearby frequencies, 900 
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em- 1 for example, the field lines around a SiC sphere ( x = 0.3) are similar to 
those shown in Fig. 12.4b for aluminum at 5 eV. 

No textbook on electromagnetic theory would be complete without a figure 
showing the field lines around a sphere in an electrostatic field. The reason, of 
course, is that this is a very effective way of presenting an idea-the sphere 
distorts the otherwise uniform field-in such a way that it can be grasped at a 
glance. But a small sphere illuminated by a plane wave also disturbs the flow 
of electromagnetic energy in its neighborhood. So the field lines of the 
Poynting vector (excluding that of the scattered field) around the sphere help 
to elucidate how a particle can absorb more than the light incident on it. 

12.2 SURFACE MODES IN NONSPHERICAL PARTICLES 

In many ways, surface modes in nonspherical particles are more interesting 
than those in spherical particles. Moreover, they are more likely to be observed 
in laboratory investigations: it is not easy to prepare samples of particles that 
are small compared with the wavelength, spherical to a high degree, and 
unagglomerated. Yet this is what is required if predictions based on the theory 
for small particles are to be legitimately compared with measurements. Unless 
special care is taken (we shall have more to say about this in the following 
section), solid particles prepared in the laboratory are likely to be nonspheri
cal; even if spherical at their moment of birth, they can quickly coagulate into 
irregular clumps. When we leave the laboratory and seek out solid particles in 
natural environments-the earth's atmosphere, interplanetary space, the inter
stellar medium-it is almost certain that such particles are not spherical. It is 
often assumed that shape is irrelevant to extinction spectra of small particles: a 
collection of randomly oriented irregular particles is "equivalent" somehow to 
a collection of spheres. As we shall see, this assumption is demonstrably false 
in the surface mode region. Therefore, if data are analyzed, or computations 
are based, on the assumption that irregularly shaped particles can be ade
quately approximated by spheres, the results can be greatly in error. 

Notable progress in analyzing nonspherical particles has been made by 
Fuchs (1975), who calculated absorption by cubes in the electrostatics ap
proximation and applied the results to experimental data for MgO and N aCl. 
We shall discuss Fuchs's results at the end of Section 12.3. Langbein (1976) 
also did calculations for rectangular parallelepipeds, including cubes, which 
give valuable insights into nonspherical shape effects. Because the cube is a 
common shape of microcrystals, such as MgO and the alkali halides, these 
theoretical predictions have been used several times to interpret experimental 
data. We shall do the same for MgO. Our theoretical treatment of nonspheric
ity, however, is based on ellipsoids. Despite its simplicity, this method predicts 
correctly many of the nonspherical effects. 

12.2.1 Ellipsoids 

There is no "exact" theory for irregularly shaped particles; nor is there an 
approximate theory suitable for our purposes. Indeed. the very notion of what 
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precisely is an irregular particle is clouded by ambiguity; it is difficult to 
parameterize nonsphericity in general. Except for infinite cylinders, the exact 
theory for other regular shapes (e.g., spheroids and ellipsoids) is quite com
plicated. Fortunately, many of the interesting surface mode effects occur in 
particles small compared with the wavelength; therefore, we can appeal to 
electrostatics (i.e., the Rayleigh theory of Chapter 5) for guidance, if not for 
exact quantitative results. Ellipsoidal particles, which include spheres and long 
cylinders (needles) as special cases, represent perhaps the simplest departure 
from sphericity. If the incident electric field is parallel to a principal axis of a 
small, homogeneous ellipsoid of volume v, then its polarizability (5.32) may be 
written 

(12.26) 

where the geometrical factor L may take any value from 0 to 1, and we have 
omitted the subscript from the dielectric function t: of the particle for conveni
ence. The absorption and scattering cross sections corresponding to (12.26) are 

cabs= klm{a}; 

where k is the wave number. Thus, there will be a resonance in both cross 
sections (i.e., a surface mode will be excited) at the frequency where the 
denominator of a vanishes: 

t:=t: (1-_!_) m L . (12.27) 

For any real material, the frequency at which (12.27) is satisfied is complex-the 
surface modes are virtual. However, its real part is approximately the frequency 
where the cross sections have maxima, provided that the imaginary part is 
small compared with the real part. We shall denote this frequency by ws. For a 
sphere, ws is the Frohlich frequency wF. If used intelligently, always keeping in 
mind its limitations, (12.27) is a guide to the whereabouts of peaks in 
extinction spectra of small ellipsoidal particles; but it will not necessarily lead 
to the exact frequency. 

There is only one distinct geometrical factor L for a sphere; there are two 
for a spheroid, and three for the general ellipsoid. Thus, there is the possibility 
of one, two, or three distinct extinction peaks depending on the shape of the 
particle. The width, height, and separation of these peaks depends, of course, 
on the behavior of the dielectric function. Because of the wide range of 11 L, 
( 12.27) may be satisfied over a correspondingly wide range of frequencies; but 
again, this depends on the shape and magnitude of the dielectric function. 

The geometrical factors for spheroids are given by (5.33) and (5.34), 
together with the relations /. 2 - L, (prolate) or /. 1 = /. 2 (oblate) and L 1 + L 2 
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+ L 3 = 1. In order to show how £
1 for spheroid resonances depends on the 

ratio of axis lengths, (12.27) is plotted in Fig. 12.5. For any value of L1, a 
surface mode resonance will occur at the frequency where£' /£m has the value 
given by a point on the curve. The positions of £' /£m for a sphere and for 
several spheroids, including the limiting cases of disks and circular cylinders, 
are shown for different polarizations of the incident electric field. For a sphere, 
of course, all L1 are equal, and the resonance condition is £' /£m = -2 
regardless of the polarization of the incident light. The resonance condition for 
a prolate spheroid is split into two branches: £' /£m moves down the curve 
toward - oo with increasing elongation for the electric field parallel to the long 
axis and up the curve toward - 1 for the electric field perpendicular to this 
axis. Similarly, the resonance condition for an oblate spheroid has two branches, 
the end points of which are 0 and - oo. There should thus be two peaks in the 
absorption spectrum of randomly oriented spheroids and dichroism (absorp
tion depending on polarization) for aligned spheroids; experimental verifi
cation of this for metallic particles will be discussed in Section 12.4. 

In the preceding paragraphs we discussed only the conditions for surface 
mode resonances in the cross sections of small ellipsoidal particles. We now 
turn to specific examples to further our understanding of these resonances. 
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Figure 12.5 Effect of shape on the position of the lowest-order surface mode of !>mall sphl·roids. 
Arrows next to the various shapes show the direction of the electric field. 



12.2 SURFACE MODES IN NONSPHERICAL PARTICLES 

12.2.2 Metallic Ellipsoids 
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In this section we try to extract as much physics as possible from a combina
tion of electrostatics and the Drude theory of metals. It must be kept in mind, 
however, that our conclusions are rigorously correct only to the extent that 
both of these theories are valid. But by sacrificing rigor, we gain in understand
ing and insight. 

The frequency-dependent absorption cross section of a metallic ellipsoid 
with dielectric function (9.26) is 

(12.28) 

where c is the speed of light in vacuo and 

By means of this combination of the cross section for an ellipsoid with the 
Drude dielectric function we arrive at resonance absorption where there is no 
comparable structure in the bulk metal absorption. The absorption cross 
section is a maximum at w = w

5 
and falls to approximately one-half its 

maximum value at the frequencies w = w5 ± y /2 (provided that y 2 << w; ). 
That is, the surface mode frequency is ws or, in quantum-mechanical language, 
the surface plasmon energy is hw

5
• We have assumed that the dielectric 

function of the surrounding medium is constant or weakly dependent on 
frequency. 

When L = 1, the surface mode frequency is the plasma frequency, which for 
most metals lies in the ultraviolet; when L = 0, ws vanishes. So there is an 
enormous range of possible collective excitations in small, ellipsoidal, metallic 
particles: their frequencies can be anywhere from the ultraviolet to the radio. 
For a given shape, the surface mode frequency is a monotonically decreasing 
function of E:m; so in going from free space to a denser medium, the surface 
mode frequencies shift to lower values. 

The maximum absorption cross section is 

(12.29) 

Note that for particles in air ( E:m = 1), the maximum absorption is independent 
of shape. But if the particles are embedded in some nonvacuous medium 
( E:nr > 1), the high-frequency peaks are greater than the low-frequency peaks. 
The maximum ratio of the height of peaks is/( E:m, 1)//( E:m, 0) = E:~. 

Up to this point we have considered only a single ellipsoidal particle 
oriented so that the electric field of the incident wave is parallel to one of its 
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principal axes. A more realistic configuration is a collection of identical 
particles that are randomly oriented. The average absorption cross section 
(Cabs) of such a collection is merely the arithmetic average of the three 
principal cross sections: 

( 12.30) 
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Figure 12.6 Calculated absorption spectra of aluminum spheres, randomly oriented ellipsoids 
(geometrical factors 0.01, 0.3, and 0.69), and a continuous distribution of ellipsoidal shapes (COE). 
Below this is the real part of the Orude dielectric function. 
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where a1 is given by (12.26) with L = L1. Thus, the absorption spectrum 
corresponding to ( 12.30) is characterized, in general, by three distinct peaks of 
approximately equal width (provided, of course, that the separation of surface 
mode frequencies is large compared with the width of the peaks). Moreover, if 
the particles are in air, the height of all three peaks is approximately the same. 
This is shown in Fig. 12.6, where the absorption spectrum of ellipsoidal 
aluminum particles is given. Also shown in this figure is the absorption 
spectrum for spheres, which has a single peak; the absorption spectrum for 
spheroids would exhibit two peaks. We shall explain the significance of the 
curve labeled CDE in a later section. 

Let us return now to a single oriented ellipsoid. Integrated absorption is 
sometimes of interest: 

where the upper limit of integration should not be interpreted too rigidly. 
Obviously, the Rayleigh theory fails to be valid for indefinitely large frequen
cies. So the symbol infinity in (12.31) indicates a frequency sufficiently large 
that the absorption cross section is negligible, but not so large that Rayleigh 
theory is inapplicable. It may be shown by applying the residue theorem that 

for all values of y I ws; therefore, the integrated absorption is 

(12.32) 

There are several interesting observations that can be made about (12.32). 
Integrated absorption is independent of the damping constant y; the only bulk 
parameter that affects it is the plasma frequency. If the particles are in air, then 
integrated absorption is independent of the shape; this is true not only for a 
single oriented ellipsoid but also for a collection of randomly oriented el
lipsoids. It is instructive to rewrite (12.32) using (12.29): 

which shows that there is a simple proportionality between peak and integrated 
ahsorption. 
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12.2.3 Vibrational Surface Modes in Ellipsoids 

The frequency-dependent absorption cross section of an ellipsoid with dielec
tric function (9 .20) is 

(12.33) 

Equation ( 12.33) is similar in form to ( 12.28), the absorption cross section of a 
metallic ellipsoid: the maximum absorption is at w

5 
and the half-width of the 

absorption peak is _approximately y. There are some important differences 
between absorption spectra of ionic and metallic ellipsoids, however. If we use 
the approximate relation (9.23), then w

5 
may be written 

from which it follows that w5 lies between w1 and w1• This is in marked contrast 
with w

5 
for metallic ellipsoids, which ranges from 0 to the plasma frequency. 

Note also that the maximum absorption cross section 

is not independent of particle shape except in the special case where E:oe = E:m. 

In general, the low-frequency peaks are higher than the high-frequency peaks; 
the maximum ratio is/( t 0)//( t 1) = ~2 • 

The average cross section of identical, but randomly oriented ellipsoids will, 
in general, exhibit three peaks in the frequency range between w1 and w1• An 
example of this is given in Fig. 12.7, where Cabs for a silicon carbide ellipsoid is 
shown as a function of frequency. 

12.2.4 Randomly Oriented Disks, Needles, and Spheres 

In the two preceding sections we considered features in the absorption spectra 
of idealized ellipsoids. Because of the simple form of the dielectric functions we 
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Figure 12.7 Calculated extinction cross section per unit volume of a silicon carbide ellipsoid with 
geometrical factors 0.1, 0.3, and 0.6. Cext ::= Cabs for sufficiently small absorbing particles. 

were able to obtain explicit expressions for the frequency-dependent cross 
section from which the position, width, and height of spectral features were 
obvious almost at a glance. But nature is not so cooperative as to provide us 
with only such simple materials; in general, recourse must be had to experi
mentally determined dielectric functions. In this section, therefore, we em
phasize how the cross sections depend on the real and imaginary parts of the 
dielectric function, keeping in mind, of course, that these quantities are 
frequency dependent, but without actually specifying this dependence. 

Corresponding to each point in the triangular region of the L 1L 2 plane 
shown in Fig. 12.8 there is a unique ellipsoid, and conversely. It would be an 



350 SURFACE MODES IN SMALL PARTICLES 

unmanageable task, therefore, to consider all possible ellipsoids; but it also is 
hardly necessary to do so. Spheres, disks, and needles represent extreme forms 
of ellipsoids; they more or less bracket the range of possibilities. Moreover, 
they are readily visualized. So let us restrict ourselves for the moment to these 
three shapes. The average cross sections for identical, but randomly oriented 
particles are 

<c ) kv [ 27 l II 
abs sphere = -3 ( ) 2 2 E: ' 

E:' + 2 + E:" 

( Cabs)needle = k3v [ ( ~2 2 + 1] E:", 
E:' + 1 + E:" 

< cabs)disk = k3v [ 2 
1 

2 + 2] E:"' 
E:' + E:" 

(12.34) 

where E: is the dielectric function of the particle relative to that of the 
surrounding medium and k is the wave number in this medium. It is clear that, 
at a given frequency, the only difference between the cross sections for the 
three shapes is the term in brackets. We are now in a position to examine 
further the origin of the misconception that there are no shape effects in 
extinction spectra of small particles. For most nicely behaved materials (in
sulators at visible wavelengths, for example), E:" is small and E:' lies between 2 
and 3. If E:" << 1 and E:' = 2, for example, the cross sections are in the ratio 
(sphere : needle : disk) 1 : 1.12 : 1.33. So for such a material there are no 
strong shape effects. If, on the other hand, 1£'1 orE:" is large, then the cross 
section for a disk or a needle can be appreciably greater than that for a sphere. 
Of course, in the region where E:' is negative there can be strong shape effects. 

More insight into shape effects in absorption spectra of small particles can 
be acquired from contour plots in the complex E: plane; lines of constant 
dimensionless cross section 3( Cabs) jkv are shown in Fig. 12.9a, b, c. Note that 
the curves are symmetric about the lines E:' = -2, E:' = -1, and E:' = 0 for the 
sphere, needle, and disk, respectively. Three points representing certain solids 



12.2 SURFACE MODES IN NONSPHERICAL PARTICLES 351 

L 2 
(0,1/2) 
NEEDLES 

.4 

.I 

~------~------~------~------~-- Ll 
(0,0) .2 .3 .4 
DISCS 

Figure 12.8 Each point of the triangular region corresponds to a unique ellipsoid, and con
versely. 

at specific wavelengths are labeled on the contour plots: i at (2.3, 0.0) repre
sents a typical insulator at visible wavelengths; c at (3.0, 4.0) corresponds 
approximately to carbon in the visible; m at (- 2.0, 0.3) corresponds to 
magnesium oxide at its Frohlich frequency (- 620 em- 1

) in the infrared. 
Although the resolution of these contour maps is not sufficient for estimating 
shape effects in the vicinity of i, the calculations in the preceding paragraph 
indicate only slight differences (- 30%) among the three shapes. For carbon, 
which is highly absorbing in the visible, estimation from the contour plots gives 
approximately 3, 5, and 8 for spheres, needles, and disks, respectively. But the 
values for MgO at its Frohlich frequency are estimated to be greater than 50, 
about 3, and about 1, which shows the extreme shape dependence of small 
particle absorption in this instance. 

Figure 12.9d shows the dielectric function of several metals that either have 
hcen discussed in Chapter 9 or will be discussed in connection with small 
particle extinction in Section 12.4. The energy dependence of the dielectric 
function is given in the form of trajectories in the complex t: plane, similar to 
the Cole-Cole plots (1941) that are commonly used for polar dielectrics; the 
numbers indicated on the trajectories are photon energies in electron volts. 
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(a) 

(b) 

Figure 12.9 Contour plots of constant dimensionless cross section for spheres (a), needles (b), 
and disks (c). Cole-Cole plots are shown in (d) for various metals. 

When used in conjunction with the contour plots these trajectories enable one 
to quickly estimate the magnitude of particle absorption and its dependence on 
shape. The degree to which a metal behaves like a free-electron (Drude) metal 
can also be determined at a glance. For example, £" of a free-electron metal 
goes monotonically to zero with increasing frequency as f.' approaches I from 
below (see Section 9.4). Aluminum is a good illustration; its trajectory is 
typical of a free-electron metal. From 3.0 to 3.6 eV the trajectory of silver is 
similar to that of aluminum, but at higher energies veers sharply from the goal 
of (1.0, 0.0) because of the onset of interband electronic transitions, which are 
discussed in connection with Fig. 9.12. The trajectory of copper nowhere looks 
very much like that of a Drude metal, although it terminates at the point 
(1.0, 0.0) as it must. Similarly, gold does not behave like a free-electron metal 
above 2.2 eV. 

Differences in surface plasmon absorption among various metals are clearly 
revealed by imagining the trajectories to be superposed onto the contour plota. 
Spherical silver and aluminum particles have intense surface plasmon absorp
tion peaks because£" is small at the frequency where f.' is -2, whereas gold 
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(c) 

(d) 

and copper particles are less absorbing because of much greater values of £
11

• 

Because their trajectories closely approach the f.' axis, where the poles of the 
absorption cross section lie, absorption by silver and aluminum particles is 
much more dependent on shape than that by copper and gold particles. 

12.2.5 Distribution of Ellipsoidal Shapes 

At this point the reader who has studied the preceding sections may well 
wonder why we are so interested in, if not obsessed with, ellipsoidal particles: 
most real particles are no more ellipsoidal than they are spherical. One reason 
r, ,r devoting so much space to ellipsoids is that they are a means for dispelling 
widespread misconceptions about the nonexistence of shape effects in small
particle absorption spectra. For if there are strong shape effects in spectra of 
dlipsoidal particles, then there are certainly such effects in the spectra of other, 
k'' well-defined nonspherical particles. But there is at least one other reason, 
whil·h may prove to he of greater practical utility: the hope that spectra of 
u regular particles can he approximated somehow by suitably averaging over all 
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ellipsoidal shape parameters to obtain simple expressions for the average 
absorption cross section. This idea derives from conversations with D.P. Gilra, 
who did calculations for distributions of spheroids. Gilra's unpublished calcu
lations were used by Treffers and Cohen (1974) in an attempt to identify 
particles in the space surrounding cool stars by means of features in infrared 
emission spectra. In this section we derive some expressions for average cross 
sections under various assumptions; in later sections we shall offer experimen
tal evidence to support the validity of these expressions in describing absorp
tion spectra of irregular particles. 

The average absorption cross section of a randomly oriented collection of 
identical homogeneous ellipsoids (12.30) may be written 

kv { 
3 

1 } (Cabs) = 3 Im ~ f3 + L. ' 
;=l ) 

where f3 = I/( t: - I) and t: is the dielectric function of the ellipsoid relative to 
that of the surrounding medium. Suppose that, in addition to being randomly 
oriented, the collection consists of ellipsoidal particles of all possible shapes; 
that is, the geometrical factors L 1, L 2 are not restricted to a single set of values 
but are distributed according to some shape probability function C3'(L 1, L 2 ). 

Because of the requirement that L 1 ~ L 2 , C3'(L 1, L 2 ) is strictly defined only on 
the hatched triangular region in the L 1 L 2 plane shown in Fig. 12.IO. However, 
it is convenient to extend the domain of definition of C3'(L 1, L 2 ) onto the larger 

Figure 12.10 Domain of definition of the shape probability function. 
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triangular region~ shown in the figure. This region may be subdivided into six 
equivalent regions of equal area, each of which corresponds to one of the six 
possible ways of choosing the relative lengths of the axes a, b, c of the ellipsoid 
(in Chapter 5 we required that a > b > c). The shape probability function is 
normalized to unity on~: 

ff ~(L 1 , L2 ) dL 1 dL2 = 1. 
~ 

The absorption cross section averaged over the shape distribution and over all 
orientations is, therefore, 

( (Cabs)) = j j (Cabs)~ ( L 1 , L2) dL 1 dL2 

~ 

( 12.35) 

The integral of a function f(L 1, L 2 ) over ~ may be written as an iterated 
integral: 

We have assumed that all particles have the same volume v; however, if there is 
no correlation between shape and volume, the total absorption cross section of 
the collection is 

where 0t is the total number of particles per unit volume and ( v) is the 
average particle volume. It has also been implicitly assumed that ~(L 1 , L 2 ) is 
continuous; this is not a necessary restriction, however, and we can take into 
account discrete distributions by replacing the integrals above with summa
tions over a discrete set of points (L 1, L 2 ) in~-
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12.2.6 Uniform Distribution of Ellipsoidal Shapes 

Perhaps the simplest conceivable distribution is one for which all shapes are 
equally probable, in which instance q}>(£ 1, L 2 ) = 2 and the integrals in (12.35) 
are readily evaluated: 

2£ g 1 = g2 = g3 = --
1 

Log £ - 2. 
(-

Therefore, the average cross section is 

( 12.36) 

In (12.36) Log z denotes the principal value of the logarithm of a complex 
number z = re;8 (Churchill, 1960, p. 56): 

Log z = Log r + iE> (r > 0, -7r < E> < 1r), 

where Log r = ln r if r is real. 

12.2.7 Summary of Shape Effects 

Before presenting experimental data on surface mode absorption by small 
particles, we briefly summarize shape effects calculated in the Rayleigh ap
proximation. Figure 12.11 is a schematic of surface mode absorption for the 
two idealized classes of solids with £' negative at some frequencies: an insulator 
described by a one-oscillator (Lorentz) dielectric function (left) and a free-elec
tron (Drude) metal (right); the particles are in free space. Spheres of both 
solids absorb strongly in the single narrow band around the frequency where£' 
is - 2; spheroids have two bands, and ellipsoids three, at frequencies de
termined by the relative lengths of their principal axes. Continuous distribu
tions of ellipsoids have the broad absorption spectra sketched for both 
materials. Absorption bands for other nonspherical particles are expected at 
frequencies that depend on their shape factors (which may be laborious to 
calculate); for example, the six most important surface mode frequencies of an 
insulating cube, calculated by Fuchs (1975), are shown in the figure. 

There are several important generalizations to be gleaned from this summary: 
(1) small particles of any shape can absorb strongly at frequencies where £' is 
negative; (2) a distribution of shapes broadens the absorption bands at the 
expense of maximum absorption; and (3) although shape effects in insulating 
particles are confined to the region between the transverse and longitudinal 
optical mode frequencies, strong absorption by metallic particles may occur at 
any frequency from the bulk plasma frequency (commonly in the far ultra
violet) down through the visible and infrared to radio frequencies; thus, shape 
effects can be much more pronounced in metals than in insulators. 
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Figure 12.11 Surface mode frequencies for insulating and metallic particles of various shapes. 

12.3 VIBRATIONAL MODES IN INSULATORS 

In this section we compare the theory of the preceding two sections with 
experimental measurements of infrared extinction by small particles. Compari
sons between experiment and theory for spheres of various solids, most 
notably alkali halides and magnesium oxide, have been published in the 
scientific literature; many of these papers are cited in this chapter. In most of 
this work, however, there is an arbitrary normalization of theory and experi
ment, which tends to hide discrepancies. For this reason, most theoretical 
calculations in this section are compared with mass-normalized extinction 
measurements. The new measurements presented here were made in the 
Department of Physics at the University of Arizona. A group of solids was 
selected to illustrate different aspects of surface modes. Results on amorphous 
quartz (Si02 ) particles. for example, illustrate the agreement between experi-
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ment and theory for very small spheres described by the bulk dielectric 
function of the parent material. This demonstrated agreement gives confidence 
in the procedure of using bulk dielectric functions for small-particle calcula
tions. Results are next shown for crystalline quartz particles, which are 
definitely nonspherical as well as optically anisotropic, necessitating the use of 
shape distribution theory and orientational averaging. Next, extinction data for 
SiC and MgO particles are discussed; we have used these solids for illustrative 
purposes in Chapters 9 and 10 and in preceding sections of this chapter. Also, 
there have been numerous papers relating to surface mode absorption in MgO 
smoke particles, which are nearly cubical in contrast with the wide distribution 
of shapes found in particulate samples of some of the other solids. 

12.3.1 Important Experimental Considerations 

For theory to be legitimately compared with experiment it is necessary that 
samples be prepared in which the particles are quite small (usually submicrom
eter), well isolated from one another, and that the total mass of particles be 
accurately known; also, reliable optical constants obtained from measurements 
on bulk samples must be at hand. These requirements are, of course, easy to 
state but often difficult to meet; however, if they are not met, then comparison 
between theory and experiment-agreement or disagreement-is likely to be 
specious. 

In order to comply with the assumptions underlying the theory in this 
chapter-single, isolated, homogeneous particles-it is desirable to disperse 
the particles in a solid matrix. Although it might seem at first thought that 
dispersal in air or another gas would be more convenient and equally satisfac
tory, such a procedure yields a dynamic system in which the particulate 
characteristics continually change because of coagulation and settling. Disper
sal in the zero-gravity, high-vacuum environment of an orbiting spacecraft 
might prevent these undesirable effects. But a considerably less expensive 
experimental technique is to disperse the particles in a solid matrix; this 
ensures that their isolation and independence are maintained. A common 
matrix technique, which has been used in infrared spectroscopy for many years 
by chemists, is the KBr pellet technique: small quantities of the particulate 
sample are mixed thoroughly with powdered KBr; because of the softness of 
KBr and its bulk transparency between about 40 and 0.2 pm, the KBr and 
particle mixture can be pressed into a clear pellet. Transmission measurements 
in conventional infrared spectrophotometers then yield extinction spectra for 
the particles in the KBr matrix. Although KBr has been by far the most 
popular matrix, other materials, such as TlBr and KI, can be used. Polyethyl
ene powder with a dispersed particulate sample also can be pressed into 
infrared-transparent samples for use at wavelengths longer than about 20 pm; 
quite satisfactory samples can be made by pressing the powder mixture 
between two glass plates on a hot plate. An alternative procedure is to aJiow 
particles to collect as smoke, or by settling in air, onto thin sheets of 



12.3 VIBRATIONAL MODES IN INSULATORS 359 

polyethylene film, then cut the sheets into small squares (- 1 em) which can be 
stacked and fused together between glass plates on a hot plate. A more 
sophisticated method, used for many years to isolate molecules and molecular 
clusters, is to inject the sample (vapor or particles) into a flowing gas stream of, 
for example, argon, which is then solidified. Martin and Schaber ( 1977) have 
used this technique in recent years to isolate small solid particles, as has 
Welker (1978), who also studied aggregates of silver atoms. All these matrix 
techniques merely serve to isolate the particles from one another and to 
maintain them in such a state for spectroscopic study. 

The KBr technique used in most of the work reported in this section has the 
additional advantage that samples can be stored for many years in a desiccator 
without change for future study. A disadvantage is the possibility of altering 
some of the particles by the grinding and pressing process. To avoid this 
possibility some workers have opted for a loose collection of particles on an 
infrared-transparent substrate (see, e.g., Genzel and Martin~ 1972). Although 
this is a perfectly acceptable approach, it usually violates our assumption of 
single scattering by independent particles, which thereby necessitates a mod
ified theoretical treatment, such as the Maxwell Garnett theory, to account for 
the interaction between particles. 

Measurements of extinction by small particles are easier to interpret and to 
compare with theory if the particles are segregated somehow into a population 
with sufficiently small sizes. The reason for this will become clear, we hope, 
from inspection of Fig. 12.12, where normalized cross sections using Mie 
theory and bulk optical constants of MgO, Si02 , and SiC are shown as 
functions of radius; the normalization factor is the cross section in the 
Rayleigh li,mit. It is the maximum infrared cross section, the position of which 
can shift appreciably with radius, that is shown. The most important conclu
sion to be drawn from these curves is that the mass attenuation coefficient 
(cross section per unit particle mass) is independent of size below a radius that 
depends on the material (between about 0.5 and 1.0 p.m for the materials 
considered here). This provides a strong incentive for dealing only with small 
particles: provided that the total particle mass is accurately measured, com
parison between theory and experiment can be made without worrying about 
size distributions or arbitrary normalization. 

There are two different ways to obtain submicrometer particles: (1) grind 
bulk material as finely as possible and disperse the resultant particles in air or 
water for segregation by settling; and (2) use a technique that generates only 
submicrometer particles, such as vaporization in an electric arc and subsequent 
condensation in a gas. Some of the particles discussed in succeeding para
graphs-amorphous Si02 and SiC-were prepared by arc vaporization; MgO 
particles were obtained by burning magnesium ribbon in air. These processes 
yield mostly particles that are very small (less than about 0.1 p.m). Particles 
made from the bulk solid (quartz, for example) were ground vigorously for 
~cveral hours in steel and agate mortars, dispersed both in air and in water, 
and settled for times long enough to leave only particles less than about 1 p.m 
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Figure 12.12 Maximum infrared extinction cross sections of spheres normalized by the value in 
the Rayleigh limit. 

in suspension; the suspensions were then filtered to collect the particles. In all 
instances, about 100 p.g of particles was dispersed in about 0.5 g of KBr 
powder. The powder-KBr mixtures were agitated in a glass vial with steel balls 
for periods ranging from a few hours to a few days before being pressed into 
pellets (- 1 em diameter) under a force of about 10 tons. This method of 
preparation seems to produce samples of particles reasonably well isolated 
from one another and sufficiently small that their volumetric extinction is 
independent of size. 

12.3.2 Amorphous Quartz Spheres 

A continually recurring question is the range of applicability of bulk optical 
constants to small particles: below what size are bulk properties no longer 
valid in small-particle calculations? Because some small-particle optical effects 
may be interpreted as the failure of bulk properties to be valid (see the 
paragraphs in Sections 12.1 and 12.4 on the limitation of the mean free path), 
it has become common, unfortunately, to doubt the correctness of using bulk 
dielectric functions even for micrometer-size particles and larger. Too often 
inexplicable effects exhibited by small particles-inexplicable, that is, within 
the framework of isolated sphere theory-are interpreted as resulting from the 
inapplicability of bulk properties without exploring other alternatives, such as 
shape effects and interactions between particles. But measurements on non• 
spherical particles cannot be compared with sphere calculations to decide for or 
against the validity of using bulk optical constants in such calculations; the 
only proper experimental test requires measurements on spheres. Small solid 
spheres are not, as a rule, easily generated; an exception is Si02 smoke, which 
can be produced readily enough by striking an arc (ac or de) in air between 
silicon electrodes or carbon electrodes embedded with pieces of silicon or 
quartz. These smokes consist of nearly perfect spheres of amorphous Si02 with 
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diameters in the range between about 100 and 1000 A; they satisfy the 
requirements of being spherical, isotropic, composed of a material with accu
rately measured infrared optical constants, and well within the range where 
volumetric extinction is independent of size. The biggest problem to be 
overcome is that upon formation in air the spheres link together in clusters and 
chains which, in electron micrographs, resemble strings of pearls. Steyer et al. 
( 1974) published infrared extinction data on this system of particles because of 
its approach to ideality; however, they found a factor of 2.2 between calculated 
and measured peak extinction. Subsequently, experiments have been under
taken in which a more concerted effort has been made to disrupt clusters and 
produce isolated spheres in a KBr matrix. Results of the newer experiments are 
shown in Fig. 12.13, where measured extinction is compared with that calcu
lated from sphere theory with no adjustable parameters. Bulk properties used 
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in the calculations, taken from the paper by Steyer et al. (1974), agree well with 
independent measurements reported by Neuroth (1956) and Zolotarev (1970). 
Evidence that the silica spheres have been dispersed more than in earlier 
efforts is that the discrepancy between measured and calculated peak extinc
tion has been reduced from a factor of 2.2 to about 20%. 

Several predicted features of infrared surface mode absorption by small 
spheres are verified by the experimental results shown in Fig. 12.13. The 
frequency of peak absorption by spheres is shifted an appreciable amount from 
what it is in the bulk solid: the t:" curve peaks at 1070 cm- 1

, whereas the peak 
of the small-sphere absorption is at 1111 em- 1

, very close to the frequency 
where t:' is - 2t:m (- 4.6 for a KBr matrix). The absorption maximum (absorp
tion is nearly equal to extinction for these small particles) is very strong: Qabs 

for a 0.1-p.m particle is about 7 at the Frohlich frequency. 
We feel that the remaining discrepancy between sphere calculations and 

measurements can be attributed to residual clumping of particles, which causes 
slight broadening of the small-particle absorption bands at the expense of 
decreased peak height. Even without invoking such residual clumping, how
ever, the comparison based on bulk optical constants seems favorable: the 
predicted absorption band-position and shape-is very close to that mea
sured. In view of possible experimental uncertainties in the bulk dielectric 
function, the agreement is sufficiently close to convince us that, in this instance 
at least, bulk optical constants are appropriate to particles averaging consider
ably less than 0.1 p.m in diameter. 

12.3.3 Crystalline Quartz 

Crystalline quartz is one of the earth's most common solid substances, bestrew
ing the surface as common sand. Its optical properties are anisotropic and it 
has strong infrared absorption bands near 9 p.m. In Section 9.3, quartz 
exemplified an anisotropic solid the optical constants of which have been 
successfully extracted from infrared reflectance measurements by use of a 
multiple-oscillator model. Extinction measurements are presented in Fig. 12.14 
for a collection of submicrometer quartz particles segregated from a finely 
ground powder by suspending it in water for a sufficient time to allow the 
larger particles to settle; these results have been published by Huffman and 
Bohren (1980). Comparisons of the measured volume-normalized extinction 
with calculations based on optical constants measured by Spitzer and 
Kleinman ( 1961) are shown in the figure. In the upper part, sphere calculations 
incorporating the treatment of anisotropy given in Section 5.6 are compared 
with measurements; without arbitrary normalization, the agreement is poor: 
the measured band width is much greater and the peak height much smaller 
than that calculated. Note that adjusting the measured and calculated curves to 
bring the peaks into congruence, as is commonly done, would make the 
agreement more favorable, but this is merely a cosmetic device that masks the 
discrepancies. Greatly improved agreement with experiment is exhibited by 
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Figure 12.14 Measured infrared extinction by crystalline quartz particles (dashed curves) com
pared with calculations for spheres (top) and a continuous distribution of ellipsoids (bottom). 

the theoretical spectrum calculated from (12.36) for a continuous distribution 
of ellipsoids, which is shown in the bottom part of the figure. Although all 
small-particle infrared spectra that we have measured have not shown such 
good agreement, the results do show a marked improvement in the treatment 
of shape effects, particularly for a sample containing particles widely distrib
uted in shape. Moreover, the large differences between sphere calculations and 
those for a distribution of ellipsoids, together with good experimental agree
ment with the latter, bear witness to the importance of shape effects in the 
vil:inity of strong infrared absorption bands. 
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12.3.4 Silicon Carbide 

Although silicon carbide occurs in a variety of crystalline forms, the infrared 
optical properties of the major allotropes are very similar (Spitzer et al., 1959). 
In Section 9.1 the lattice absorption band in SiC near 11 p.m was displayed as 
our canonical example of a real solid that conforms to a simple one-oscillator 
model; SiC was also invoked to illustrate surface modes in small spheres (see 
Figs. 12.1 and 12.2) and the effect of particle shape in the surface mode region 
(Fig. 12.7). Because of this prominence given to SiC we present in Fig. 12.15 
experimental data for SiC particles size-segregated from powder by settling in 
water and then dispersed in KBr. Although we previously used the one-oscilla
tor approximation for cubic SiC, the calculations shown in Fig. 12.15 are based 
on the anisotropic optical constants of hexagonal a-SiC measured by Spitzer 
et al. (1959). As with crystalline quartz, measurements and sphere calculations 
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are in serious conflict. The more favorable agreement of calculations for a con
tinuous distribution of ellipsoids (CDE) with experiment underscores the 
consequences of particle shape to absorption spectra. Measured integrated 
absorption as well as the approximate magnitude of absorption in the region 
between 800 and 950 em- I compare rather well with the CDE calculations. 
There are some discrepancies, however. Unlike the calculated band, which dips 
abruptly at we (793 em- I), the measured absorption band extends to frequen
cies lower than wf' with just a hint of a shoulder near 780 em- I. This is the 
frequency region where spheres of SiC begin to exhibit bulk absorption modes 
as they depart from the behavior dictated by Rayleigh theory. These bulk 
modes in spheres of SiC were discussed in connection with Fig. 12.1. They 
would not, of course, appear in the calculations of Fig. 12.15, but they should 
begin to make their presence felt, although distorted in a complicated way by 
nonsphericity, in the larger particles (0.5-1.0 p.m) of the experimental sample. 
Measured absorption also tends to be greater than that calculated from the 
CDE theory, but the peak is at a lower frequency than the sphere mode. This 
may be a consequence of a preferred shape among the particles, such as 
platelets, which would presumably not exist if the SiC particles, like the quartz 
particles, were ground from the bulk; the particles used in our measurements 
were segregated from the manufacturer's sample without further grinding 
because of the extreme hardness of SiC. 

Further experimental evidence of shape effects in absorption spectra of SiC 
particles is found in the data of Pultz and Hertl ( 1966), who investigated 
infrared absorption by SiC fibers with and without Si02 coatings. Although 
these measurements were not mass-normalized, they show a strong absorption 
band at 795 em- I and a weaker band at 941 em- I. If the fibers are 
approximated as ellipsoids with L 2 = L 3 = -!- and LI = 0 (i.e., a cylinder), then 
the ellipsoid equation (12.27) predicts absorption peaks for particles in air at 
frequencies where £

1 = -1 and £' = - oo. This corresponds to absorption 
bands at 797 and 945 em- I for the dielectric function of isotropic SiC, in 
excellent agreement with the experimental peak positions for the fibers. 

12.3.5 Magnesium Oxide 

Possibly no other solid has been studied so much for the purpose of under
standing small-particle infrared surface modes than MgO. The reason for this 
may in part be the ease with which small, highly crystalline cubes of MgO are 
generated by simply burning magnesium ribbon in air. Genzel (1974) has 
surveyed much of the experimental and theoretical work. 

Genzel and Martin ( 1972, 1973) measured extinction by MgO smokes 
loosely packed on transparent substrates both in air and covered with the 
transparent oil Nujol. Their results showed absorption bands appreciably 
~hifted from the bulk absorption band; the peak frequencies agreed with 
calculations, but the widths were consistently greater than predicted by sphere 
theory. In addition, a narrower absorption feature always appeared at the 
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approximate bulk absorption maximum (the maximum of £"). Enhanced 
damping in small particles was invoked to explain the broadening. Fuchs 
(1975) derived an expression for absorption by cubes in the electrostaticf 
approximation which he applied to MgO with optical constants given by a 
one-oscillator model, but with a damping factor larger than for bulk MgO. 
Fuchs (1978) has also compared results from his continuum model with the 
lattice-dynamical calculations of Chen et al. ( 1978) for an MgO microcrystal of 
900 atoms (I 0 X I 0 X 9); there was good agreement between the two theories, 
which suggests that relatively few atoms are necessary before an MgO particle 
may be properly regarded as macroscopic. Luxon et al. (1969) examined 
infrared absorption by several different kinds of MgO samples and, in the 
interpretation of their results, discussed the role of particle shape. Matumura 
and Cho (1981) measured emissivities in the infrared surface mode region, as 
did Kalin and Kneubiihl (1976) for alkali halides. Despite all this effort, 
agreement between experiment and theory has not been completely satisfac
tory, particularly since arbitrary normalization is present in much of this work. 

Results of our recent measurements of extinction by MgO particles are 
shown in Fig. 12.16. Solid curves represent experimental data, where the 
particles are successively more dispersed as one progresses downward; dashed 
curves are theoretical calculations based on the bulk optical constants mea
sured by Jasperse et al. (1966). In the upper part of the figure volume-normal
ized extinction is shown for a sample prepared by burning magnesium ribbon 
in air and collecting the particles on a clean KBr pellet. The middle curve is for 
the same smoke but dispersed by grinding with KBr and shaking the mixture 
for 3 hours in a glass vial with steel balls before pressing a pellet; the bottom 
curve is for a similarly prepared sample, but shaken for 3 days before pressing 
a pellet. 

Particles dispersed on the KBr substrate are not strictly isolated, and 
perhaps this should be taken into account by basing calculations on the 
Maxwell Garnet theory (or a similar theory) as Genzel and Martin did. The 
particle volume fraction is small, however, so we are not misrepresenting the 
experiment too badly by comparing it with calculations for isolated spheres 
and a continuous distribution of isolated ellipsoids. Our sphere calculations are 
in poor agreement with measurements, even the position of peak absorption. 
But Genzel and Martin obtained good theoretical agreement with measured 
peak absorption using the optical constants of Hafele (1963). This illustrates 
the sensitivity of surface mode calculations to optical constants and the 
consequent difficulties one often faces in deciding which among a possibly 
contradictory set are "best" for such calculations. 

Comparison of measurements for particles dispersed on and in KBr is quite 
revealing. The extinction curve for particles on a KBr substrate shows a peak 
at approximately 400 em- 1

, the transverse optical mode frequency for bulk 
MgO. This feature has been observed a number of times and it is discussed in 
some of the references already cited. Its explanation now appears to be the 
tendency of MgO cubes to link together into chains, which more closely 
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resemble cylinders or elongated spheroids than spheres. A similar effect was 
observed in NiO smoke particles by Hunt et al. ( 1973), who analyzed their 
results on the basis of calculations for cylinders as well as spheres. Further 
evidence that the chain formation is responsible for the 400-cm- 1 peak is that 
it disappears upon thorough dispersal of the particles in KBr (Fig. 12.16b, c); 
this was pointed out by Dayawansa and Bohren ( 1978). 

In Fig. 12.16b sphere and CDE calculations are compared with measure
ments on MgO cubes well dispersed in KBr; neither is very satisfactory. The 
calculated position of peak absorption by spheres is fairly close to that 
measured but not coincident with it; the CDE calculations show appreciable 
absorption over approximately the same frequency range as the measurements 
but no structure. If the optical constants we have used accurately place the 
Frohlich frequency, Fig. 12.16b suggests that neither spheres nor a broad 
distribution of shapes are good approximations for MgO particles. This is 
hardly surprising because electron micrographs reveal that MgO smoke is 
composed of cubes. These cubes are so nearly perfect that they have been used 
to quickly determine the resolution of electron microscopes: degraded resolu
tion results in apparently rounded corners. 

Fuchs's (1975) result for volume-normalized absorption by randomly ori
ented cubes in the electrostatics approximation is 

( 12.37) 

The sum over all strength factors C(j) is 1, and the n1 are analogous to the 
geometrical factors L1 in the expression (12.30) for the absorption cross section 
per unit volume of randomly oriented ellipsoids: 

We used the dielectric function £ of bulk MgO calculated from oscillator 
parameters determined by Jasperse et al. ( 1966), together with the dielectric 
function £m of the KBr matrix given by Stephens et al. (1953) (corrected by 
June, 1972), to calculate the absorption spectrum (12.37) of a dilute suspension 
of randomly oriented MgO cubes. These theoretical calculations are compared 
with measurements on well-dispersed MgO smoke in Fig. 12.16c. Superim
posed on a more or less uniform background between about 400 and 700 
cm- 1

, similar to the CDE spectrum, are two peaks near 500 and 530 cm- 1
, the 

frequencies of the two strongest cube modes. It appears that for the first time 
these two modes have been resolved experimentally. If this is indeed so we 
conclude that the widths of individual cube modes are not much greater than 
the width of the dominant bulk absorption band. Genzel and Martin ( 1972) 
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used an eightfold increase in the damping factor and Fuchs (1975) invoked a 
factor of 2.5 to bring theory into congruence with measurements. Such 
enhanced damping suggested by the broad and featureless absorption spectra 
previously published for MgO cubes does not seem to be necessary now in 
view of the apparent resolution of the cube modes. The MgO results and the 
agreement between theory and experiment for amorphous quartz spheres 
(Sections 12.3) imply that bulk optical constants do not have to be modified 
appreciably-by increasing the damping factor, for example-for infrared 
surface modes in particles in the size range 100-1000 A. 

12.4 ELECTRONIC MODES IN METALS 

The first discussions of surface plasmon modes, although not designated as 
such, concerned colloidal silver and gold. From the classical descriptions of 
Faraday and the theoretical treatment of Mie to the present, the vivid colors of 
metal colloids have attracted serious scientific attention. In more recent years 
many observations have been made on surface modes in various metal and 
metal-like particles. These include colloidal dispersions in water, photographic 
emulsions and photosensitive glasses, island films formed by evaporating small 
quantities of metal onto smooth surfaces, cermets and granular films, aggre
gated color centers in alkali halide crystals, metallic smokes, electron-hole 
droplets in semiconductors at low temperatures, and even particles in interstel
lar space. Rather than survey this vast field spanning various disciplines within 
both pure and applied science, we have chosen a few examples that illustrate 
the more salient points. Gold is first, partly because of its historical interest, 
and because it continues to be a good example of surface mode absorption by 
~mall spherical particles at visible wavelengths. Next, silver is discussed be
cause shape effects, which are much more pronounced in this nearly ideal 
free-electron metal than in gold, have been nicely demonstrated by experiment. 
New measurements on aluminum particles widely distributed in shape, which 
causes surface plasmon absorption to extend into the far infrared, is then 
discussed. Finally droplets of electron-hole plasma condensed in semiconduc
tl>rs at low temperatures are briefly treated as a modern example of surface 
modes in a plasma of greatly different density than common metals. 

12.4.1 Gold 

In his classical paper of 1908 Mie interpreted quantitatively the vivid colors of 
rnlloidal gold that had been discussed qualitatively much earlier by Faraday 
(I X57). Despite his lack of a computer, Mie's calculations were in rather good 
a~rcement with measurements by Kirchner and Zsigmondy (1904). In recent 
wars much theoretical and experimental work on gold particles has been 
puhlished: Granqvist and Hunderi (1977) list over 50 papers published during 
1 he past 20 years. Some of this effort has been directed toward remeasuring 
optical constants of gold, which are (presumably) better known now than in 
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Mie's time. Various types of particulate systems have been studied; however, 
gold particles in aqueous solutions, in gelatin, and in glass are most likely to be 
well isolated from one another, and for this reason we emphasize these 
systems. To illustrate the size dependence of extinction by colloidal gold, data 
from Turkevich et al. (1954) and from Doremus (1964) are combined in Fig. 
12.17. They investigated different size ranges, but in the region of overlap their 
data agree well. Because they presented their measurements differently, the 
curves for radii less than 26 A are for a constant number of particles, whereas 
those for radii greater than 26 A are for a constant mass. We adjusted the data 
of Doremus so that peak absorption is the same for the 26- and 100-A 
particles. The median sizes of the larger particles studied by Turkevich et al. 
are the same as those for which calculations were reported by Mie (1908); they 
also reproduced his calculations. 

The curves of Fig. 12.17 nicely illustrate the varied optical effects exhibited 
by small metallic particles in the surface mode region, both those explained by 
Mie theory with bulk optical constants and those requiring modification of the 
electron mean free path (see Section 12.1). Absorption by particles with radii 
between about 26 and 100 A peaks near the Frohlich frequency (AF:::::: 5200 
A), which is independent of size. Absorption decreases markedly at longer 
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wavelengths (note that this is completely contrary to the absorptive behavior of 
thin gold films); this gives rise to the ruby red color observed in transmission 
of white light by small gold sols and "ruby" glass. As the radius increases 
beyond 100 A the absorption peak broadens and, in accordance with (12.13), 
shifts to longer wavelengths; thus, the observed color changes from ruby red 
through purple and violet to pale blue for the largest particles (800 A). 
Scattering of white light by the smaller particles is weak but becomes notice
able for particles larger than about 250 A. The color of this scattered light is 
reddish brown because the scattering cross section maximum lies in the 
long-wavelength part of the visible spectrum; blue light by transmission is a 
result of both preferential scattering and absorption of longer wavelengths. 

The shapes of the absorption band cease to be independent of size for 
particles smaller than about 26 A, which suggests that the bulk dielectric 
function is inapplicable. Indeed, the broadening and lowering of the absorp
tion peak can be explained by invoking a reduced mean free path for 
conduction electrons (Section 12.1 ). Thus, the major features of surface modes 
in small metallic particles are exhibited by this experimental system of nearly 
spherical particles well isolated from one another. But when calculations and 
measurements with no arbitrary normalization are compared, some disagree
ment remains. Measurements of Doremus on the 1 00-A aqueous gold sol, 
which agree with those of Turkevich et al., are compared with his calculations 
in Fig. 12.18; the two sets of calculations are for optical constants obtained 
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from different sources. There is a residual discrepancy, seemingly ubiquitous: 
the calculated peak is sharper and higher than that measured; this was also 
noted by Doremus and by Granqvist and Hunderi. Doremus felt that its 
explanation lies in differences between bulk and small-particle absorption 
because of imperfections and impurities trapped by the gold particles during 
growth. After exploring several hypotheses, including nonsphericity and oxide 
coatings, Granqvist and Hunderi concluded that unavoidable clumping of 
particles into clusters and chains would result in effective shape factors similar 
to single nonspherical particles, which would broaden and decrease the absorp
tion peak (see the summary of shape effects at the end of Section 12.2). 

Despite some disagreement, it is surprising how well the combination of 
bulk optical constants, especially when suitably modified, and Mie theory 
succeeds in explaining the observed optical properties of very small particles. 
Doremus concluded that even without invoking mean free path limitations, the 
classical theory is adequate down to diameters of 85 A; Granqvist and Hunderi 
found good agreement with classical calculations for particles in the size range 
30-40 A when the mean free path effect and nonsphericity are accounted for; 
they specifically remark that they found no evidence for a quantum size effect. 

12.4.2 Silver 

Surface plasmon absorption has been observed for silver particles in various 
media, including aqueous solutions (Kreibig, 1974), gelatin (Skillman and 
Berry, 1968), and glass (Stookey et al., 1978). Size effects exhibited by nearly 
spherical silver particles are similar to those for gold: limitation of the mean 
free path by the particle boundary broadens and decreases peak absorption at 
very small sizes, while at larger sizes the peak shifts to longer wavelengths and 
broadens as higher-order modes are excited. As pointed out in the discussion 
of Fig. 12.9, the low value of£" for silver near the Frohlich frequency gives rise 
to an intense absorption band which is more sensitive to shape than the highly 
damped bands of gold. The Frohlich mode for silver spheres in air is at about 
3600 A and shifts to about 4100 A in a medium such as gelatin or glass. 
Because peak absorption by very small spheres occurs at the blue edge of the 
spectrum, increasing the size causes the transmission colors to be swept 
through the visible. This size effect, together with shape broadening and 
shifting, provides a mechanism for coloring glass (W eyl, 1951, Chaps. 24 and 
25). Wiegel (1954), for example, has described colors in silver colloids ranging 
from yellow in the smallest sizes through the sequence red, purple-red, violet, 
dark blue, light blue, and gray-green as the size increases from about 100 to 
1300 A. Silver in various photosensitive materials has been widely studied 
because of its importance in the photographic process. This process enables 
particles to be generated in definite amounts by exposure and subsequently 
grown by photographic development. Because the number of particles remains 
constant as the size is increased, samples with both controlled number densities 
and sizes can be prepared; some control over shape has also been achieved. 
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Efforts to observe the effect of controlled departures from sphericity (see 
Section 12.2) on absorption spectra of small particles have been particularly 
successful for silver. Absorption spectra of three samples of silver particles 
produced in gelatin by photographic exposure and development are shown in 
Fig. 12.19 (Skillman and Berry, 1968); the average axial ratios (ajb) of the 
approximately spheroidal particles were determined from electron micro
graphs. For nearly spherical particles (ajb = 1.18) only one band is apparent, 
close to the Frohlich mode wavelength 4200 A; mode splitting (see the 
discussion of Fig. 12.5) occurs for more elongated particles (a/b = 2.5 and 
3.35): one band moves toward longer and the other toward shorter wave
lengths. The bottom half of Fig. 12.19 shows, in addition to t:' for silver, the 
two sets of wavelengths at which (12.27) is satisfied for the shape factors L 1 
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and L 2 ( L 3 = L 2 ). Although there is some quantitative disagreement, measure
ments and calculations are qualitatively similar: the greater the particle elonga
tion, the greater the separation of the two modes. However, the position of the 
short-wavelength band is predicted better than that of the long-wavelength 
band; this discrepancy may be the result of a distribution of spheroidal shapes, 
which was approximated simply by an average axial ratio, and by the fact that 
the particles were not perfect spheroids. 

Additional measurements of absorption spectra for nonspherical silver 
particles were made by Stookey and Araujo ( 1968). Using a combination of 
heat treatment to grow particles in photosensitive glass and stretching to align 
them, they produced samples with polarization-dependent absorption; the 
band lies on the long-wavelength side of the Frohlich mode if the electric 
vector is parallel to the long axis of the particles and on the short-wavelength 
side if it is perpendicular to the axis. Further experiments on photochromic 
glasses by Stookey et al. (1978) showed that silver is deposited selectively in the 
narrow tips of elongated pyramids. Although these particles are not ellipsoids, 
Rayleigh theory was used successfully to interpret the experimental results. 
However, the measured spectral shifts were somewhat less than those calcu
lated, in contrast with the results of Skillman and Berry. Stookey and co-workers 
point out, as we did at the beginning of this section, that as a result of the low 
values of £" over the surface plasmon region, vitreous colloidal silver has 
unusually high coloring power; because of this and the possibility of spanning 
the visible spectrum by changing particle size and shape, various applications 
of this full-color photographic medium are anticipated. 

Absorption resonances resulting from excitation of surface modes are 
accompanied by scattering resonances at approximately the same frequencies; 
this was pointed out following (12.26). In most experiments transmission is 
measured to determine extinction, which is nearly equal to absorption for 
sufficiently small particles. However, surface mode resonances have been 
observed in spectra of light scattered at 90° by very small particles of silver, 
copper, and gold produced by nucleation of vapor in an inert gas stream 
(Eversole and Broida, 1977). The scattering resonance peak was at 3670 A, 
near the expected position of the Frohlich mode, for the smallest silver 
particles. Although peak positions were predictable, differences in widths and 
shapes of the bands were concluded to be the result of nonsphericity. 

12.4.3 Aluminum 

Extinction calculations for aluminum spheres and a continuous distribution of 
ellipsoids (CDE) are compared in Fig. 12.6; the dielectric function was 
approximated by the Drude formula. The sum rule (12.32) implies that 
integrated absorption by an aluminum particle in air is nearly independent of 
its shape: a change of shape merely shifts the resonance to another frequency 
between 0 and 15 eV, the region over which£' for aluminum is negative. Thus, 
a distribution of shapes causes the surface plasmon band to be broadened, the 
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extent of which is most apparent in extinction spectra plotted logarithmically. 
Figure 12.20 shows calculations, using optical constants of aluminum mea
sured by Hagemann et al. (1974), for particles in air (solid curves) and in a 
medium with a dielectric function approximately equal to that of KBr over its 
transparent region (dashed curves). Note that there is little difference between 
the CDE calculations for particles in air and in a solid medium. Because the 
low-frequency wing of the sphere extinction spectrum is so steep, the difference 
between the CDE and sphere calculations becomes ever larger toward longer 
wavelengths: they differ by a factor of about 10 2 at 1 J.Lm, 10 3 at 20 J.Lm, and 
10 4 at 300 J.Lm; and at millimeter wavelengths the difference reaches 10 5

. 

Experimental data from two sources are shown in the figure: the circles are 
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far-infrared measurements of Granqvist et al. ( 1976); the triangles are mea
surements of Rathmann (1981 ), which will be discussed shortly. Although the 
shape distribution of aluminum particles produced experimentally is certainly 
not a continuous distribution of ellipsoids, the CDE calculations are consider
ably closer to the data points than those for spheres; this was also true for SiC 
and crystalline quartz particles (Section 12.3). 

The large discrepancy between sphere calculations and far-infrared extinc
tion measurements (Fig. 12.20) has attracted much attention recently. The 
original impetus for such measurements was a search for superconducting 
band gaps of small particles. Although the telltale superconducting feature was 
not found, the unexpectedly high extinction inspired a series of explanations: 
Tanner et al. (1975) discussed the possibility of quantum size effects as the 
responsible mechanism; Glick and Yorke (1978) suggested a mechanism by 
which incomplete screening of conduction electrons near the particle surface 
would result in increased coupling of photons to lattice vibrations; Simanek 
( 1977) proposed that an amorphous oxide coating would greatly enhance 
absorption by particles aggregated into clusters; Maksimenko et al. ( 1977) and 
Lushnikov et al. ( 1978) reinvestigated the quantum-mechanical approach of 
Gor'kov and Eliashberg (1965) to explain the extinction; Ruppin (1979) 
considered both oxide coatings and spheroidal shapes incorporated into effec
tive medium theories. Various of these ideas were reviewed and discussed at 
the Optical Society of America Topical Meeting on "Optical Properties 
Peculiar to Matter of Small Dimensions" held in Tucson, Arizona, March 
1980. None of the proposed explanations seem to be completely satisfactory, 
particularly in view of the factor-of-1 05 discrepancy between measurements 
and calculations of far-infrared extinction by small platinum particles reported 
by Sievers. 

We propose that a distribution of particle shapes broadens the surface 
plasmon band sufficiently that far infrared extinction is about 1000 times 
greater than would be obtained for spheres; this is strongly suggested by the 
CDE calculations of Fig. 12.20. To test this hypothesis further, extinction 
measurements were made over the wavelength interval between about 50 and 
0.12 J..tm for aluminum particles prepared in a manner similar to that of 
Granqvist et al. (1976). Aluminum was evaporated from a tantalum boat in a 
helium atmosphere (- 5 torr) and collected as very thin coatings on LiF and 
quartz substrates for ultraviolet, visible, and near-infrared transmission mea
surements. For measurements at longer wavelengths, where more mass was 
needed, aluminum smoke particles were dispersed in KBr and polyethylene 
matrices in the manner described at the beginning of Section 12.3. Volume
normalized extinction determined from transmission and mass measurements 
is represented by the triangles in Fig. 12.20. Agreement between measurements 
and calculations is considerably better for the distribution of ellipsoidal shapes 
than for spheres. 

The peak near 18 J..tm is evidence for an oxide coating, which is unavoidable 
with the experimental technique used, on the particles. Although oxide ahsorp-
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tion, especially in an amorphous coating on elongated particles, could give the 
enhanced far-infrared absorption (Sim{mek, 1977), such an oxide should be 
weakly absorbing between about 10 and 0.3 J..tm. Indeed, calculated absorption 
by coated aluminum particles using measured optical constants of both crystal
line and amorphous aluminum oxide (Rathmann, 1981) is much too low in this 
spectral region to account for the measurements shown in Fig. 12.20. 

The considerably better agreement of CDE theory with recent measure
ments on aluminum smoke in the near infrared, together with similar improved 
agreement for nonspherical insulating particles (Section 12.3), is evidence that 
shape effects are indeed responsible for large far-infrared absorption by 
aluminum and other metallic particles. The individual particles may be highly 
nonspherical. But if they are nearly spherical, as they sometimes appear in 
electron micrographs, surface plasmon absorption would not be shifted into 
the far infrared; in this instance, it is likely that small clusters have not been 
disrupted by dispersal, which gives rise to effective shapes sufficiently different 
from spherical to cause the observed shifts. A similar cluster effect in gold 
particles on a substrate was discussed in detail by Granqvist and Hunderi 
( 1977), who suggested this as a possibly important factor in far-infrared 
absorption by metallic particles. 

12.4.4 Electron-Hole Droplets in Germanium 

At low temperatures a pure semiconductor is a perfect insulator with no free 
carriers. Upon laser irradiation at a frequency greater than the semiconducting 
hand gap, a high density of electron-hole pairs can be excited which, at 
liquid-helium temperatures, condense into small droplets of electron-hole 
plasma. These electron-hole (e-h) droplets have been discussed thoroughly in 
a dedicated volume of Solid State Physics that contains reviews of theoretical 
aspects (Rice, 1977) and experiments (Hensel et al., 1977). 

It has been possible to measure the angular dependence of scattering by e-h 
droplets in germanium because the host is quite transparent between 1.66 J..tm 
(the band gap) and 25 J..tm (the lattice absorption band). From these measure
ments it was ascertained that the condensate indeed existed in the form of 
droplets with radii between about 1 and 10 J..tm. 

Far-infrared absorption measurements gave an independent determination 
pf the electron density; from the position of the Frohlich mode near 9 meV 
(- 140 J..tm) a density of 2.3 X 1017 cm- 3 was inferred. Other experiments on 
Sh-doped Ge and pure germanium irradiated at different powers showed 
appreciable changes in absorption band positions and shapes. Rose et al. 
( 1978) interpreted the shift of peak absorption from 9 meV (intrinsic Ge) to 
ahout 5.5 meV (doped Ge) as the result of an increase in droplet size under the 
a~sumption that the other e-h plasma parameters remained constant. Their 
(arhitrarily normalized) Mie calculations for a set of droplet sizes are shown in 
hg. 12.21. There is good agreement with measurements of far-infrared absorp
t u m hy c-- h droplets in Sh-doped Ge (Timusk and Silin, 1975), which allows 
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Figure 12.21 Calculated far infrared extinction (arbitrarily normalized) by electron-hole droplets 
in Sb-doped germanium (from Rose et al., 1978) below which are experimental data (circles) of 
Timusk and Silin ( 1975). 

the droplet size to be determined where light scattering measurements are 
difficult because of impurity-induced opacity of the germanium host. Thus, the 
sizing of e-h droplets is a simple application of Mie theory coupled with 
Drude theory to a somewhat exotic particulate medium. 

12.4.5 Survey of Other Plasmons 

Surface plasmon absorption has been observed for small particles of several 
other metals, and many calculations have been published: these are too 
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numerous to discuss in detail. But it is worthwhile to summarize the properties 
of surface plasmons for various metallic particles. In Table 12.1 the most 
important parameters characterizing surface plasmons are listed: the position 
of the Frohlich mode {or spheres in air; and the value of €" at the frequency 
where €' = - 2, which determines the width and height of the absorption band. 
Also listed are energies where €' = 0 (bulk plasmon energies) to show the 
possible high-energy extent of shape effects. The sources of this experimental 
data are indicated in the table. 

The alkali metals, with only one free electron per atom, have lower plasmon 
energies than those of divalent free-electron metals such as Mg and AI because 
the plasma frequency decreases with decreasing electron density. Thus, surface 
plasmon energies for alkali metals are in or near the visible, whereas they are in 
the far ultraviolet for Mg, AI, and Pb. Surface plasmon energies of the divalent 
metals Ag, Au, and Cu are shifted toward and into the visible because of 
interband transitions (see Fig. 12.9d); this is also the cause of the large values 
of €" for Au and Cu. 

Another example listed in the table is graphite, the Frohlich mode of which 
is near 5.5 eV (2200 A); the boundaries of the negative E' region are about 4 
and 6.5 eV. The graphite surface plasmon has been tentatively identified as 
responsible for a feature in the interstellar extinction spectrum (see Section 
14.5). 

For photon energies large compared with the band gap in semiconductors, 
electronic transitions are only slightly perturbed by the presence of the gap; 
the valence electrons in this instance act like free electrons. Thus, the high
energy optical properties of semiconductors are similar to those of free-electron 
metals. But there are marked differences in their low-energy optical properties, 
which bear on the importance of particle shape to extinction spectra. Whereas 
€' for metals approaches large negative values with decreasing photon energy, 

Table 12.1 Characteristics of Bulk and Surface Plasmons 

Bulk Plasmon Surface Plasmon f." where 
Solid Energy (eV) Energy (eV) {' = -2 Reference 

Lithium 6.6 3.4 1.0 Rasigni and Rasigni ( 1977) 
Sodium 5.4 3.3 0.12 Palmer and Schnatterly ( 1971) 
Potassium 3.8 2.4 0.13 Palmer and Schnatterly ( 1971) 

Magnesium 10.7 6.3 0.5 Hagemann et al. (1974) 
Aluminum 15.1 8.8 0.2 Hagemann et al. (1974) 

Iron 10.3 5.0 5.1 Moravec et al. ( 1976) 

('opper 3.5 4.9 Hagemann et al. ( 1974) 
Silver 3.8 3.5 0.28 Huebner et al. ( 1964) 
<iold 2.5 5.0 Hagemann et al. (1974) 

< iraphitc 5.5 2.7 Taft and Phillip ( 1965) 
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£' for semiconductors becomes positive again; at photon energies below the 
band gap energy the optical properties of semiconductors are similar to those 
of insulators. Thus, the surface plasmon region-where £' is negative-for 
semiconducting particles is bounded from above and from below; this con
trasts with aluminum particles, for example, in which, depending on their 
shape, surface plasmons are possible at all energies below the plasma frequency. 
Consequently, shape effects in metallic particles are, in general, more pro
nounced than in semiconducting particles. 

NOTES AND COMMENTS 

Gilra (1972ab) has very thoroughly discussed absorption by small ellipsoidal 
particles, including those with coatings, in the surface mode region. 

The question of which shape maximizes and which minimizes the absorp
tion cross section of a particle with fixed volume and composition has been 
answered by Bohren and Huffman ( 1981) within the framework of the Rayleigh 
ellipsoid theory. 

An independent derivation of (12.36), preceding ours, was published by 
Aronson and Emslie (1975). 



Chapter 13 
Angular Dependence 

of Scattering 

Within the framework of this book all the information about elastic scattering 
by small particles is contained in the 4 X 4 scattering matrix (3.16); each of its 
16 elements is an angle-dependent function of wavelength, particle size, shape, 
and composition. There is so much information in the complete scattering 
matrix, however, that only recently have the properties of all its elements 
begun to be investigated. Most theoretical and experimental work has been 
limited to scattering of unpolarized or linearly polarized light. Because of this, 
the present chapter is arranged as follows: in Sections 13.1 through 13.5 the 
incident light is unpolarized or linearly polarized; this restriction is removed in 
Sections 13.6 through 13.8. In Section 13.1 we discuss calculated scattering by 
spheres to give the reader some feeling for the various effects that can occur. 
Measurement techniques are then treated briefly in Sections 13.2 and 13.3. 
This is followed in Section 13.4 by calculations interspersed with measure
ments on spherical and nonspherical systems. Section 13.5 treats an important 
application: the sizing of particles by light scattering. Section 13.6 is somewhat 
of a digression: symmetry properties of the scattering matrix. Measurement 
techniques for the complete scattering matrix are given in Section 13.7, and 
results of measurements in Section 13.8. Section 13.9, the concluding section, 
summarizes the differences and similarities between spherical and nonspherical 
particles, partly in an attempt to answer the important practical question: To 
what extent is Mie theory applicable to nonspherical particles? 

13.1 SCA TIERING OF UNPOLARIZED AND LINEARLY 
POLARIZED LIGHT 

The maximum amount of information about scattering by any particle or 
collection of particles is contained in all the elements of the 4 X 4 scattering 
matrix (3.16), which will be treated in more generality later in this chapter. 
Most measurements and calculations, however, are restricted to unpolarized or 
linearly polarized light incident on a collection of randomly oriented particles 
with an internal plane of symmetry (no optical activity, for example). In such 
instances, the relevant matrix elements are those in the upper left-hand 2 X 2 
hlock of the scattering matrix, which has the symmetry shown below (see, e.g., 

.l81 
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Perrin, 1942, and Section 13.6): 

]s sll s12 
0 

Ii 

Qs sl2 S22 Qj 

~ k2r2 
................... 

U; 
(13.1) 

~ 
0 v: 

Although we have chosen to emphasize the more common Stokes parameters 
(I, Q, U, V), the system (1

11
, I ..L, Q, V) is more suited to measurements in 

which linear polarizers are interposed in the incident and scattered beams. In 
the latter system, the Stokes parameters are defined by 

1
11 

= (E
11
E

1
j), I ..1. = (E ..L E"f ), 

in place of (2.84); U and V are the same in both systems. In the (1
11

, I ..L, U, V) 
system the scattering matrix corresponding to (13.1) is 

Ills Qll Ql2 
0 

!Iii 

J ..Ls Ql2 Q22 I..Li 

~ k2r2 
.................... 

U; 

~ 
0 v: 

The matrix elements in the two systems are related by 

S11 = -t(QII + 2QI2 + Q22), QII = 1-(Sll + 2Sl2 + S22), 

13.1.1 A Few Definitions 

The scattered irradiances per unit incident irradiance (dimensionless irradi
ances) for incident light parallel and perpendicular to the scattering plane are 
(omitting k 2 r 2 ) 

i..L = sll - S12 = Q22 + Ql2, 

and the dimensionless scattered irradiance for incident unpolarized light is 

ill+ i ..L 

i = 2 = SJI• 

Other quantities commonly measured are the degree of linear polarization P of 
the scattered light for incident unpolarized light 

sl2 Q22- Qll 
p = - ~ = Qll + 2QI2 + Q22' 
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and the cross polarization 

which is measured by inserting linear polarizers fore and aft of the scattering 
medium, one with its axis parallel and the other with its axis perpendicular to 
the scattering plane; the order of the polarizers is unimportant for the special 
scattering matrix (13.1 ). 

With the programs in the appendixes one can compute elements of the 
scattering matrix for spheres and, consequently, all the quantities defined in 
the preceding paragraph. The cross polarization vanishes for spherical par
ticles, and the following relations hold: 

There are many other angle-dependent scattering functions in the scientific 
literature, which is a source of endless confusion. In the hope that it will help 
the confused-among whom we count ourselves-to reconcile the notation 
and terminology of various authors, some of the more commonly encountered 
functions are expressed in our notation. 

The differential scattering cross section dCscal dO, a familiar quantity in 
atomic physics, is defined as the energy scattered per unit time into a unit solid 
angle about a direction 0-which may be specified by two angles, the 
scattering angle (} and the azimuthal angle cf> (see Fig. 3.3)-for unit incident 
i rradiance. It is expressed in terms of the scattered irradiance Is ( (}, cf> ), the 
incident irradiance Ji, and the distance r to the detector as 

( 13.2) 

( dCscal dO should not be interpreted as the derivative of a function of 0; it is 
lormally written as a derivative merely as an aid to memory). Although the 
4uantity on the right side of (13.2) is often referred to as the "Rayleigh ratio," 
we shall avoid this term in favor of the more descriptive term (for physicists at 
least) differential scattering cross section. If the incident light is unpolarized 

hlr an isotropic medium such as a collection of many randomly oriented 
particles, which may themselves be anisotropic, the scattered irradiance and 
hence the differential scattering cross section is independent of cf>. 
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The differential scattering cross section divided by the total scattering cross 
section 

1 dCsca p=---
csca dfl 

( 13.3) 

is called the phase function, a term originating in the phases of astronomical 
bodies. The phase function (13.3) agrees with that of van de Hulst (1957), but 
differs by a factor 4'17' from phase functions of other authors (e.g., Rozen berg, 
1960; Hansen and Travis, 1974). 

13.1.2 Scattering by Spheres 

One example of calculated angular scattering by a sphere has been given 
already (Fig. 4.9). To further develop understanding of scattering by spheres, 
we display in various ways i

11
, i j_ , and P for a sequence of spheres of increasing 

size in Figs. 13.1-13.3. Readers are encouraged to use the program in Appen
dix A to devise their own examples. 

Calculations for spheres with optical constants appropriate to water at 
visible wavelengths are shown in Fig. 13.1; i

11 
and i j_ are plotted on the left, P 

on the right. Similar results for spheres with refractive index m = 1.55 + iO.O, 
which corresponds approximately to fused quartz in the visible region, are 
shown in Fig. 13.2. 

For small size parameters, the familiar Rayleigh (see Section 5.1) scattering 
patterns are obtained: perpendicularly polarized light is scattered isotropically, 
while light polarized parallel to the scattering plane vanishes at a scattering 
angle of 90°; as a consequence, incident unpolarized light is completely 
polarized at 90°. For all sizes, i

11 
= i j_ at 0° and 180°: the two polarizations are 

indistinguishable in these directions because of symmetry; in other directions, 
the scattering plane enforces a distinction. Polar plots of scattering functions 
are shown in Fig. 13.3 for various water droplets; no new information is 
contained in these plots, but they can evoke sharper physical images. 

The first deviations from Rayleigh theory appear as forward-backward 
asymmetry, with more light being scattered in forward directions; also, peak 
polarization decreases and shifts to larger angles. As the size is increased 
further, the asymmetry becomes more pronounced and the dominant forward
scattering lobe narrows. A concomitant of an increase in size is more undula
tions, as if new peaks appear in the backscattering direction and move forward. 
For large particles, the increased complexity of scattering is an indicator of its 
extreme sensitivity to size. Thus, comparison of measured scattering with sets 
of calculations is a possible means of accurately sizing spheres. For a given 
refractive index, the number of peaks in the scattering pattern gives a fairly 
good measure of the sphere radius. This sensitivity to radius, however, causes 
structure to be obliterated as the size dispersion in a collection of particles 
increases, giving rise to much smoother patterns. 
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Figure 13.3 Polar plots of angular scattering by spheres with m = 1.33. Note the great change in 
scale: as x increases by 20 forward-to-backward scattering increases by about 1000. 

Calculations of Hansen and Travis (1974) for a distribution of sizes are 
shown in Fig. 13.4; the size parameters are distributed according to n(x) = 
x 6exp(- 9x/xerr ). At visible wavelengths the three effective size parameters xeff 
correspond to radii of about 20 p.m, 80 p.m, and 0.3 mm; this covers a range of 
sizes found in fogs and clouds. All curves show the relatively smooth behavior 
characteristic of a distribution of sizes, in contrast with the highly structured 
curves for single spheres. Scattering is strongly peaked in the forward direc
tion; the forward (diffraction) lobe becomes increasingly confined to smaller 
angles as Xerr increases from 37.5 to 600. For m = 1.33 (water), two peaks 
develop in the region between 130 and 140°; these are the primary (0 =::: 137°) 
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Figure 13.4 Scattering of unpolarized light by spheres. The top curves show the angular distribu
tion of the scattered light and the bottom curves its degree of polarization. From Hansen and 
Travis (1974); copyright© 1974 by D. Reidel Publishing Company. Dordrccht, Holland. 
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and secondary ( (} ~ 129°) rainbows, which may be attributed to one and two 
internal reflections, respectively, in a water droplet (see Section 7.2). Geometri
cal optics accounts well for the positions of the rainbows, which are rather 
insensitive to size for the larger droplets. The rainbow features are also 
prominent in the polarization curves. 

Note the sharp increase in scattering near the backward direction, particu
larly for the largest spheres; this is the origin of the glory, one of the more 
spectacular natural phenomena. Observant passengers in airplanes flying above 
clouds may see the glory, a series of colored rings, around the shadow of the 
airplane. Unlike the rainbow the glory is not easy to explain, other than to say 
that it is a consequence of all the thousands of terms in the scattering series, a 
correct but unsatisfying statement. After all, the same statement could be made 
about the rainbow, which nevertheless has a simple physical explanation. A 
similar explanation of the glory, universally understood and accepted, has not 
yet been achieved, although there have been several admirable attempts toward 
this end, particularly recently. Rather than enter into a protracted digression 
on this interesting topic, we refer the reader to several relevant papers: those 
by van de Hulst (1947), Bryant and Cox (1966), Khare and Nussenzveig 
(1977), and Nussenzveig (1979). 

13.2 TECHNIQUES OF MEASUREMENT AND PARTICLE 
PRODUCTION 

Until about 10 years ago angular scattering measurements at visible wave
lengths were limited to collections of many particles, either natural dispersions 
as in the atmosphere or those generated in the laboratory. With the advent of 
high-power lasers it has become feasible to measure light scattering by single 
particles. There are good reasons for measuring scattering by both single and 
many particles. 

Most angular scattering measurements have been made at visible and 
near-ultraviolet wavelengths where detectors (primarily the photomultiplier 
tube) are sensitive, sources are intense, and good polarizing filters and other 
optical elements are readily available. These advantages of visible light di
minish when we tum to other wavelength regions, although there is no lack of 
interest in them. The other principal wavelength region in which laboratory 
studies of angular scattering have been made is the microwave. As with 
extinction (see Chapter 11), scattering by single nonspherical and inhomoge
neous particles in various orientations can be studied. 

13.2.1 POLAR NEPHELOMETERS 

An instrument for angular light scattering measurements is often called a 
m'phelometer, from the Greek work nephele for cloud. To be more precise, the 
instrument shown schematically in Fig. 13.5 is a polar nephelometer, so named 
hccause of its angular detection capability. Its essential elements are a col-
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limated light source and an arm that can be rotated about the sample 
(scattering cell); mounted on the arm is a detector system, which includes 
optical elements to collect light scattered within a small solid angle. The 
nephelometer shown in Fig. 13.5 is somewhat idealized, and each part of the 
instrument may be more complicated; descriptions of actual nephelometers are 
given, for example, by Stacey (1956), Pritchard and Elliot (1960), Holland and 
Gagne ( 1970), and Hunt and Huffman ( 1973). 

The light source may be a lamp (tungsten-halogen, high-pressure mercury 
or xenon) with suitable collimators or, alternatively, a laser. Although lasers 
are easy to use and have seen wide use since their commercialization, it should 
not be assumed that a laser is always the best source; it certainly is not the 
most economical. A 300- to 500-watt tungsten-halogen lamp for home slide 
projectors is inexpensive and available at most photography shops; although 
only a small fraction of the rated power is available as visible light, the cost of 
a lamp is only a small fraction of that of a 1-watt continuous wave (CW) laser! 
Particularly for the study of collections of particles, where neither small beam 
size nor a high degree of monochromaticity is required, the tungsten-halogen 
lamp should be considered. In studies of scattering by a single particle, a laser 
is usually the best source. 

The telescope on the detector arm, consisting of a lens followed by an 
aperture, limits the angular acceptance of the detector; this is accomplished at 
the expense of less detection sensitivity. The various factors determining 
resolving power and sensitivity are discussed by Pritchard and Elliot (1960). 
Intersection of the incident beam with the detector field of view determines the 
scattering volume (illuminated volume), which consequently changes with 
angle; therefore, the measured signal must be corrected by the multiplicative 
factor sin 0. It is not possible to make measurements at scattering angles near 

LASER 

LIGHT 
TRAP 

Figure 13.5 Schematic diagram of a polar nephelometer for measuring angular scattering. F I and 
F2 are possible polarizing filters. 
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180° with conventional nephelometers because the arm interferes with the 
incident beam. Scattering at large angles is important, however, and this 
frequently requires that modifications be made so that these angles are 
accessible to measurement. 

13.2.2 Absolute and Relative Measurements 

Angular light scattering measurements are sometimes classified as either abso
lute or relative. In an absolute measurement lsi 1;, which is directly related to 
the differential scattering cross section (13.2), is determined; in a relative 
measurement the irradiance is referred to some arbitrary scattering angle, say 
10°, so that (assuming azimuthal symmetry) 

Is( 0)/f; 

Is(I0°)/I; 

dCsca ( O)j dO 

dCsca ( 10°) / d 0 . 

Relative measurements are considerably easier to make and are the type most 
commonly reported. However, absolute measurements are of importance, for 
example, in comparing measured scattering cross sections of nonspherical 
particles with calculations for equivalent spheres. Note that "absolute" as we 
are using the term here means that scattering is not normalized to some 
arbitrary reference angle; it does not mean that absolute irradiances are 
measured, as with calibrated detectors. In both "relative" and "absolute" 
measurements, it is relative (i.e., dimensionless) irradiances that are de
termined. 

Absolute measurements can be made by swinging the detector arm from 0° 
to 0, thereby obtaining I; and Is ( 0 ); easy to say but less easily done: I; may be 
thousands of times greater than Is, and appreciable errors are likely because of 
the lack of detector linearity over such a range. One method for overcoming 
this is to attenuate I; with neutral density filters to a level comparable with Is; 
if the optical density is known, the unattenuated incident irradiance can be 
determined. Another technique is to use a dir'fusing surface, such as opal or 
MgO-smoked glass, in the incident beam to scatter light uniformly in all 
directions. Nonuniform illumination of the photocathode, arising from nonuni
form illumination of the scattering volume, may also be a problem. Pritchard 
and Elliot ( 1960) and Holland and Gagne ( 1970) calibrated their instruments 
to account for these and other effects by moving a calibrated diffusing plate 
through the scattering volume and integrating the measured signal over the 
traverse for each angle and for all filter combinations. Perhaps the simplest 
technique is to use spheres (e.g., polystyrene) with known properties-con
centration, size distribution, and refractive index-together with Mie calcula
tions. For a given light source and optical elements such as filters, the detector 
signal Dr is measured with the reference sample in the scattering cell 

I; ( dCsca) 
Dr = Kls = K -;2 dO / 
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where K is a dustbin (angle dependent) into which we deposit all our ignorance 
about instrument calibration factors. Under the same conditions another 
angular scan is made of the detector signal D with the "unknown" sample in 
the scattering cell 

dCscafdr!. is determined from the measured ratio of signals and (dCscafdO)r 
calculated from Mie theory for the reference sample: 

This technique is quite adaptable to instruments under the control of a 
microcomputer: the reference signal as well as calculated differential scattering 
cross sections are stored in the computer memory for a set of scattering angles; 
as the data scan proceeds the digital signal at each angle is divided by the 
reference signal and multiplied by the reference differential scattering cross 
section to give the absolute differential scattering cross section of the sample. 

Because of the small amount of light scattered by dilute suspensions of 
particles it is necessary to carefully exclude extraneous light from the detector. 
Such light may originate from the surroundings (ambient light) or within the 
instrument itself. To exclude ambient light, measurements can be made in a 
darkroom; or the entire nephelometer can be enclosed in a dark box; or the 
scattering cell can be enclosed. The last option complicates the instrument by 
requiring a rotating light-tight aperture for the detector arm. Another possibil
ity is to selectively reject the ambient light either with a light chopper and 
lock-in amplifier tuned to the chopper frequency or with a filter in the detector 
arm at the frequency of the source if it is nearly monochromatic. To exclude 
extraneous light originating from within the detector, light traps are used to 
stop the incident beam and as a backdrop for the detector (Fig. 13.5). 
Similarly, careful attention must be given to the design of the scattering cell, 
which may reflect forward-scattered light back into the detector. This is a 
particularly serious problem in the backscattering direction for large particles: 
even a very small amount of specular reflection from the scattering cell can 
easily dominate over scattering by the sample. Design of scattering cells 
becomes even more difficult for measurements of small amounts of circular 
polarization: strain-induced birefringence can give rise to appreciable errors. 

13.2.3 Particle Production 

Not only a nephelometer is needed to systematically study light scattering in 
the laboratory but also means for producing particles of known composition, 
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size distribution, and shape. A very useful device, therefore, would be a "magic 
particle maker" having a set of dials with which to specify the type of 
distribution and its parameters (mean size and width), chemical composition 
(to set the optical constants), and shape. When set for particle shape "sphere," 
for example, such a device used in conjunction with a calibrated nephelometer 
could give data similar to the curves of Figs. 13.1-13.3 calculated from Mie 
theory. Unfortunately, even for spheres, the simplest shape, such a magic box 
is not available. The experimenter who wishes to change a single parameter, 
such as mean size or refractive index, may have to work for several years to 
develop a different method of particle production; his theoretical counterpart 
need only change one number at a computer terminal! Thus, making well
defined collections of particles is a difficult task which has been undertaken in 
many laboratories for a long time. Only a few selected examples are given here. 

For production of highly monodisperse aerosols, the Sinclair-LaMer gener
ator (described by Kerker, 1969, p. 319) has often been used with success. 
Liquid droplets of controlled size in the approximate range 0.01-1 p.m can be 
produced by condensing vapor onto nuclei created for the purpose. Careful 
control of temperature and temperature gradient permits the production of 
liquid aerosols with fractional standard deviations in particle radius of about 
0.1-0.2. Various nebulizers have been used to generate liquid droplets which 
may be dried to yield particles of soluble solids. Size distributions from 
conventional nebulizers are often quite broad. An ultrasonic nebulizer, how
ever, can give narrow distributions: the ultrasonic transducer excites surface 
waves in the liquid which can be driven to crest and break above the surface, 
releasing droplets of similar size at each crest (Lobdell, 1968); fractional 
standard deviation in size is about 0.3. Changing the frequency by using 
different transducers or higher harmonics enables droplet size to be varied. A 
vibrating orifice has been used to generate even narrower droplet size distribu
tions (Bergland and Liu, 1973; Pinnick et al., 1973). A liquid is forced at high 
pressure through a small orifice. The orifice is driven into oscillation by an 
ultrasonic transducer, causing the emerging liquid to break off into droplets 
with size determined by the properties of the liquid, the applied pressure, the 
orifice size, and the vibration frequency. Relative size deviation is typically a 
few percent. 

Liquid droplets with a dissolved component can be dried to leave a residue 
of solid aerosol particles with a size distribution similar to that of the parent 
liquid aerosol. Irregular solid particles have been produced beginning with 
droplets from an ultrasonic nebulizer (Perry et al., 1978) and droplets from a 
vibrating orifice (Pinnick et al., 1973; Pinnick et al., 1976; Pinnick and 
Auvermann, 1979). It is also possible to make aerosol particles that are not 
,oJuble in common liquids by means of chemical reactions in a flame. For 
example, following Nielsen et al. (1963) we have produced a-Fe20 3 (hematite) 
particles by nebulizing an aqueous solution of FeC1 3 and passing the resulting 
droplets into an air-hydrogen flame; a-Fez03 particles, with a mean size and 
'tandard deviation calculable from the original droplet size distribution, are 
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formed by the reaction 

2FeC1 3 + 3H20 ~ Fe20 3 + 6HCL 
flame 

The vibrating orifice method for producing monodisperse liquid aerosols, 
combined with drying or chemical reaction in a flame, comes about as close to 
being a magic particle maker as any technique we are aware of. 

13.3 MEASUREMENTS ON SINGLE PARTICLES 

In 1961, before lasers were a common laboratory instrument, Gucker and Egan 
published angular light-scattering measurements for single isolated particles. 
Since the advent of high-power collimated lasers many measurements on single 
particles have been published, particularly in the last decade, and instrument 
designs have proliferated. To successfully obtain angular light scattering infor
mation from single particles it is usually necessary to take one of two 
approaches: stably suspend the particles and use a conventional "take-your
time" nephelometer such as the one in Fig. 13.5, or make rapid measurements 
on single particles in flow. We shall discuss each of these in tum. 

13.3.1 Particle Suspension Methods 

There are several methods for levitating single particles. One of them uses a 
modified Millikan oil-drop apparatus in which the particle is charged and 
balanced against gravity by an electric field between parallel plates. To 
stabilize the particle laterally the electric field is deformed by a charged needle; 
an electronic servomechanism maintains the applied voltage at a level neces
sary to ensure vertical stability. This technique is described by Wyatt and 
Phillips (1972); it has been used for measurements on polystyrene spheres 
(Phillips et al., 1970), bacteria (Wyatt and Phillips, 1972), NaCl and NaCl-H 20 
particles (Tang and Munkelwitz, 1978), and to determine diffusion coefficients 
(Davis and Ray, 1977). Particles suspended by electrostatic levitation tend to 
tumble randomly; this is an advantage in studies of scattering averaged over all 
particle orientations, but a disadvantage if one is interested in oriented 
particles. 

A vertical laser beam has been used by Ashkin ( 1970) and Ashkin and 
Dziedzic ( 1971) to levitate weakly absorbing spherical particles by radiation 
pressure. Lateral stability results from the dominance of refracted over re
flected components of the scattered light (see Table 7.1). Unequal reflection on 
opposite sides of the particle, which is caused by beam nonuniformity, pro
duces a net force that drives the particle toward lower light levels; this 
instability is countered by refraction, which produces a reaction that drives the 
particle toward higher light levels. The particle is thus laterally stabilized in the 
most intense part of the beam. Laser levitation has the disadvantage that it 
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cannot be used with strongly absorbing particles, which are likely to vaporize 
in beams sufficiently powerful for levitation. 

Perhaps the simplest, but least used method for supporting single particles is 
to attach them to very fine fibers such as drawn glass fibers or spider threads 
(Saunders, 1970, 1980). The fiber diameter can be made small compared with 
particles larger than about 1 p.m. Furthermore, the characteristics of scattering 
by long cylinders (see Section 8.4, particularly Fig. 8.5) can be used to 
advantage: scattering by fibers oblique to the scattering plane is confined to 
directions only one or two of which lie in this plane. This simple method 
provides a means for fixing the orientation of a particle; its disadvantages are 
the need to consider scattering by the support fiber and the possibility of 
electromagnetic interaction between the fiber and the particle. 

13.3.2 Rapid Light Scattering Measurements 

Rather than suspend a particle in the scattering volume for a time sufficient to 
make a scan with a conventional nephelometer, scattering data can be recorded 
rapidly during the short time it takes a particle to transit the scattering volume. 
This can be done in two ways: (1) with a rotating detector or aperture (or 
both), or (2) with an array of fixed detectors. 

Marshall et al. (1976) used an annular segment of an ellipsoidal mirror to 
direct light scattered by a particle at one focus to a detector fixed at the other 
focus; an aperture (5°) rotating at 3000 rpm then gives a 360° scan in 20 msec. 
Morris et al. ( 1979) mounted a detector on a turntable that rotates at 1 Hz; in 
1 sec this gives a scan from 0 to 180° and from 180 to 360°; these scans are not 
necessarily identical. There are at least two reasons for making 360° scans 
instead of the usual 180° scans: single particles (other than spheres) are likely 
to be azimuthally asymmetric; and such scans show instrument misalignment. 

Fixed detector arrays were devised by Diehl et al. ( 1979) and by Bartholdi 
et al. ( 1980) to measure scattering by single particles. The former authors 
mounted detectors at ± 45 °, ± 90°, ± 135 °, combinations of either two or 
three of which sampled scattered light at 16.7-msec intervals (60-Hz sampling 
rate). The instrument of Bartholdi et al. has an annular segment of an 
ellipsoidal reflector to focus scattered light onto a circular array of 60 photodi
ode detectors. This instrument was designed for applications in which biologi
cal cells flow in single file (at flow rates of up to 1000 particles per second) 
through the scattering volume; by analyzing the scattered light, cells from 
heterogeneous populations can be identified and possibly separated down
stream. 

13.3.3 Microwave Analog Scattering 

Microwave scattering is an important analog technique for investigating 
scattering of visible light by single nonspherical particles. Because of the ratio 
of about 10 5 between microwave and visible wavelengths, arbitrarily oriented 
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particles of many shapes and with microwave size parameters of less than 
can be readily fashioned (e.g., by machining); materials can be chosen with 
microwave optical constants closely matching those at visible wavelengths for 
particles of interest. Microwave extinction ( 0 = 0°) has already been discussed 
in Section 11.7; to adapt the instrument shown in Fig. 11.22 to angular 
scattering measurements, the receiving antenna need only be mounted so that 
it can move about the particle. Extraneous radiation reflected from walls, floor, 
and ceiling is usually eliminated by the liberal use of absorbing material. 

Materials with microwave optical constants similar to those of common 
solids in the visible have been made from plastics of varying density; an 
absorber, such as fine carbon dust, can be added to increase the imaginary part 
of the refractive index. For example, acrylic plastic (Dupont trade name, 
Lucite) has a microwave refractive index of about 1.6, which is similar to that 
of some silicate materials in the visible. Polystyrene beads impregnated with a 
volatile material can be expanded by heating to form a foam with an effective 
refractive index which depends on its density. In this way a material with 
optical constants similar to those of ice or water at visible wavelengths can be 
made. The microwave optical constants of such composite media are de
termined by techniques similar to those that are used for homogeneous media 
(Chapter 2); the fact that these optical constants can be used in Mie calcula
tions for homogeneous spheres which agree with experiment is a partial 
justification for treating some composite media as homogeneous with effective 
refractive indices, although this does not necessarily follow for all combina
tions of materials (see Section 8.5 for a discussion of theories of optical 
constants for inhomogeneous media). There are practical limits to the range of 
microwave optical constants obtainable with common materials: for example, 
optical constants close to those that give strong shape-dependent scattering 
and absorption (see Chapter 12), such as n = 0 and k = ..fi, would probably 
be difficult to obtain. 

Microwave angular scattering measurements for incident light polarized 
parallel and perpendicular to the scattering plane have been made by Zerull 
and Giese (1974) and by Zerull et al. (1977, 1980) for particles of various 
shapes, including spheres, spheres with roughened surfaces, cubes, oc
tahedrons, irregular particles with both convex and concave surfaces, and 
"fluffy" particles consisting of loose aggregates of smaller compact particles; n 
was mostly in the range from about 1.5 to 1.7 and k between about 0.005 and 
0.015. Greenberg et al. (1961) investigated scattering by spheroids and finite 
cylinders; they chose materials with microwave optical constants similar to 
those of water and silicate materials at visible wavelengths. 

The microwave analog technique has the great advantage that scattering by 
single particles of any shape and orientation can be studied with relative ease; 
within limits, the optical constants can also be varied arbitrarily by using 
composite media. Therefore, microwave experiments should be the best test of 
theories of scattering by irregular particles, such as those discussed in Section 
8.6. For collections of randomly oriented particles, however, microwave mea-
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surements can be quite laborious: measurements for many orientations must 
be made at each scattering angle and for many particles. Examples of angular 
scattering of microwave radiation are given in the following section. 

13.4 SOME THEORETICAL AND EXPERIMENTAL RESULTS 

Measurements of angular scattering by spheres agree well with Mie calcula
tions, both for single spheres (Marshall et al., 1976; Bartholdi et al., 1980; 
Phillips et al., 1970) and for monodisperse collections of spheres (e.g., Pinnick 
et al., 1976). Sphere measurements are now used primarily to check instrument 
operation and calibration or to infer some physical property from accurate 
determinations of size and refractive index (Davis and Ray, 1977, for example). 
The present thrust in light scattering, both theoretical and experimental, is 
toward a better understanding of nonspherical particles, although the standard 
of comparison is likely to be Mie calculations for equivalent spheres. 

Numerical approximation techniques can now handle almost any non
spherical and inhomogeneous particle, but the computational demands are 
high, especially when a distribution of shapes, sizes, and orientations must be 
considered. An additional complication is that scattering by nonspherical 
particles may depend on the azimuthal angle cp as well as the scattering angle 0, 
which makes scattering diagrams less easy to display. 

13.4.1 Scattering by Spheroids 

A spheroid is perhaps the simplest (finite) nonspherical particle. Many ap
proximate treatments of spheroids, valid for certain limiting cases, have been 
given (see e.g., Section 5.3). Two approaches to the problem of scattering by 
spheroids of arbitrary shape and composition, which have been taken in recent 
years, are ( 1) constructing separable solutions to the scalar wave equation in 
spheroidal coordinates and expanding the fields in vector spherical harmonics 
in a manner similar to that for spheres (Section 4.1), and (2) using the T-matrix 
method of Waterman (1965, 1971) (Section 8.6). The former approach was 
initiated by Asano and Yamamoto (1975); the latter adopted by Barber and 
Y eh (1975). Both of these methods are exact. Scattering by spheroids has also 
been investigated within the framework of various approximate methods 
(Latimer et al., 1978). 

Calculated scattering of unpolarized light by spheroids is shown in Figs. 
13.6 and 13.7. In the first figure polar scattering diagrams of Latimer et al. 
(1978) are displayed for equal-volume spheroids (1 JLm3 )-sphere, prolate, 
oblate-with symmetry axes parallel to the scattering plane and in various 
orientations relative to the incident beam; the refractive index m = 1.05, which 
approximately corresponds to that of biological cells in water at visible 
wavelengths, reflects the authors' interest in particles of biological origin. 
Scattering diagrams from Asano (1979) are shown in Fig. 13.7 for two different 
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Figure 13.6 Polar scattering diagrams for equal-volume spheroids. The incident light is on
polarized. From Latimer et al. ( 1978). 

orientations of a spheroid with axial ratio 5.0 and refractive index 1.5; the 
symmetry axis is again parallel to the scattering plane. 

Note first that spheroids oriented with their symmetry axes oblique to the 
incident beam scatter asymmetrically about the forward direction; this is more 
evident in the polar plots of Fig. 13.6. Latimer et al. pointed out that there 
tend to be more lobes in the scattering diagram near directions toward which 
the particle presents a large width than near directions for which the projected 
width is smaller; this is somewhat analogous to scattering by spheres: the 
larger the sphere, the more lobes there are. They also concluded that for 
sufficiently large particles (radius of equal volume sphere greater than about 1 
JLm), small-angle (1.5°) scattering is strongly dependent on shape and orienta
tion. In general, the larger the spheroid, the greater the number of lobes in the 
scattering diagram and the more it is peaked in the forward direction. Note in 
Fig. 13.7 that forward scattering by a prolate spheroid is greater when its axis 
is parallel (0°) than when it is oblique (45°) to the incident beam even though 
it presents a smaller area to the beam in the parallel orientation. The effect of 
increasing absorption (not shown in the figure but discussed by Asano) is to 
dampen oscillations in the scattering diagram. 
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Figure 13.7 Scattering of unpolarized light incident parallel (-) and oblique (---) to the 
symmetry axis of a spheroid. From Asano ( 1979). 

Asano also gives scattering diagrams for a large, slender prolate spheroid 
illuminated obliquely ( 45 °), but in scattering planes that do not contain the 
symmetry axis; scattering resembles that by infinite circular cylinders (Section 
8.4). Scattering by single coated spheroids is discussed by Wang and Barber 
(1979). 

Scattering depends on azimuthal angle for arbitrarily oriented spheroids but 
not for collections of randomly oriented spheroids. Therefore, if theory is to be 
compared with measurements either on collections of randomly oriented 
particles or on single particles randomized by tumbling, calculations must be 
done for many orientations. This has not been done in most calculations. 
Exceptions are the work of Wang et al. ( 1979) on coated as well as homoge
neous spheroids and that of Asano and Sato ( 1980). Because of the range of 
sizes and refractive indices considered, the latter paper is particularly valuable 
for comparing theory with experimental results; the physical mechanisms 
responsible for departures from scattering by spheres are also discussed at 
length by Asano and Sato. 

13.4.2 Scattering by Collections of Particles 

Several examples of scattering by spherical and by nonspherical particles are 
collected in Fig. 13.8: calculations for randomly oriented prolate and oblate 
spheroids; measured scattering of microwave radiation by a polydispersion of 
nonspherical particles; and measured scattering of visible light by irregular 
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Figure 13.8 Calculated and measured scattering diagrams: spheroid calculations from Asano and 
Sa to ( 1980); microwave measurements from Zerull et al. ( 1980); quartz measurements from 
Holland and Gagne (1970); and talc measurements from Holland and Draper (1967). 

quartz and by talc particles. Accompanying each of these are calculations for 
equivalent spheres. The meaning of equivalent, as well as size parameters and 
refractive indices, is given in the papers (cited in the figure caption) from 
which these curves were taken (redrafted for uniformity). 

There are both similarities and differences between scattering by spherical 
and by nonspherical particles. Near the forward direction, where scattering 
may be associated primarily with diffraction, external reflection, and twice
refracted transmission (Hodkinson and Greenleaves, 1963), nonspherical par
ticles scatter similarly to area-equivalent spheres, in general. Forward scatter
ing by large particles is dominated by diffraction, which depends on particle 
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area and is independent of refractive index; for this reason, forward scattering 
may be used to size nonspherical particles with unknown optical properties. 
Features in scattering diagrams for spheres, such as rainbows, are not exhibited 
by nonspherical particles. In directions greater than about 90°, scattering 
diagrams for nonspherical particles tend to be flatter than those for spheres; in 
particular, scattering does not increase sharply near the back direction (i.e., 
glories are not associated with nonspherical particles). It is difficult to gener
alize about differences between scattering by nonspherical and equivalent 
spherical particles at intermediate scattering angles (in the range 45-135 °, say), 
which may reflect the absence of a general trend: equivalent spheres scatter 
less at these angles than irregular quartz particles and cubes but more than talc 
particles and spheroids. These differences also appear in calculated asymmetry 
parameters. Asano and Sato (1980) calculated asymmetry parameters for 
randomly oriented spheroids which were greater than those for equivalent 
spheres; in contrast, Pollack and Cuzzi (1980) calculated asymmetry parame
ters for various nonspherical particles which were less. Therefore, it is not 
possible to state categorically that nonspherical particles are either more or less 
backscattering than equivalent spheres. 

13.4.3 Polarization 

Calculated and measured values of P = - S 12/ S 11 , the degree of linear polari
zation, for several nonspherical particles are shown in Fig. 13.9. The prolate 
and oblate spheroids, cubes, and irregular quartz particles have made their 
appearance already (Fig. 13.8); a new addition is NaCl cubes. Also shown are 
calculations for equivalent spheres. 

There are marked differences between the polarization diagrams for spheri
cal and nonspherical particles; moreover, a few generalizations appear to be 
possible. First, polarization diagrams for nonspherical particles do not have 
features near the rainbow angles (or their precursors for smaller particles) for 
equivalent spheres. Second, polarization tends to be positive over a wide range 
of angles for nonspherical particles. On the basis of extensive calculations for 
randomly oriented prolate spheroids with axial ratio 2, refractive index 1.44, 
and size parameters up to about 15, Asano and Sato (1980) concluded that the 
linear polarization of light scattered by nonspherical particles, in contrast with 
spheres, tends to be positive at middle scattering angles. Perry et al. ( 1978) 
measured scattering by nearly cubical N aCl particles of various sizes and 
found good agreement with calculations for small spheres (x < 4) but poor 
agreement for larger spheres (Fig. 13.9). They also found good agreement for 
all sizes up to x = 12.4 for rounded, but not spherical, ammonium sulfate 
particles. Similar positive polarization was observed in scattering by plate-like 
ice crystals (Sassen and Liou, 1979). Thus, for a variety of nonspherical 
particles, there appears to be a trend toward polarization opposite to that for 
spheres. Geometrical optics predicts that light externally and internally re
nected by a sphere will contribute positively to linear polarization; note, for 
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example, that the polarization is positive -at the primary and secondary 
rainbow angles (Fig. 13.4), which are associated with rays internally reflected 
once and twice, respectively. Shape irregularities apparently distribute the 
positive polarization attributed to internal reflections over a larger range of 
angles (see, e.g., Coffeen, 1969). 

Also shown in all but one of the examples of Fig. 13.9 is the normalized 
matrix element S22/S11 , which is unity for all collections of spheres. Thus, the 
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Figure 13.9 Calculations and measurements of - S12/S11 (linear polarization) and S22/S11 : 

spheroid calculations from Asano and Sato (1980); NaCl measurements from Perry et al. (1978); 
quartz measurements from Holland and Gagne (1970) (calculated using their measurements of 
unnormalized matrix elements); and microwave measurements from Zerull et al. ( 1980). Dashed 
curves are calculations for equivalent spheres. 
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departure of S22/ S 11 from unity is a measure of nonsphericity; the difference 

~ = 1 - s22 

sll 
is sometimes called the depolarization ratio. In Section 13.1, however, -!{S11 -

S22 ), which is the same as ~ except for the normalization factor S 11 , was called 
the cross polarization. If ~ is zero, then under the assumption that the 
scattering matrix has the form (13.21) there is no depolarization of incident 
light polarized either parallel or perpendicular to the scattering plane (i.e., the 
scattered light is 100% polarized). However, ~ is measured by inserting linear 
polarizers with orthogonal transmission axes-crossed polarizers-fore and aft 
of the scattering medium. Thus, the term "depolarization ratio" for ~ reflects 
its physical significance, whereas the term "cross polarization" reflects the 
method by which it is measured. 

All the examples in Fig. 13.9 show S22 approaching S 11 in the forward 
direction, but s22/ s II deviates appreciably from unity at large angles. For 
example, S22/S11 for the NaCl cubes is less than about 0.5 at scattering angles 
greater than 90°. Calculations for prolate spheroids yield an interesting result: 
the depolarization ratio for spheroids with axial ratio 2 is greater than that for 
more elongated spheroids with axial ratio 5. 

13.4.4 Implications for the Inverse Scattering Problem 

In attempts to invert scattering data to infer properties of particles in the 
atmosphere, in interstellar space, and in the laboratory, differences between 
scattering by spherical and nonspherical particles can lead to conclusions that 
are quantitatively as well as qualitatively incorrect. For example, a flat re
sponse for S 11 in back directions could be mistaken as an effect of large 
absorption in spheres rather than nonsphericity in weakly absorbing particles. 
Large positive polarizations could suggest very small particles rather than 
larger nonspherical particles. On the other hand, deviations of s22/ s II from 
unity could be valuable indicators of nonsphericity, which would then signal 
caution in analyzing and interpreting experimental results with Mie theory. 

13.5 PARTICLE SIZING 

Particle sizing by elastic light scattering has been used widely because it is 
nondestructive and may be done rapidly. Kerker (1969, Chap. 7) has discussed 
in detail several particle sizing methods, including those for collections of 
particles distributed in size. The difficulty of inverting measurements to obtain 
a size distribution increases with its width. This drawback has led to greater 
use of methods in which light scattered by particles flowing singly through the 
scattering volume is analyzed to infer sizes. Pulses of light scattered into a set 
of directions are detected and sorted electronically into bins according to 
height; the size distribution is determined from the pulse height histogram by 



404 ANGULAR DEPENDENCE OF SCA'ITERING 

means of a calibration curve relating pulse height to particle size. Commercial 
instruments are now available for this purpose; they differ according to the 
directions for which scattered light is collected and the source of illumination, 
which can be a laser or focused light from an incandescent lamp. 

The response R of a single-particle light scattering instrument is 

G describes the illumination and collection geometry, f includes the source 
spectrum and spectral sensitivity of the photodetector, and the differential 
scattering cross section dCscal dO can be calculated from Mie theory if the 
particles are spheres. Response as a function of particle size for several 
commercial instruments has been published by various authors, including 
Cooke and Kerker (1975) and Pinnick and Auvermann (1979). Calculations for 
spheres by the latter authors are shown in Fig. 13.10; ripple and interference 
structure (see Chapters 4 and 11) are evident in the curves for the nonabsorb
ing spheres. These curves demonstrate some of the problems that must be 
faced in the design and use of particle sizing instruments. Because of the 
interference structure, response is a multivalued function of size: spheres of 
three different sizes can give the same response. This can be mitigated to some 
extent for certain kinds of aerosols by choosing the electronic discriminator 
setting to avoid regions of multivaluedness. If spheres of unknown or different 
refractive indices are to be sized, the variation of response with refractive index 
can be a problem. 

Two instruments considered by Cooke and Kerker (1975) had single-valued 
response functions, presumably because of broad-band (white) light sources 
and large angular apertures for both incident and scattered light. 

Calibration is invariably based on spheres, which means that an instrument 
can be used with confidence only for such particles. Of course, a response will 
duly be recorded if a nonspherical particle passes through the scattering 
volume. But what is the meaning of the "equivalent" radius corresponding to 
that response? Is it the radius of a sphere of equal cross-sectional area? Or 
equal surface area? Or equal volume? Or perhaps equal mean chord length? 
Answers to these questions depend on the particular instrument and non
spherical particle; comprehensive answers do not come easily because it is 
difficult to do calculations for nonspherical particles, even those of regular 
shape. 

According to scalar diffraction theory (Section 4.4) the scattering amplitude 
in the forward direction is proportional to the cross-sectional area of the 
particle, regardless of its shape, and is independent of refractive index. To the 
extent that diffraction theory is a good approximation, therefore, the radius 
corresponding to the response of an instrument that collects light scattered 
near the forward direction by a nonspherical particle is that of a sphere with 
equal cross-sectional area. The larger the particle, however, the more the 
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Figure 13.10 Response calculations for a particle counter that collects He-Ne laser light scattered 
between 4 and 22°. Reprinted with permission from R. G. Pinnick and J. J. Auvermann,J. Aerosol 
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scattered light is peaked in the forward direction and the more difficult it is to 
discriminate between scattered and unscattered (incident) light. Nevertheless, 
the possible advantages of refractive index independence and insensitivity to 
shape make low-angle scattering an attractive method of particle sizing. Based 
on calculations of response functions for various instruments Heyder and 
Gebhart (1979) concluded that size distributions of particles with unknown 
refractive indices can be determined accurately by low-angle scattering of 
polychromatic light. 

Experimental evaluation of various widely used commercial instruments has 
been undertaken by several investigators, including Liu et al. (1974), who used 
the vibrating orifice technique to generate spherical aerosols with narrow size 
distributions. Similarly, Pinnick and Auvermann (1979) generated droplets of a 
solution which were dried to make solid particles for evaluating the response of 
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certain instruments to nonspherical aerosols. It appears from these evaluations 
that, depending on the instrument, spherical particles in the size range between 
about 0.2 and 15 JLm can be sized accurately by light scattering if their 
refractive index is known. If, however, the particles are nonspherical, or of 
unknown refractive index, or if the aerosol is composed of particles with 
different refractive indices, accurate sizing may be less attainable. 

13.6 SCA TIERING MATRIX SYMMETRY 

All the information about angular scattering by a medium (a single particle or 
a collection of particles) is contained in the 16 elements of its scattering matrix. 
In many instances-media with rotational symmetry, for example-all the 
matrix elements are not independent, and higher symmetry often further 
reduces the number of independent, nonzero elements. Even without consider
ing its explicit angular dependence, therefore, the form of the scattering matrix 
reflects general properties of the scattering medium. The two major treatments 
of scattering matrix symmetry, those of Perrin (1942) and van de Hulst (1957, 
Chap. 5), arrive at similar results but by somewhat different paths: van de 
Hulst begins with 2 X 2 amplitude scattering matrices for single particles and 
derives 4 X 4 scattering matrix symmetries under various assumptions about 
the distribution of particle orientation and shape; Perrin, however, considers 
the scattering matrix directly without going through the intermediate step of 
appealing to symmetries of the 2 X 2 matrices. Because 2 X 2 amplitude 
scattering matrices for single particles are conceptually simpler than 4 X 4 
scattering matrices for collections of particles, our approach to scattering 
matrix symmetry follows that of van de Hulst. 

The most general amplitude scattering matrix for a single particle 

(13.4) 

contains eight parameters, the real and imaginary parts of each element, or 
equivalently, the amplitude and phase, which depend on the scattering angle () 
and the azimuthal angle cp. Because only relative phases are physically signifi
cant, there are in fact only seven independent parameters in (13.4). The 4 X 4 
scattering matrix corresponding to (13.4) follows from (3.16); although all of 
its 16 elements may be nonzero, only seven of them are independent. Thus, 
there are nine independent relations among the matrix elements; these were 
given by Abhyankar and Fymat (1969). However, the scattering matrix for a 
collection of different particles, different by virtue of orientation or shape or 
composition, is not so constrained: all of its 16 elements may be independent. 
Nevertheless, there is still a set of independent inequalities relating the matrix 
elements (Fry and Kattawar, 1981). For example, if the particles are spherical, 
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we have 

Equality holds for a single sphere or a collection of identical spheres; inequal
ity holds if they are distributed in size or composition. This inequality was used 
by Hunt and Huffman ( 1973), for example, as an indicator of dispersion in 
suspensions of spherical particles. It was pointed out by Fry and Kattawar 
( 1981) that the inequalities they derived are useful consistency checks on 
measurements of all 16 scattering matrix elements. 

In the following paragraphs we shall first discuss scattering matrices corre
sponding to specific particles for which analytical solutions to the scattering 
problem exist. Then, by appealing to very general symmetry relations, we shall 
obtain the form of scattering matrices without regard to the detailed nature of 
the particles. 

13.6.1 Single-Particle Symmetries 

We first point out a few scattering matrix symmetries for single particles based 
on results in previous chapters. 

For spheres sufficiently small that Rayleigh theory (Chapter 5) is applicable, 
or for arbitrarily shaped particles that satisfy the requirements of the 
Rayleigh-Gans approximation (Chapter 6), incident light with electric field 
components parallel and perpendicular to the scattering plane may be scattered 
with different amplitudes; however, there is no phase shift between the two 
components. Hence, the amplitude scattering matrix has the form 

where F, the common factor, is complex, and A1, A 2 are real. The correspond
ing scattering matrix is, from (3.16), 

S11 S12 0 0 

S12 S11 0 0 

o o S33 o (13.5) 

o o o S33 

Note that the cross polarization is zero and incident unpolarized light does not 
acquire a degree of circular polarization upon scattering. 

Both the amplitudes and relative phase of the field components parallel and 
perpendicular to the scattering plane can be changed upon scattering by a 
sphere of arbitrary size and composition. Symmetry, however, precludes any 
mechanism for transforming parallel to perpendicularly polarized light, and 
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vice versa. Thus, the cross polarization is zero, and the amplitude scattering 
matrix must have the form 

(d ~J 
which leads to the 4 X 4 matrix 

sll sl2 0 0 

sl2 sll 0 0 
(13.6) 

0 0 s33 s34 

0 0 -s34 s33 

The only difference between (13.6) and (13.5) is that for an arbitrary sphere the 
matrix element S34 does not, in general, vanish. The effect of this matrix 
element is the same a~ that of a retarder such as a quarter-wave plate: the 
phase of one orthogonal component of the incident light is retarded relative to 
the other, which gives a degree of circular polarization to the scattered light if 
the incident light is polarized obliquely to the scattering plane. A consequence 
of the zero off-diagonal elements of the amplitude scattering matrix is that S 11 

and s22 are equal as are s33 and s44. The scattering matrix for a normally 
illuminated cylinder (Section 8.4) has the same symmetry as (13.6). 

The off-diagonal elements of the amplitude scattering matrix for an opti
cally active sphere (Section 8.3) 

( 13 .7) 

do not, in general, vanish; neither do those for an infinite cylinder illuminated 
at oblique incidence (Section 8.4). The 10-parameter scattering matrix corre
sponding to (13.7) is 

sll s1z sl3 sl4 

sl2 822 s23 s24 
(13.8) 

-sl3 -s23 s33 s34 

S14 s24 -s34 s44 

It is the off-diagonal elements of (13.7) that give rise to cross polarization 
(S11 * S 22 ) as well as the nonzero elements S 13 , S 14 , S 23 , and S 24 in (13.8). 
That S3 and S4 should be nonzero for optically active particles follows from 
elementary physical reasoning: optical rotatory power in a homogeneous 
medium causes the direction of vibration to be rotated upon transmission of 
linearly polarized light by the medium. However, optical activity of the bulk 
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parent material is merely sufficient, not necessary, for a particle to have 
nonzero cross polarization; for example, it is nonzero for isotropic, nonactive, 
elongated particles, such as prolate spheroids or circular cylinders, illuminated 
obliquely to their symmetry axes. The scattering matrices for an obliquely 
illuminated infinite circular cylinder are identical in form with those for an 
optically active sphere; it should be recalled, however, that the orthogonal 
basis vectors for specifying the incident electric field are parallel and per
pendicular to the plane determined by the incident beam and the cylinder axis 
rather than by the incident beam and the scattering direction. 

We have about exhausted possible scattering matrix symmetries obtained by 
appealing to approximate or exact solutions to specific scattering problems. 
But more can be said about particles, regardless of their shape, size, and 
composition, without explicit solutions in hand. The scattering matrix for a 
given particle implies those for particles obtained from this particle by the 
symmetry operations of rotation and reflection. We shall consider each of these 
symmetry operations in turn. 

Consider an arbitrary particle illuminated by a plane wave with unit 
amplitude and linearly polarized along the direction q. The direction of 
propagation of this wave is specified by the unit vector ei and that of the 
scattered wave-that is, the direction of observation-by es. We denote by 
A(q; ei, es) the amplitude of the scattered wave, where ei • q = 0 and es • A(q; 
e

1
, es) = 0. The Maxwell equations (2.1 )-(2.4) are invariant under time rever

sal: they have the same form if tis replaced by - t, H by - H, and JF by - JF. 
Reversal in time implies that an incident photon becomes a scattered photon 
and conversely. Or, stated another way, if a plane wave incident on a particle 
gives rise to a scattered outgoing spherical wave, then an incoming spherical 
wave will give rise to a scattered outgoing plane wave. This is not quite 
sufficient for our purposes because we are interested in scattering of plane 
waves, not spherical waves. However, if only the directions of incident and 
scattered waves are interchanged, then the amplitudes are connected by a 
reciprocity relation proved by Saxon (1955ab ). 

(13.9) 

where q' • es = 0 and ei • A(q'; - e5 , - eJ = 0. This reciprocity relation is the 
key to obtaining the form of the amplitude scattering matrices for two particles 
identical except for orientation. 

It is convenient to introduce a coordinate system where the positive z 
direction coincides with ei (Fig. 13.11 ). Without loss of generality we may take 
the scattering plane to be the yz plane, in which instance the scattering 
amplitudes for two orthogonal polarization states of the incident light are (see 
Chapter 3, particularly Fig. 3.3 and Section 3.4) 

(13.10) 
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Figure 13.11 If the particle on the left is rotated through 180° - 0 about the x axis and then 
rotated through 180° about the z axis, the result is as shown on the right. 

If the direction of the incident wave is now taken to be - es, the amplitudes of 
the waves scattered in the direction - ei for two orthogonal polarization states 
of the incident wave are 

(13.11) 

It now follows trivially from (13.10), (13.11) and the reciprocity relation (13.9) 
that S~ = S1, S2 = S2 , S~ = - S4 , and S~ = - S3 • The physical significance of 
the s; is that if the amplitude scattering matrix for an arbitrary particle is 

s3) 
s ' I 

(13.12) 

then that for an identical particle rotated to bring - e.v into congruence withe,. 



13.6 SCA TIERING MATRIX SYMMETRY 411 

-s4) s . 
1 

(13.13) 

The relative orientation of the two particles is shown in Fig. 13.11; note that 
the pairwise correspondence between the matrix (13.12) for the particle in 
position (a) and the matrix (13.13) for the same particle rotated into position 
(b) is specific to a given direction of observation es. If the direction of 
observation changes, then so, in general, does the orientation of the rotated 
particle; so the matrix (13.13) does not apply to a single rotated particle in a 
fixed orientation but rather to a set of identical particles in different orien
tations, one for every direction of observation. 

To check (13.13) we can invoke the solution to the scattering problem for an 
optically active sphere. Such a sphere is symmetric under all rotations, but the 
off-diagonal elements of its scattering matrix (13.7) do not vanish identically. 
As required by symmetry and the matrices (13.12) and (13.13), (13.7) is 
invariant with respect to interchange and sign reversal of its off-diagonal 
elements. 

We now direct our attention to the mirror image particle, obtained by 
reflection in the scattering plane, corresponding to an arbitrary particle. We 
showed in Section 8.3 that the circularly polarized components of the incident 
and scattered fields are related by 

(13.14) 

where we omit a multiplicative factor. The matrix elements in the circular 
polarization representation are connected to those in the linear polarization 
representation by a unitary transformation: 

Sic -i sl 
Szc -i Sz 

(13.15) s3c 2 -1 s3 
s4c -1 -i -i s4 

Reflection transforms right-circularly polarized light to left-circularly polarized 
light and conversely. Thus, under reflection ELs -+ ERs' ERs -+ ELs' and 
(13 .14) becomes 

(13.16) 

It therefore follows that the matrix elements for the particle and its image are 



412 ANGULAR DEPENDENCE OF SCA TIERING 

related by 

Sic 0 1 0 0 Sic 
s2c 1 0 0 0 S2c 
s3c 0 0 0 1 s~c 

(13.17) 

s4c 0 0 0 s~c 

It is now not difficult to show from (13.15) and (13.17) that if (13.12) is the 
scattering matrix for an arbitrary particle, then that for its mirror image is 

-s3) s . 
I 

(13.18) 

Again, the exact solution to the optically active sphere problem provides us 
with an independent check of our analysis. Under reflection, the refractive 
indices m L and m R exchange roles and, as a consequence, the matrix element 
S3 in (13.7) becomes -S3; this is in accord with what is predicted by (13.18). 

We shall need one more matrix, that for a particle obtained by the 
symmetry operations of reflection and rotation; this follows readily from 
(13.13) and (13.18): 

(13.19) 

The amplitude scattering matrices (13.12), (13.13), (13.18), and (13.19) for 
single particles related by the symmetry operations of reflection and rotation 
will find their greatest use in the following paragraphs on collections of 
particles. 

13.6.2 Symmetries for Collections of Particles 

The 4 X 4 scattering matrix for a collection of particles is the sum of all the 
scattering matrices for the individual particles in the collection provided that 
there is no systematic relation among the phases of the individual scattered 
waves (i.e., scattering is completely incoherent). In general, therefore, all 16 
elements are independent. Symmetry, however, reduces the number of inde
pendent, nonzero matrix elements. In what follows we derive the form of the 
scattering matrix for collections of particles under very general assumptions, 
proceeding from less to more symmetry. 

Although the term "collection" usually implies a system of many particles, 
our symmetry considerations apply equally well to a single particle randomized 
by tumbling or some other means. That is, our averages can equally well be 
taken as either time averages or ensemble averages. Suppose that in a collec
tion of identical particles all orientations are equally probable. This implies 
that, for every scattering direction, if there is a particle with amplitude 
scattering matrix (13.12), it is certain that another particle is oriented so that 
its scattering matrix has the form ( 13.13). Thus, to determine 4 X 4 scattering 
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matrix symmetries, we need consider only pairs of particles. One example will 
suffice. It follows from (3.16), (13.12), and (13.13) that both the sl2 and s2l 

matrix elements for a pair of particles are equal to IS2 1
2 - IS11

2
. In a like 

manner we can find all the other symmetry relations. The result is a 1 0-param
eter scattering matrix: 

sll S12 sl3 sl4 

sl2 S22 S23 S24 
(13.20) 

-sl3 -s23 s33 S34 

sl4 s24 -s34 s44 

This is the form of the scattering matrix for any medium with rotational 
symmetry even if all the particles are not identical in shape and composition. A 
collection of optically active spheres is perhaps the simplest example of a 
particulate medium which is symmetric under all rotations but not under 
reflection. Mirror asymmetry in a collection of randomly oriented particles can 
arise either from the shape of the particles (corkscrews, for example) or from 
optical activity (circular birefringence and circular dichroism). 

Let us now increase the degree of symmetry. As in the previous paragraph, 
the particles are identical and randomly oriented, but with the additional 
property that each particle can be brought into congruence with its reflection 
in any scattering plane by a suitable rotation. This excludes particles with 
intrinsic optical activity, although linear birefringence and dichroism are 
permissible. With these assumptions, the collection can be grouped into 
quartets each particle of which is associated with one of the amplitude 
scattering matrices (13.12), (13.13), (13.18), or (13.19). Thus, the sum of the 
scattering matrices for these four particles gives us the form of the scattering 
matrix for the collection. Again, one example should be sufficient: both S34 

and - s43 for a quartet are equal to 2 lm{ s2 sn. All the other matrix symme
tries follow from a similar set of calculations obtained with (3.16) and the four 
amplitude scattering matrices. The final result is a matrix with eight nonzero 
elements, six of which are independent: 

sll sl2 0 0 

sl2 S22 0 0 

0 0 s33 s34 
(13.21) 

0 0 -s34 s44 

Scattering media to which this matrix applies include randomly oriented 
anisotropic spheres of substances such as calcite or crystalline quartz (uniaxial) 
or olivine (biaxial). Also included are isotropic cylinders and ellipsoids of 
substances such as glass and cubic crystals. An example of an exactly soluble 
system to which ( 13.21) applies is scattering by randomly oriented isotropic 
spheroids (Asano and Sato, 1980). Elements of (13.21) off the block diagonal 
vanish. Some degree of alignment is implied, therefore, if these matrix elements 
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do not vanish for a collection of isotropic elongated particles with mirror 
symmetry. 

The matrix (13.21) is not restricted, however, to collections of particles each 
of which is congruent with its mirror image; it applies equally well to any 
medium that is invariant under rotation and reflection, which includes the 
possibility of mirror asymmetric particles each of which is paired with its 
image in the appropriate orientation. 

Scattering matrices for collections of isotropic spherical particles have the 
greatest degree of symmetry. Regardless of size and composition, the scattering 
matrix for such particles- this includes inhomogeneous particles-has the 
form (13.6). There are eight nonzero elements; four of them, at most, are 
independent. Examples are spherical liquid droplets and solid spheres com
posed either of amorphous solids such as glass and silica or crystalline solids 
with cubic symmetry such as MgO and NaCl. Note that S11 and S22 are equal 
(as are S33 and S44 ) in (13.6). If, therefore, cross polarization is detected in a 
measurement of angular scattering, this is sufficient to rule out isotropic 
spheres. 

It is sometimes asserted that randomly oriented nonspherical particles are 
somehow equivalent to spherical particles-it is just a matter of choosing the 
correct size distribution. This reasoning is based, perhaps, on the realization 
that both systems are spherically symmetrical. But an inescapable conclusion 
to be drawn from the preceding paragraphs is that this assertion cannot be 
strictly true: regardless of the size and composition of the "equivalent" 
spheres, symmetry precludes full equivalence. 

13.7 MEASUREMENT TECHNIQUES FOR 
THE SCATTERING MATRIX 

The simplest, and probably most obvious, way to measure scattering matrix 
elements is with a conventional nephelometer (Fig. 13.5) and various optical 
elements fore and aft of the scattering medium. Recall that we introduced 
Stokes parameters in Section 2.11 by way of a series of conceptual measure
ments of differences between irradiances with different polarizers in the beam. 
Although we did not specify the origin of the beam, it could be light scattered 
in any direction. Combinations of scattering matrix elements can therefore be 
extracted from these kinds of measurements. There are now, however, two 
beams-incident and scattered-and many possible pairs of optical elements; 
these are discussed below. 

We list in Table 13.1 all the possible measured irradiances (for unit incident 
irradiance) with a polarizer before the scattering medium and an analyzer 
before the detector. The light transmitted by an ideal polarizer Ps is polarized 
in states: Rand L denote right-circular and left-circular polarization; II and l. 
denote light polarized parallel and perpendicular to the scattering plane; + 
and - denote light polarized obliquely to the scattering plane at + 45° and 
- 45 °. U denotes the absence of a polarizer or analyzer; if U is indicated as 



13.7 MEASUREMENT TECHNIQUES FOR THE SCA TIERING MATRIX 415 

Table 13.1 Combinations of Scattering Matrix Elements That Result from Measure-· 
ments with a Polarizer Ps Forward of the Scattering Medium and an Analyzer As aft" 

u u sll p.L u !(SII - S12) 
u Au !(SII + S21) p.L Au -!-CS11 - S12 + S21 - S22) 
u A.L !(SII - S21) p.L A.L tcs~~ - S12 - S21 + S22) 
u A+ !(SII + S31) p.L A+ -!-CS11 - S12 + S31 - s32) 
u A_ !(SII - S31) p.L A -!-CS11 - S12- S31 + S32) 
u AR !(SII - S41) p.L AR -!-CS11 - S12 - S41 + S42) 
u AL !(SII + S41) p.L AL -!-CS11 - S12 + S41 - S42) 

pll u !(SII + S12) p+ u !(SII + Sl3) 
pll Au tcsll + S12 + S21 + S22) p+ Au tcs11 + sl3 + s21 + s23) 
Pu A.L -!-(SII + S12 - S21 - S22) p+ A.L -!-CS11 + sl3 - S21 - s23) 

Pu A+ tcs11 + sl2 + s31 + S32) p+ A+ tcs11 + sl3 + S31 + S33) 
Pu A_ -!-(SII + S12 - S31 - S32) p+ A_ tcs11 + sl3 - S31 - S33) 

Pu AR tcsll + S12 - S41 - S42) p+ AR tcs11 + sl3 - s41 - s43) 

Pu AL tcsll + S12 + s41 + S42) p+ AL -!-CS11 + S 13 + S41 + S43) 

p_ u !(SII - S13) PL u 1cs11 - S14) 
p All -!- c s 11 - s 13 + S21 - S23) PL Au tcs11 - S14 + S21 - S24) 
p A.L tcsll - sl3 - S21 + S23) PL A.L -!-CS11 - sl4 - S21 + S24) 
p A+ -!-CS11 - sl3 + S31 - S33) PL A+ tcs11 - sl4 + S31 - s34) 
p A -!-CS11 - sl3- S31 + S33) PL A_ tcs11 - S14- S31 + S34) 
p_ AR tcs11 - sl3 - s41 + s43) PL AR tcs11 - S14 - S41 + S44) 
p_ AL -!-CS11 - sl3 + S41 - S43) PL AL tcs11 - S14 + s41 - S44) 

PR u !(SII + S14) 
PR Au tcs11 + sl4 + s21 + S24) 
PR A.L -!-CS11 + S14 - S21 - S24) 
PR A+ -!-CS11 + S14 + S31 + S34) 
PR A_ tcsll + S14 - S31 - S34) 
PR AR -!-CS11 + S14 - S41 - s44) 
PR AL tcs11 + sl4 + s41 + S44) 

au indicates the absence of a polarizer or analyzer. 

being before the scattering medium, we assume that the incident light is 
completely unpolarized, which is an idealization. The linear analyzersA

11
, ••• , A_ 

are identical with the linear polarizers P
11

, ••• , P _. The circular analyzers A R 

and Av however, are the circular polarizers PR and PL taken in reverse order. 
A circular polarizer or analyzer is a composite of two optical elements-a 
linear polarizer and a ± 90° retarder-the order of which in the optical train is 
important: if the beam first encounters the linear polarizer, then the composite 
is a circular polarizer; the reverse order gives a circular analyzer. We have not 
made a distinction between polarizers and analyzers in previous sections of this 
hook. In this instance, however, such a distinction seems desirable to avoid 
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confusion. Mueller matrices for polarizers and retarders are given in Section 
2.11. 

The possible outcomes of measurements-combinations of scattering ma
trix elements-listed in Table 13.1 follow from multiplication of three matrices: 
those representing the polarizer, the scattering medium, and the analyzer. If U 
is an element in the optical train, then the measured irradiance depends on 
only two matrix elements. In general, however, there are four elements in a 
combination, so that four measurements are required to obtain one matrix 
element. 

Scattering matrix elements were measured in this manner by Pritchard and 
Elliot (1960) and by Holland and Gagne (1970); the former authors gave 
results similar to those in Table 13.1 for a medium with scattering matrix 
(13.21). Although this technique is straightforward, albeit possibly laborious, 
relative errors can be appreciable when two large signals are subtracted to 
obtain small matrix elements-S13 and S14 , for example. Subtraction can be 
avoided by amplifying the detector signal modulated by rotating a polarizer or 
retarder in either the incident or scattered beam. Sekera ( 1957) described such 
a method for measuring skylight polarization. It can be an improvement over 
subtractive techniques. But it has disadvantages: the element cannot always be 
rotated as fast as desired; imperfections, such as scratches or dust on the 
rotating element, spuriously modulate the signal, which limits sensitivity. There 
is, however, a polarization modulation technique, without rotating elements, 
for measuring angular scattering; this is described in the following paragraphs. 

The heart of the polarization-modulated nephelometer is a photoelastic 
modulator, developed by Kemp (1969) and by Jasperson and Schnatterly 
( 1969). The latter used their instrument for ellipsometry of light reflected by 
solid surfaces (the application described here could be considered as ellipsome
try of scattered light). Kemp first used the modulation technique in laboratory 
studies but soon found a fertile field of application in astrophysics: the 
modulator, coupled with a telescope, allowed circular polarization from astro
nomical objects to be detected at much lower levels than previously possible. 

The photoelastic modulator is composed of a piezoelectric transducer cou
pled to a block of amorphous quartz. The transducer, a quartz crystal, is driven 
by an electric field oscillating at a characteristic frequency set by the crystal 
dimensions (typically 50 kHz). Periodic stress birefringence is therefore in
duced in the amorphous quartz block. If light incident on the modulator is 
linearly polarized at 45° to its axis, the polarization state of the transmitted 
light alternates between left circular and right circular provided that the 
amplitude of the induced stress is sufficient to give 90° retardance. This rapid 
polarization-modulation technique permits phase-sensitive detection of discrete 
Fourier components of the scattered light and avoids problems commonly 
encountered with rotating elements. 

A photoelastic modulator mated to a nephelometer is shown schematically 
in Fig. 13.12 (Hunt and Huffman, 1973, 1975; Perry et al., 1978). The 
transmission axis of the linear polarizer P is fixed at 45° relative to the stress 
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axis of the modulator M, which may be at either 0° or 45° to the scattering 
plane. Light transmitted by the modulator is scattered by the sample S and 
then detected after (possibly) passing through the analyzer A mounted on the 
scanning arm. We shall illustrate the operation of this system in the configura
tion for determining the matrix elements sl2 and sl4: the modulator is at 45° 
to the scattering plane and there is no analyzer. The sequence of matrix 
multiplications representing the transformations of the light as it traverses the 
system is given below. 

Scattering Sample Retarder Polarizer 

sn sl2 sl3 sl4 0 0 0 0 0 

s21 S22 s23 s24 0 cos 8 0 -sin8 0 0 

s31 s32 s33 s34 0 0 1 0 2 0 0 0 0 

S41 S42 s43 s44 0 sin8 0 cos8 0 0 0 0 

The incident beam, which we may take to be unpolarized, encounters three 
optical elements, each of which is represented by a matrix; we recall from 
Section 2.11 that matrices for polarizers and retarders depend on their orien
tation. The Stokes parameters of the light emerging successively from the 
polarizer, the modulator, and the scattering sample are (from right to left) 

After S After M After P 

sll + sl2 cos 8 + sl4 sin 8 1 1 

1 s21 + s22 cos 8 + s24 sin 8 
2 s31 + s32 cos 8 + s34 sin8 

s41 + s42 cos 8 + s44 sin 8 

1 cos 8 
2 0 

sin8 

1 1 

2 0 

0 

The detector response is proportional to the first Stokes parameter 

tC(S11 + S12cos 8 + S14sin8), 

45° 

PHOTOELASTIC 
MODULATOR 

M 

Fi~ure 13.12 Schematic diagram of a photoclastic modulator mated to a polar nephelometer. 
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where C is a constant that incorporates such factors as light-collecting ef
ficiency and detector sensitivity. The signal is time dependent because of the 
variable retardance 

~ 2'lTd . . 
u = --x-ssmwt =A s1n wt, 

where d is the thickness of the modulator, "A is the wavelength, w is the 
frequency of the electric field driving the modulator, and s is proportional to 
the stress-optical constant and the amplitude of the induced stress (Born and 
Wolf, 1965, p. 705). The trigonometric functions of retardance can be ex
panded in series of Bessel functions 

sin(A sinwt) = 2JI(A)sinwt + 2J3 (A)sin3wt + · · · 

cos(A sinwt) = J0 (A) + 2J2 (A)cos2wt + · · · 

If the modulator amplitude is adjusted so that J0 (A) = 0, the detector signal is 

Factoring out of S11 is accomplished in practice by electronically servoing the 
de signal to a constant value which, in effect, normalizes the terms by S II· The 
signal therefore has components proportional to SI 4/S11 and S12jS11 , which 
oscillate at frequencies w and 2w, respectively. These two components are 
separated by phase-sensitive detection, that is, by "locking in" on either w or 
2w. The instrument is calibrated by replacing the sample with a linear polarizer 
or a quarter-wave plate and adjusting the servo gain for 100% signal in the 
forward direction. 

A great advantage of this type of system is that it makes possible measure
ments of relatively small matrix elements such as SI4 : the signal can be 
amplified as necessary because only one component is proportional to SI4 • 

Normalization by S11 , which is done electronically, eliminates fluctuations in 
particle number density and in the light source. If SII is desired, the electronic 
servo can be turned off and the instrument used in the conventional way. 

An alternative configuration is the polarizer-modulator placed before the 
detector rather than the sample. This might be useful for measurements in the 
atmosphere; for example, a searchlight as the light source with the modulator 
at or near the focus of a portable telescope followed by a detector. For 
laboratory investigations it is also sometimes convenient to place the modula
tor before the detector. 

A disadvantage of the system described in the preceding paragraphs is that, 
in general, the time-harmonic components of the signal contain mixtures of 
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matrix elements. With the modulator either forward or aft of the sample, only 
matrix elements in the first row and column can be measured individually; 
mixing occurs for the other nine elements. For example, an attempt to measure 
S34/Sll yields (S34 + S14 )/(Sll + S31 ). This is not always a problem because 
S 14 and S31 are zero for many collections of particles (see Section 13.6). If S 14 

and S31 are not zero they can, of course, be measured individually and used to 
extract S34/ S 11 from measurements; but to a certain extent this nullifies the 
advantages of the modulation system. 

Mixing of matrix elements can be avoided with more complicated systems 
having one or more modulators, driven at different frequencies, in both the 
entrance and exit beams. Azzam (1978) considered the general planning of 
such nephelometers for measuring all 16 elements simultaneously, which is 
possible only if both the entrance and exit beams are modulated. Thompson et 
al. (1980) constructed a system for measuring all 16 elements simultaneously. 
Four Pockels-cell modulators of different frequencies are used, two each in the 
entrance and exit beams. The resulting signal is a sum of time-harmonic terms 
where the amplitude of each term is proportional to a single matrix element. 

13.8 SOME RESULTS FOR THE SCATTERING MATRIX 

Few measurements or calculations of all 16 scattering matrix elements have 
been reported. There are only four nonzero independent elements for spherical 
particles and six for a collection of randomly oriented particles with mirror 
symmetry (Section 13.6). It is sometimes worth the effort, however, to de
termine if the expected equalities and zeros really occur. If they do not, this 
may signal interesting properties such as deviations from sphericity, un
expected asymmetry, or partial alignment; some examples are given in this 
section. But we begin with spherical particles. 

13.8.1 Polystyrene Spheres and Water Droplets 

Measurements of four matrix elements made with the polarization modulation 
instrument described in the preceding section are shown in Fig. 13.13. The 
curves on the left are for an aqueous suspension of polystyrene spheres 
narrowly distributed in size; on the right are the same matrix elements for a 
broad size distribution of water droplets made with an ultrasonic nebulizer 
(Hunt and Huffman, 1975). Many peaks and valleys appear in all the matrix 
elements for the polystyrene spheres; the curves in Figs. 13.1 and 13.2 
demonstrated that such structure is very sensitive to size and refractive index 
and thus can be used to determine these quantities either for single spheres or 
narrow size distributions. Structure is largely absent from the water droplet 
curves, however, and only general features remain. Around 150°, for example, 
there is broad structure in all four matrix elements; this is the onset of the fog 
bow, or cloud bow, a feature that develops into the rainbow for larger droplets 
(Fig. 13.4). Note that the S 11 signal is noisy because the number of particles in 
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the scattering volume fluctuates; this noise is removed electronically from the 
other matrix elements by normalization. Because of normalization the number 
of droplets in the beam is not important provided that multiple scattering is 
negligible. 

Quiney and Carswell (1972) made measurements on artificial fogs and 
reported that s33/ s 11 and s34/ s 11 showed more pronounced differences from 
one fog to another than did the more commonly measured matrix elements 
such as S 12/S11 • Hunt and Huffman (1975) suggested the possibility of using 
S34/S11 at a single angle near 95° to monitor the mean size of nebulized water 
droplets. Because little use has been made of all matrix elements, however, a 
systematic study of their relative merits in determining size distributions has 
not been made. 
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Figure 13.13 Measured matrix elements (left) for polystyrene spheres in water (mean radius 0.40 
JLm, wavelength 0.3250 JLm). Measured matrix elements (right) for water droplets (mean radius 1.5 
JLm, wavelength 0.6328 JLm). From Hunt and Huffman (1975). 
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Sekera (1957) and Rozenberg (1960) emphasized the importance of measur
ing all matrix elements for atmospheric aerosols, and a few such measurements 
have been reported (Pritchard and Elliot, 1960; Beardsley, 1968; Golovanev et 
al., 1971). With sensitive modulation techniques it should indeed be possible to 
probe atmospheric particles remotely using the complete scattering matrix to 
infer not only size distributions but also refractive indices. Care must be 
exercised, however, because nonsphericity can lead to false inferences about 
absorption: analysis based on Mie theory cannot disentangle the two effects. 

13.8.2 Nonspherical Particles 

One of the few sets of measurements of all scattering matrix elements for 
nonspherical particles was made by Holland and Gagne ( 1970), who used 
various combinations of polarizers and retarders (see Section 13.7). They 
studied quartz (sand) particles with a fairly broad range of sizes. To investigate 
further the effects of nonsphericity on all matrix elements Perry et al. ( 1978), 
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using the polarization modulation technique, studied two aerosols, both with a 
mean radius of about 0.63 p.m and a fractional standard deviation of about 0.3, 
but differing in shape: rounded (but not perfectly spherical) ammonium sulfate 
particles and nearly cubic sodium chloride particles; they were made by 
nebulizing solutions of these salts and drying the droplets in a nitrogen stream. 
Eight matrix elements were determined to be zero within experimental accu
racy, as expected; the remaining elements, for incident light of wavelength 
0.3250 p.m, are shown in Fig. 13.14. Because the size distributions and 
refractive indices of the two aerosols are similar, comparison of their matrix 
elements clearly shows the effect of shape. 

Although S 11 calculated from Mie theory has been adjusted arbitrarily 
relative to the measurements, it is obvious that cubic particles are poorly 
described by theory for spheres; this is in contrast with the data for the 
rounded particles, which agree well with calculations. S 11 for the cubes is 
nearly constant at scattering angles greater than about 90° and does not rise 
sharply in the backscattering direction as it does for the rounded particles; this 
was pointed out in connection with Fig. 13.8. Positive polarization (- S12jS11 ) 

and appreciable deviations of S22jS11 from unity for cubes were also discussed 
in Section 13.4. Note the small deviations of S22/S11 from unity for the 
rounded particles. S22/S11 , which is essentially the cross polarization, is one for 
spheres at all scattering angles; therefore, a single measurement of this quan
tity at some large angle could provide a simple and sensitive test of nonspheric
ity. 

In the three matrix elements shown in the bottom half of Fig. 13.14, there 
appear to be less pronounced differences between spheres and nonspherical 
particles. Perry et al. pointed out that near the forward direction S34jS11 is 
rather sensitive to the parameters of the size distribution, while measurements 
for both kinds of particles-rounded and cubic-agree quite well with calcula
tions. Similar agreement between calculations for spheres and spheroids was 
noted by Asano and Sato (1980). This combination of sensitivity to size 
distribution and insensitivity to shape might be put to good use in particle 
sizing. 

13.8.3 Clusters of Spheres 

Shape effects caused by aggregation played an important part in our discussion 
of surface modes in Chapter 12. When two or more identical spheres aggregate 
into a cluster the resulting composite particle is nonspherical. As a conse
quence it must be expected to scatter light differently from its constituent 
spheres. In an experimental effort that reveals much about light scattering by 
nonspherical particles, Bottiger et al. ( 1980) measured all scattering matrix 
elements for single polystyrene spheres and clusters of two, three, and four 
similar spheres. A sphere or cluster of spheres was suspended in an electro
static levitation chamber and all matrix elements were measured simulta
neously using the instrument mentioned at the end of Section 13.7. Measured 
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zeros for the eight elements off the block diagonal ( S 13 , ••• , S42 ) confirmed that 
the particles assumed all orientations during a measurement. 

A series of measurements for single spheres and clusters is shown in Fig. 
13.15. Large oscillations in S 12/S 11 for a single sphere diminish in amplitude as 
the cluster size increases, although remnants of the single-particle signal are 
still evident. Other normalized matrix elements (S33 , S44 , S43 ) show a similar 
trend toward subdued structure as the cluster size increases. The normalized 
s22 matrix element for the clusters decreases with increasing scattering angle, 
and the rate of decrease increases with increasing cluster size; this further 
confirms that deviation of S22/ S 11 from unity is a clear indication of nonspher-
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Figure 13.15 Angular dependence of S 12/S11 measured for a single polystyrene sphere of radius 
1091 nm and for clusters of two, three, and four similar spheres; the wavelength of the incident 
light is 441.6 nm. From Bottiger et al. (1980). 
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icity. s33 and s44 are identical for spheres but show noticeable differences for 
the larger clusters. 

13.8.4 Quartz Fibers 

Bell (1981) (see also Bell and Bickel, 1981) measured all matrix elements for 
fused quartz fibers of a few micrometers in diameter with a photoelastic 
polarization modulator similar to that of Hunt and Huffman (1973); the HeCd 
(441.6 nm) laser beam was normal to the fiber axes. Advantages of fibers as 
single-particle scattering samples are their orientation is readily fixed and they 
can easily be manipulated and stored. Two of the four elements for a 
0.96-~-tm-radius fiber are shown in Fig. 13.16; dots represent measurements and 
solid lines were calculated using an earlier version of the computer program in 
Appendix C. Bell was able to determine the fiber radius to within a few tenths 
of a percent by varying the radius in calculations, assuming a refractive index 
of 1.446 + iO.O, until an overall best fit to the measured matrix elements was 
obtained. 

13.8.5 Biological Particles 

Angular light scattering is a widely used nondestructive technique for studying 
particles of biological origin such as viruses, bacteria, and eucaryotic cells. 
Measurements of all scattering matrix elements for such particles, however, are 
rare. An exception is the work of Bickel et al. (1976) and Bickel and Stafford 
(1980), who measured all matrix elements for a variety of biological particles. 
A striking result of this work is that S34/ S 11 proved to be uniquely characteris
tic of each biological scatterer. Reproducible differences in S34/S11 were found 
for particles that could not readily be distinguished by other common tech
niques. 

Differences in the S34/S11 signals for two mutant varieties of bacterial 
spores differing in a specific structural mutation are obvious in Fig. 13.17. 
Other matrix elements, however, are less obviously different for the two similar 
scatterers. To first approximation scattering by biological particles tends to be 
described well by Rayleigh-Gans theory (Chapter 6) for which S34 = 0. Within 
the framework of this theory elements off the block diagonal are also zero, as 
they are for larger and more refractive arbitrary particles provided that their 
scattering matrix has the symmetry (13.21). Thus, S34 is the matrix element that 
is likely to undergo the greatest relative change as a particle's characteristics 
deviate more and more from those for which the Rayleigh-Gans theory is 
valid. This may be the reason S34/ S 11 is so sensitive to characteristics of 
biological scatterers. 

13.8.6 Ocean Waters 

All 16 matrix elements for natural ocean waters have been measured using 
combinations of polarizing and retarding elements (Kadyshevich et al., 1971, 
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Figure 13.17 Angular dependence of S34jS11 (percent) for two similar bacterial spores. From 
Bickel et al. (1976). 

1976). A surprising result of this work is that the scattering matrix, particularly 
for Pacific Ocean waters, has none of the symmetries discussed in Section 13.6. 
Only the normalized elements S13/S11 and S43/S11 were determined to be zero 
within experimental accuracy; all others had appreciable values. Further, there 
were substantial differences among matrix elements and in matrix symmetry 
for different ocean waters (Atlantic and Pacific) and for Baltic Sea waters. The 
unusual symmetry of the scattering matrix seems to demand partial alignment 
of asymmetric particles by, for example, gravitational or magnetic fields. 

Measurements by Thompson et al. (1978) on cultured populations of 
phytoplankton, such as might be expected to scatter light in ocean waters, 
revealed only a scattering matrix of the form ( 13.5), characteristic of particles 
for which either the Rayleigh (Chapter 5) or Rayleigh-Gans (Chapter 6) 
approximations are valid. 

So we end this section with unanswered questions: Do the unusual scatter
ing matrices measured by the Russian investigators really exist in nature, or are 
they merely experimental artifacts? If the former, how is this reconciled with 
the measurements of Thompson et al.? 

13.9 SUMMARY: APPLICABILITY OF MIE THEORY 

At the present time the electromagnetic scattering theory for a sphere, which 
we have called Mie theory, provides the only practical method for calculating 
light-scattering properties of finite particles of arbitrary size and refractive 
index. Oearly, however, many particles of interest are not spheres. It is 
therefore of considerable importance to know the extent to which Mie theory is 
applicable to nonspherical particles. To determine this requires generalizing 
from a large amount of experimental data and calculations. We summarize 



428 ANGULAR DEPENDENCE OF SCA 1TERING 

below the similarities and differences between scattering by spherical and 
nonspherical particles, based on the work cited in this chapter, in the hope that 
it will provide guidelines to the judicious use of Mie theory. 

1. Scattering by single, or collections of oriented, nonspherical particles 
may, unlike scattering by spheres, be azimuthally dependent. 

2. Large nonspherical particles scatter similarly to area-equivalent spheres 
near the forward direction. 

3. Rainbow angles are not evident in matrix elements for nonspherical 
particles. 

4. The scattering diagram (incident unpolarized light) for nonspherical 
particles tends to be flatter than that for spheres at angles greater then 
about 90°. 

5. Scattering matrix elements off the block diagonal are zero for mirror
symmetric collections of randomly oriented particles, as they are for 
spheres. 

6. S21 /S11 for nonspherical particles tends to be opposite in sign to that 
for spherical particles. 

7. The inequalities S22 ~ S11 and S33 * S44 hold for nonspherical particles. 
The first inequality implies that the cross polarization does not neces
sarily vanish. 

8. There is some evidence that S34/S11 for spherical and nonspherical 
particles are in better agreement than other normalized matrix elements. 

If there is one succinct conclusion to be made it is that nonspherical particles 
and area-equivalent spheres scatter similarly near the forward direction, but 
differences between the two tend to increase with increasing scattering angle. 

NOTES AND COMMENTS 

A good discussion of measuring angular scattering by particles is given by 
Stacey (1956). Techniques of particle production, as well as a wealth of 
information about the physical properties of particles, are discussed by Green 
and Lane (1964) in their superb book. Another good source of information 
about particles is The Particle Atlas (McCrone and Delly, 1973abcd; McCrone 
et al., 1979; McCrone et al., 1980). 

For various reasons the microwave analog technique has seen only intermit
tent use in the United States since its inception over 20 years ago. But recently 
there has been an upsurge of activity-a hopeful sign. Some of the most recent 
measurements have been reported by Schuerman et al. (1981 ). 

Additional measurements of the S34 matrix element for biological particles 
(red blood cells) have been reported by Kilkson et al. (1979). 



Chapter 14 
A Miscellany 

of Applications 

Applications are not totally absent from the preceding chapters; they appear 
now and then either to provide some relief from the mathematical development 
or to illustrate particular points. Some of them, and the sections where they are 
discussed, are listed below. 

Red sunsets and blue moons ( 4.4). 
Polarization of skylight (5.7). 
Rainbow (7.2, 13.1). 
Haloes (7 .3). 
Scattering by fibers (8.4). 
Christiansen effect ( 11.2). 
Sphere in a waveguide (11.4). 
Levitation by radiation pressure (11.4). 
Asymmetry of interstellar absorption bands ( 11.5). 
Colors of colloidal gold (12.4). 
Electron-hole droplets in germanium (12.4). 
Particle sizing ( 13.5). 
Biological particles ( 13.8). 
Ocean waters ( 13.8). 

This chapter merely contains a greater concentration of applications. 
A separate volume could be devoted solely to applications. Indeed, it would 

be a volume almost without end because the rate at which we can evaluate and 
write about them is less than the rate at which new ones are being devised or 
old ones are being refined. This chapter is of necessity limited in scope. We 
have been selective, concentrating our efforts on those topics most familiar or 
of greatest interest to us. No attempt has been made to be comprehensive or to 
achieve a balanced treatment. We have, however, favored topics that illustrate 
points stressed particularly heavily in preceding chapters. 

429 
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We begin with a discussion of optical constants, which are needed in almost 
all applications. A treatment of atmospheric aerosols is followed by two other 
topics from atmospheric science: inferences about noctilucent clouds-clouds 
at the edge of space-made on the basis of polarization measurements; and 
measuring rainfall with radar. A discussion of interstellar dust-particles in 
the "cosmic laboratory" -is followed by an earthbound laboratory investiga
tion in which the advantages of small particles are exploited in high-pressure 
studies of optical spectra. The final topics have a biological flavor: the Giaever 
immunological slide, an application of surface modes in small metallic par
ticles; and the effects of microwave radiation on macromolecules. 

14.1 THE PROBLEM OF OPTICAL CONSTANTS 

We have emphasized that the wavelength-dependent optical constants are the 
fundamental quantities that determine the macroscopic optical properties of 
matter. Because of this, optical constants are required in many applications of 
absorption and scattering of light by small particles: they are needed for 
determining optical properties of smog particles and mineral grains in the 
atmosphere, dust grains in interstellar space, phytoplankton in the ocean, and 
biological cells. It is little wonder then that scientists in many disciplines spend 
so much time searching through the physics, chemistry, and mineralogy 
journals (to name a few sources) for the optical constants they need. 

14.1.1 Homogeneous Sample 

Determination of optical constants is not necessarily an easy task, even for 
homogeneous solids and liquids at room temperature, particularly in spectral 
regions of very high or very low absorption. Optical constants are not directly 
measurable but must be inferred, sometimes rather circuitously, by analyzing 
primary measurements (e.g., transmission and reflection) with theoretical ex
pressions (e.g., the Fresnel formulas). A brief survey of methods for determin
ing optical constants of bulk matter has been given in Section 2.9. These 
techniques require homogeneous samples of a size and shape such that the 
conditions underlying the validity of the theory used for analyzing measure
ments are satisfied; examples are large, single crystals, slabs of glassy or 
amorphous solids, and liquid-filled cuvettes. Unfortunately, many solids are 
commonly obtainable only as small particles (i.e., powders). It is much more 
difficult to determine optical constants for these materials even if the powder 
sample contains only a single component. Lack of accurate optical constants 
for powdered materials arises not so much from want of effort as from the 
complexity of data analysis. 

14.1.2 Powder Samples 

To determine optical constants of powder samples requires one or more 
measurements of transmission, or diffuse reflection, or scattering, and an 
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appropriate theoretical model, such as a theory of diffuse reflection or Mie 
theory. In principle these measurements are not difficult to make. But the 
appropriateness of the theoretical models used to analyze these measurements 
is sometimes doubtful. For example, if one desired infrared (- 10 J.tm) optical 
constants of quartz, one could measure transmission by a dilute suspension of 
fine quartz powder in a transparent KBr matrix and reflection from a pressed 
sample (e.g., Volz, 1972). Analysis of the transmission measurements might be 
based on Mie theory or one of its approximations, and the reflectance data 
might be analyzed with the Fresnel formulas. Neither of these two theories, 
however, is applicable. Quartz particles are highly irregular and their extinction 
spectrum is quite different from that of spheres (see Fig. 12.14). And the 
Fresnel formulas are not applicable because the quartz powder cannot be 
compressed into a homogeneous solid with a smooth surface. Even with 
accurate measurements, therefore, these two theories would quite likely yield 
highly erroneous optical constants. Pressed samples of softer materials, such as 
potassium bromide, may, however, approach single-crystal density and have 
rather smooth surfaces. For such materials these methods have been used with 
some success (Tomaselli et al., 1981 ). But for harder materials (and anisotropic 
solids) serious problems remain. 

Optical constants can be inferred from analysis of measurements on single 
spheres or highly monodisperse collections of spheres. For example, angular 
scattering by colloidal suspensions of polystyrene spheres has been used 
frequently to determine both their size and refractive index at wavelengths 
where polystyrene is weakly absorbing. Measurements on single, homogeneous, 
perfectly spherical particles can be analyzed with Mie theory as confidently as 
measurements of reflectances at smooth plane interfaces can be analyzed with 
the Fresnel formulas. Pluchino et al. (1980), for example, determined the 
complex refractive index of carbon at a single wavelength in the visible by 
levitating a carbon sphere a few micrometers in diameter, measuring the 
angular light scattering, and fitting their data with Mie theory. A similar 
technique has been used by Wyatt ( 1980), although for inhomogeneous par
ticles. As techniques for levitating single particles and measuring scattering 
patterns come into wider use, obtaining optical constants from measurements 
on single particles will surely become more common. In general, however, this 
is practically limited to particles of simple shape such as spheres or long, 
circular cylinders. 

14.1.3 Optical Constants from Absorption Measurements 

An approach widely used by atmospheric scientists is to infer the imaginary 
part of the refractive index k from measurements of the absorption coefficient 
a of particulate samples. Diffuse reflection, the photoacoustic effect, and 
integrating plates have been used for determining absorption even in the 
presence of considerable scattering; these methods are discussed briefly in the 
following section. The relation (2.52) between a and k, a - 4'TTk/A.. is, of 
course, strictly valid only for homogeneous media. But under some circum-
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stances its use for inhomogeneous media is justified. For example, it follows 
from (3.47), (3.48), and (12.9) that transmission by a dilute suspension of 
spheres small compared with the wavelength is approximately 

I [ 4'1Tk 9n dl 
Io = exp - --x- (n2 + 2)2 (14.1) 

provided that extinction is dominated by absorption, k is small, and n is not 
too large; d = fh, where f is the volume fraction of particles and h is the 
sample thickness. The expression containing n is about 1 at visible wavelengths 
for many common substances. For example, it is about 0.75 for n = 1.5, and 
can be made even closer to 1 by suitably choosing the medium in which the 
particles are suspended: n is the relative refractive index. Measurement of 
transmission and calculation of k from ( 14.1) is therefore approximately 
correct for dilute suspensions of Rayleigh spheres of many common materials 
with small k-hence the popularity of this procedure. But for several reasons, 
some of which have been discussed by Toon et al. (1976), (14.1) may be 
inapplicable: 

1. Scattering may not be negligible, giving rise to apparent additional 
absorption. 

2. The particles may not be small enough for the Rayleigh theory to be 
valid. For larger particles, the relation between absorption and size is 
more complicated. 

3. The particles may not be spherical or, if spherical, they may ag
glomerate into nonspherical clumps. Contrary to much common opin
ion, absorption by Rayleigh particles can be quite shape dependent, as 
we have shown in Chapter 12. 

4. The optical constants n and k are not independent: if k varies strongly, 
so must n. Either n must be measured by some other method or a theory 
of optical constants that couples them together properly must be used, 
such as the oscillator model (9 .25) or the Kramers-Kronig relations 
[(2.49), (2.50)]. 

While inferring k from measurements of absorption by particulate samples 
may be valid for many kinds of solids at visible wavelengths, it may not be 
valid in spectral regions where the optical constants rapidly vary, such as the 
infrared or far ultraviolet. 

14.1.4 Powders of Anisotropic Solids 

More problems must be faced when trying to extract optical constants from 
measurements on particles of anisotropic solids. Random orientation of the 
particles averages somehow the two or three sets of optical constants. We 
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showed in Section 5.6 that in the Rayleigh approximation the average extinc
tion cross section of a randomly oriented anisotropic sphere is just the equally 
weighted sum of three cross sections, one for an isotropic sphere with each set 
of optical constants. But this prescription has not been shown to be correct for 
larger particles (see Section 8.2). Even if it were correct in general, however, it 
is still not clear how to extract from measurements absorption associated with 
each of the principal axes of the crystal. For example, the infrared extinction 
spectrum of randomly oriented anisotropic particles such as calcite will show 
various bands. But without knowing which band is associated with which 
principal axis, it does not appear possible to extract the different sets of optical 
constants; this problem was recognized and discussed by Aronson and Emslie 
(1980). To ignore anisotropy and simply determine "average" optical constants 
as though the solid were isotropic is only sweeping the problem under the rug. 
These optical constants could not necessarily be used to analyze experiments 
other than those from which they were derived. For example, they could not be 
used to calculate the reflectance of an oriented, single crystal of the material. 
Even the use of average optical constants to calculate extinction by randomly 
oriented particles of the same kind would give errors if the size distribution 
were appreciably different from that of the sample from which the optical 
constants were derived. 

14.1.5 Mixtures of Particles 

Up to this point we have had in mind only single-component particulate 
samples. But multicomponent mixtures are common, and because of the 
difficulty of properly treating each component the tendency has been to infer 
"average" or "effective" optical constants from measurements on such mix
tures. Yet this is fraught with difficulties. The measurements from which these 
optical constants are obtained, such as reflection or scattering or absorption, 
are not additive. Nor are optical constants additive. Hence, optical constants 
of mixtures determined by, for example, measuring absorption by particles in a 
matrix and reflection by a pressed surface cannot necessarily be used to predict 
correctly angular scattering by the particles. Despite these difficulties and the 
warnings issued by some, the deceptively simple procedure of determining a 
single set of optical constants for complex multicomponent mixtures of possi
bly anisotropic particles and then using such optical constants in all kinds of 
predictive calculations has been widespread. Optical constants of moon rocks 
consisting of many individual mineral components have often been used by 
astronomers in calculations relating to interplanetary or interstellar dust. 
Optical constants obtained for atmospheric dust have been used to predict 
possible climatic change; this is discussed further in the following section. 

To conclude, we venture to state that the problem of how to determine 
accurate optical constants from measurements on particulate samples, in 
contrast with homogeneous solids and liquids, has not been solved in general, 
even for single-component powders. This does not mean that there have not 
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been successful determinations of optical constants for some particulate 
materials. It is simply that extracting optical constants from measurements on 
such materials is not generally possible in all spectral regions and for all kinds 
of samples, which may be multicomponent mixtures of nonspherical and 
anisotropic particles. 

14.2 ATMOSPHERICAEROSOLS 

Atmospheric aerosols usually means the solid and liquid particles in the earth's 
atmosphere, excluding the solid and liquid water particles in clouds, fog, and 
rain. Although very tenuous and highly variable, they act as condensation 
nuclei for cloud droplets, alter the optical properties of clouds, and possibly 
play a role in the formation of smog and acid rain. And an understanding of 
their optical properties is needed for many applications: 

Climate may be modified by both natural and human-made aerosols. 
Optical techniques are being used increasingly for remote sensing of the 
atmosphere as well as for communication. The military importance of aerosols 
has increased greatly because of surveillance, using both visible and infrared 
radiation, from satellites and because of missile guidance with light beams. 
This in tum has stimulated development of countermeasures-shielding against 
enemy surveillance and laser-guided missiles-and has renewed interest in an 
old trick-throwing out smoke screens. 

From among all the possible applications of light scattering by atmospheric 
aerosols we have selected only a few. We begin with the intriguing question of 
what effect these particles may have on the earth's climate. Then we discuss 
some of what is known about their chemical composition and optical proper
ties and how these are obtained by various methods: in situ measurements; 
collecting particles; and remotely sensing them. This is followed by a discus
sion of the problem of characterizing the complex mixture of particles that is 
the atmospheric aerosol. Finally, we briefly discuss the possibility of monitor
ing the global wind by measuring the Doppler shift of infrared radiation 
backscattered by atmospheric particles. 

14.2.1 Effect of Aerosols on Climate 

A controversy with possibly far-reaching consequences concerns the impact of 
atmospheric particles on the earth's climate. Temperature is one of the most 
easily monitored indicators of climatic change. Among the many discussions of 
the effects of aerosols on the global mean temperature, we direct the reader to 
the monograph by Twomey (1977) and the paper by Toon and Pollack (1980), 
from which some of the following is taken. 

Typical changes in the global mean temperature over the past 1000 years 
seem to have been of order 1 °C, although climate has changed considerably as 
in the "Little Ice Age" from about A.D. 1500 to 1900. The difference between 
average Ice Age (1.75 million to 10,000 years ago) temperatures and the 
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present-day average is thought to be about 5°C. More recently, during the late 
Stone Age, temperatures were perhaps 2.5°C higher than at present. Since 
human beings can adapt readily to temperature changes of tens of degrees such 
small excursions might at first glance appear inconsequential. Ocean levels, 
however, may have lowered about 100 m during the Ice Age because of storage 
of vast quantities of water in continental ice sheets. Coastal residents can 
surely appreciate that sea level changes of this magnitude could be catastrophic. 
Global mean temperature changes of even a few tenths of a degree may thus be 
of consequence. Particulate pollution is increasing, and it is therefore prudent 
to understand how such particles may affect the heat balance of our planet. 
Given the present state of knowledge, however, it is not certain if man's impact 
will be to increase or to decrease the global mean temperature. 

The simplest view is that absorption by particles tends to heat the atmo
sphere while scattering into the backward hemisphere tends to cool it; thus, the 
two most important optical properties of aerosols as far as climatic change is 
concerned are absorption and backscattering. This simple view is complicated 
somewhat by the fact that aerosols exist primarily in two distinct atmospheric 
layers, the troposphere (from the ground up to about 10-40 km) and the 
stratosphere (between about 10-20 and 50 km). The troposphere is thermally 
coupled to the earth's surface rather strongly, whereas the stratosphere is not. 
Because of their thermal isolation, therefore, stratospheric particles tend to 
cool the earth's surface both by backscattering and absorbing solar radiation. 
Of less importance, but still appreciable, are thermal infrared effects of 
particles, particularly in the 8- to 12-pm "window" region, where the major 
atmospheric gases are highly transparent. It is in this wavelength region that 
the Planck function peaks for normal terrestrial temperatures. Upwelling 
infrared radiation from the earth's surface is therefore partly hindered from 
escaping into space because some particles have strong absorption bands in 
this spectral region. Thus, aerosols contribute to the so-called "greenhouse 
effect." Infrared radiation emitted toward the earth's surface by stratospheric 
particles may cause some warming in the lower atmosphere, thereby countering 
to some extent the cooling they cause by backscattering and absorbing solar 
radiation. 

Various models have been proposed to predict the effect of atmospheric 
aerosols on the global mean temperature. The single-scattering albedo (i.e., the 
ratio of scattering to extinction) of such particles is a crucial parameter in these 
models because a high value will result in cooling, whereas a low value will 
result in warming; critical values- the boundary between high and low-from 
about 0.7 to 0.95 can be found in the literature. A value of 0.85 derived by 
Hansen et al. (1979) is being widely used. Charlock and Sellers (1980) arrived 
at a critical single-scattering albedo of 0.81. 

Because the single-scattering albedo depends sensitively on the imaginary 
part of the refractive index there has been keen interest in determining optical 
constants of atmospheric particles. These are used to calculate the important 
parameters in the heat balance problem for present and predicted aerosol 
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loadings. A path commonly followed is to measure optical properties of 
atmospheric aerosols, either remotely (e.g., solar extinction and bistatic lidar 
scattering) or on collected samples (e.g., absorption and diffuse reflection), and 
infer optical constants from theoretical models. The optical constants so 
obtained are then used as input to Mie theory incorporated into heat balance 
calculations. But this path is strewn with many potential hazards, which may 
invalidate the final results. We shall discuss some of these hazards in following 
paragraphs. Directly measuring absorption and scattering by aerosols in situ is 
less fraught with pitfalls, but we delay our discussion of this until we have 
surveyed the chemical composition and absorptive properties of aerosol par
ticles; this survey, taken from laboratory measurements on homogeneous 
samples, serves to give a feeling for expected values of k. 

14.2.2 Absorption by Constituents of the Atmospheric Aerosol 

Among the reasons it is difficult to predict the effect of particles on climate is 
that their composition and distribution are poorly known. The main types of 
known atmospheric particles are listed in Table 14.1. 

The dominant aerosol in the lower atmosphere is windblown dust composed 
mostly of mineral particles together with some organic matter. Although they 

Table 14.1 Constituents of the Atmospheric Aerosol 

Constituent 

Windblown Surface Dust 
Quartz 
Calcite 
Oxides of iron 
Clay minerals 

Montmorillonite 
Illite 

Sea Spray 
Salt 
Organic particles 

Sulfur Compounds 
Ammonium sulfate 
Sulfuric acid 

Volcanic Ash 

Others 
Anthropogenic and natural carbon 
Organic materials from vegetation 
Photochemical smog 

Size 

l-l0~£m 

-O.l1£m 

Comments 

- 30% globally 

10-15% globally 

Mostly stratospheric; 
50% globally 

Stratospheric; following 
volcanic activity 
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are fairly large, with consequently high settling rates, under some conditions 
these dust particles can spread far from their source and remain in the 
atmosphere for long periods. A notable example is dust from the Sahara, which 
spreads across much of the Atlantic Ocean between Africa and the Caribbean 
during summer months (Carlson and Benjamin, 1980). Dominating the marine 
aerosol are salt particles, together with some organic particles of marine origin; 
Blanchard ( 1967) has given a fascinating account of how these salt particles 
enter the atmosphere. The globally dominant mass of particles, found distrib
uted over the entire earth, is composed of sulfur compounds, including 
ammonium sulfate and sulfuric acid. These particles are formed mostly in the 
stratosphere by complex chemical reactions. In periods of strong volcanic 
activity, volcanic ash may be appreciable, remaining in the atmosphere for 
several years after its introduction. Minor constituents of the atmospheric 
aerosol include terrestrial organic substances such as terpenes, and pollution 
such as carbon, metal oxides, and photochemical smog. 

The many difficulties inherent in determining optical constants in regions of 
high absorption, especially for particulate samples, and the practical impossi
bility of obtaining accurate optical constants for complex mixtures of particles 
have been discussed in Section 14.1. These difficulties point to why it is worth 
considering measured optical constants of homogeneous materials that are 
known constituents of the atmospheric aerosol. Such measurements are not 
available for all constituents, in some instances because they are not obtainable 
in homogeneous bulk form. In Fig. 14.1 we show the imaginary part of the 
refractive index of several solids and liquids that are found as atmospheric 
particles. Results are given for water, ammonium sulfate, crystalline quartz, 
sulfuric acid, carbon, sodium chloride, and hematite ( a-Fe20 3 ); to avoid 
clutter, only k values over limited spectral regions are given for most of these 
materials. 

Except for carbon, there are two distinct spectral regions in which k is high 
(- I) for these materials: one in the infrared and the other in the ultraviolet, 
with a region of high transparency between. The reasons for this have been 
discussed in Section I 0.4. To emphasize just how transparent these materials 
are in the intermediate region, we show with a dashed line the value of k for 
which a 1-cm-thick homogeneous sample would give I% transmission, neglect
ing reflection losses at the boundaries. Only carbon, which has metal-like 
overlapping electronic energy bands (see Section 9.4), has consistently high k 
of order unity throughout the visible and infrared regions. The mineral 
hematite, although a very minor constituent of the atmospheric aerosol, is 
included because it is one of the very few highly absorbing (at visible 
wavelengths) substances known to be in the atmosphere. 

The hatched region in Fig. 14.1 shows the approximate values of kat visible 
wavelengths inferred by various remote-sensing techniques (Grams et al., 1974; 
Reagan et al., 1980; and references cited therein). If we compare these values 
of k with those for individual constituents of the atmospheric aerosol, it seems 
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Figure 14.1 Imaginary part of the refractive index of several solids and liquids that are found as 
atmospheric particles. 

clear that k determined remotely is some kind of average for a mixture 
containing a small amount of a strongly absorbing component such as carbon 
and much larger amounts of weakly absorbing components. Lindberg (1975) 
pointed this out after successfully matching measured spectral extinction by 
collected aerosol particles with calculations for mixtures of weakly absorbing 
minerals and about 0.5% carbon to give the required absorption. Thus the 
value k = 0.001 (for example) inferred from remote sensing should perhaps be 
looked upon as an average or effective k, but the averaging process and the 
subsequent uses to which this effective value is put must be examined critically. 
We shall return to this point later. 

The possibility that carbon in small quantities is the dominant absorber in 
the atmospheric aerosol suggests looking for spectral features in carbon, which 
would provide a diagnostic test for this solid. Unfortunately, the absorption 
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spectrum of bulk carbon is rather featureless in the infrared and visible. The 
one spectral region where carbon, in small-particle form at least, has a 
prominent absorption feature is between 2200 and 2500 A. Although this 
feature is not apparent in Fig. 14.1, absorption by small spheres of both 
graphite and glassy carbon rises to a pronounced peak where the real parts of 
their dielectric function are closest to - 2. This feature in graphite particles, the 
surface plasmon absorption discussed at length in Section 12.1, is thought to 
be responsible for the dominant peak in the interstellar extinction spectrum 
(Fig. 14.4). Although it would be difficult to observe by remote sensing, a 
feature between 2200 and 2500 A might be very useful in laboratory analysis 
for carbon particles in aerosol samples collected on filters, for example. 

Because of the importance of the 8- to 12-pm atmospheric "window" region 
to the earth's heat balance, and in view of the many potential applications of 
C02 laser beams (9-11 pm) propagating in the atmosphere, we call attention 
to k in this region of the infrared. Note that several constituents of the 
atmospheric aerosol, including quartz and ammonium sulfate, have intense 
absorption bands associated with lattice vibrations. Other silicate minerals, 
including the clay minerals listed in Table 14.1, also have strong bands near 10 
pm. These vibrational absorption bands are strong enough to give rise to the 
kind of highly shape-dependent absorption and scattering discussed in Chapter 
12. Indeed, Fig. 12.14 displayed measurements on crystalline quartz dust to 
illustrate the extreme sensitivity of these bands to particle shape. The implica
tions of these absorption bands in quartz and ammonium sulfate particles for 
remote sensing are discussed later. 

14.2.3 In Situ Measurements of Absorption and Backscattering 

Predicting optical properties of atmospheric aerosols from calculations for 
homogeneous, spherical particles leaves much to be desired. Mie theory may be 
a gross oversimplification. In addition, there may not be accurate optical 
constants for the constituents, even those that are known; and they may not all 
be known. Yet even minor constituents can be major contributors to absorp
tion. 

The most direct way of obtaining the two parameters most relevant to 
climatic change, absorption and backscattering, is to measure them for actual 
atmospheric aerosols. Backscattering can be derived from angular scattering 
measured in situ with a polar nephelometer (e.g., Grams, 1981) or with an 
integrating nephelometer. Measured extinction could, in principle, yield ab
sorption. But if the aerosol particles are weakly absorbing, as is common, this 
requires taking the difference of two large quantities-scattering and extinc
tion- of similar magnitude. 

Absorption can be measured directly by the photoacoustic method. Al
though used most commonly for dense, highly absorbing aerosols (Bruce and 
Pinnick, 1977; Japar and Killinger, 1979; Roessler and Faxvog, 1979b), it has 
been proven to be feasible for measuring weak absorption of visible light by 
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ambient aerosols (Foot, 1979). A beam of direct sunlight was used as the 
source of modulated heating; and photoacoustic signals were measured alter
nately for ambient aerosols and for filtered air. This appears to be the only 
direct absorption measurement yet reported for atmospheric aerosols. 

Direct measurement of absorption and backscattering at a sufficient num
ber of sites to obtain a representative global average would be a step in the 
right direction toward assessing the impact of atmospheric particles on climate. 

14.2.4 Sampling and Measurement 

A less direct method of determining absorption by atmospheric particles is to 
collect them, on filters for example, and measure their absorption in the 
laboratory. In contrast with interstellar dust, atmospheric dust is sufficiently 
accessible to allow direct sampling and optical measurements. Yet the tenuous
ness of atmospheric aerosols leads to problems. Because of selective collecting 
lines and surfaces there may be differences between the sampled particles and 
those in the atmosphere. Evaporation of volatile compounds may occur, and 
contamination is always possible. And the state of aggregation will certainly 
change. Despite all this the advantages of a bird in the hand are substantial: 
time-consuming measurements can be done leisurely; particles can often be 
examined by electron or light microscopy to obtain their sizes and shapes; and 
chemical identification procedures can be used. 

A major obstacle to determining absorption by collected particles is that 
scattering is often much greater than absorption. Some of the techniques 
devised to overcome this obstacle are shown schematically in Fig. 14.2; these 
are discussed very briefly in the following paragraphs. 

Figure 14.2a shows the essential elements of a diffuse transmission tech
nique (Fischer, 1970, 1973) that incorporates an integrating sphere-a sphere 
coated with a nonabsorbing, diffusely reflecting material (see Wendlandt and 
Hecht, 1966, Chap. 10). Measurements are made with and without the par
ticulate sample (on a glass slide) in the light beam. From these measurements 
absorption can be obtained. A simpler arrangement (Lin et al., 1973) for 
accomplishing the same result, often called the integrating plate method, is 
shown in Fig. 14.2b. The particles are on an opal glass plate-a simple 
diffuser-which directs the light scattered into the forward hemisphere and the 
transmitted light to the detector. In this way opal glass takes the place of a 
much more expensive integrating sphere. Again, the signals both with and 
without the particles on the diffuser are compared. The simplicity of this 
technique has made it attractive to other investigators. In a modified version 
adapted to laser illumination (Fig. 14.2b ), the diffusing plate method, the 
particle filter is both the substrate and the light diffuser (Rosen et al., 1978); it 
has been used to examine highly absorbing aerosols, identified as soot, from an 
urban environment. Rosen and Novakov (1982), in an analysis of this system, 
showed that backscattering by the particles does not, subject to restrictions on 
absorption by the filter and the particles, give rise to serious errors. 
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Figure 14.2 Techniques for measuring absorption by particles. 

A simple scheme devised by Twomey ( 1980) does not even require a 
photoelectric detector--only the eye. A particle-laden portion of a filter and a 
clean portion of the same filter are each placed over holes in a thin, flat mirror, 
which is diffusely illuminated both from above and from below (Fig. 14.2c). 
Without the filter in place (assuming a perfect mirror) the brightness of a hole 
and its surroundings will be equal if the two illuminances are equal. But with 
the filter in place the illuminance from below will have to be reduced to obtain 
a brightness match, viewed from above, between a hole and its surroundings if 
there is any absorption. First a brightness match is obtained for the reference 
hole, the one over which there is only clean filter. Then a calibrated wedge 
filter is moved under the other hole, above which are the collected particles, 
until the brightness of the hole and its surroundings are matched. Knowing the 
wedge filter transmission, one can infer absorption by the particles. 

In the diffuse reflectance technique (Fig. 14.2d), light scattered by a thick 
layer of particles is directed by the integrating sphere to a detector. Absorption 
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by the sample particles decreases the detector signal; the resulting diffuse 
reflectance spectrum is therefore qualitatively similar to the transmission 
spectrum of the bulk solid. This assumes, of course, that there are no 
shape-dependent spectral effects such as those discussed in Chaper 12; for 
particles of insulating solids, these are usually restricted to infrared wave
lengths. To extract quantitative absorption properties of the solids, however, 
requires a theory of diffuse reflection; this is often the Kubelka-Munk theory 
(see, e.g., Kortum, 1969). Weakly absorbing powders can be analyzed directly 
by this technique, but highly absorbing powders may have to be diluted in a 
nonabsorbing powder (Lindberg and Laude, 1974). 

For completeness, we include in this brief survey a schematic diagram of the 
photoacoustic method (Fig. 14.2e), which has been discussed in Section 11.7. 
Absorption of chopped light by the particles gives rise to periodic heating 
which is detected acoustically. Scattered light does not contribute to the signal. 

Good summaries of these techniques for determining absorption by col
lected aerosol samples are given in the proceedings of a workshop held in 
August 1980 (Gerber and Hindman, 1982). The participants applied their 
separate techniques to measuring absorption of light by particles of solids with 
known optical constants. Results obtained by different techniques were gener
ally in agreement within about a factor of 5. The accuracy of k measured for 
carbon, which is highly absorbing, was good. But for ammonium sulfate, which 
is weakly absorbing, measurements consistently overestimated k by factors of 
100 or more. 

In the study of atmospheric aerosols several techniques have been used to 
determine optical constants from measurements on particulate samples. And 
there have been many such measurements. Yet under pressure from funding 
agencies and from those waiting at computer terminals for optical constants of 
the complicated mixture that is the atmospheric aerosol, comparatively little 
effort has been expended on evaluating these techniques by applying them to 
particles of solids with known optical constants. 

14.2.5 Remote Sensing 

For determining optical properties of natural aerosols remote-sensing tech
niques avoid some of the drawbacks of collection and measurement. Because 
the particles are not disturbed by collection, possible changes such as evapora
tion of volatile components, agglomeration, and selective losses are avoided. 
Remote sensing, however, has its own drawbacks. Although vertical and 
horizontal probing can be done to a limited extent with some of the techniques, 
most of them require horizontal homogeneity of the atmosphere. And the 
measured optical properties may not be those of most direct interest. For 
example, in assessing the impact of aerosols on the earth's heat balance, what 
is wanted is how much they absorb solar radiation and scatter it into the 
backward hemisphere. Of less direct relevance are the optical depth, 
single-scattering albedo, and asymmetry parameter. Whereas optical depth 
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may be determined directly, absorption must be inferred from other optical 
measurements, such as the extinction-to-backscatter ratio, together with a 
possibly oversimplified model (e.g., homogeneous, spherical particles of a 
single kind) the inapplicability of which may invalidate the results. Neverthe
less, within limits remote sensing has excellent potential for global monitoring 
of some optical properties of atmospheric particles. Several remote-sensing 
techniques are listed below with brief comments. 

Multiwavelength Solar Radiometry The sun is a light source of known 
spectral output. Measurement of the irradiance transmitted through the atmo
sphere therefore gives the total extinction from which extinction by the 
molecules can be subtracted to give that by the particles. Inversion techniques 
can then be used to infer particle size distributions from the extinction 
measurements (e.g., King et al., 1978). As shown in Fig. 13.8, Mie theory is a 
good approximation in the forward direction for sufficiently large nonspherical 
particles. If extinction is dominated by scattering about the forward direction, 
it is not very sensitive to particle shape. 

Monostatic Lidar Remotely sensing atmospheric aerosols by measuring 
backscattering ( (} ==== 180°) has become common since the ready availability of 
high-power pulsed lasers. Selection of various signal return times allows 
distance profiling. The extinction-to-backscatter ratio has been related to 
absorption properties of atmospheric particles using inversion techniques based 
on Mie theory (Spinhime et al., 1980). It is evident from Fig. 13.8, however, 
that backscattering is quite sensitive to particle shape. So what is inferred as 
absorption perhaps should be attributed to nonsphericity. Inhomogeneity is 
also expected to have pronounced effects on backscattering because it is more 
sensitive to a particle's structure than forward scattering. 

Bistatic Lidar Angular scattering by atmospheric particles can be mea
sured by separating the collimated light source and the detector. The arrange
ment is much like that shown in Fig. 13.5; the volume sampled is determined 
by the intersection of the illuminating beam and the field of view of the 
detector. If a pulsed laser is used with time gating for the return signal the 
arrangement is called bistatic lidar. A similar system without time gating has 
been used for many years in searchlight probing of the atmosphere. For a 
survey of bistatic lidar, see Reagan et al. (1980) and references cited therein. 

Linear polarization ratios have also been measured remotely. For example, 
results are given by Ward et al. ( 1973) and by Reagan et al. ( 1980). The 
sensitivity of scattering diagrams (Fig. 13.8), especially polarization (Fig. 13.9), 
to particle shape signals caution in inferring aerosol properties such as k from 
bistatic remote sensing. 

14.2.6 Effective Refractive Index of Aerosols with Absorbers 

The techniques just surveyed necessarily determine average refractive indices. 
And k values for atmospheric aerosols measured by these techniques suggest 
mixtures of vastly different kinds of particles. For we have noted that no 
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common substances have k between O.OOI and O.OI throughout the visible; yet 
this is what has been inferred. There is evidence that the smaller particles are 
the more highly absorbing (e.g., Lindberg and Gillespie, 1977). Also, carbon in 
the form of soot has been identified as a component of absorbing aerosols 
(Rosen et al., I978). Since k of carbon is of order I, the implication is that the 
observed absorption may be attributed to a small amount of carbon mixed 
with much greater amounts of weakly absorbing (at visible wavelengths) 
substances such as ammonium sulfate, sodium chloride, and crystalline quartz. 
Moreover, several investigators have pointed out that the way in which the 
absorber is mixed with the nonabsorbers can markedly affect optical properties 
such as single-scattering albedo, phase, function, and backscattering cross 
section. Bergstrom ( I973) first called attention to some of the consequences of 
averaging optical properties, followed by Lindberg (I975), Toon et al. (I976), 
Gillespie et al. ( I978), and Ackerman and Toon (198I ). All of the last four 
papers present calculations based on Mie theory to show that quantities such 
as the single-scattering albedo can be quite different for a given amount of 
absorber, depending on whether it is distributed homogeneously throughout all 
the particles or whether it exists as discrete particles, separate from, inside, or 
on the surface of, the nonabsorbers. Because different size distributions and 
refractive indices were used it is difficult to compare the various results. 
Indeed, some of them conflict, as Ackerman and Toon (I98I) pointed out in 
mentioning their failure to reproduce a result reported previously. To gain 
insight, therefore, we present our own simple back-of-the-envelope calculations 
for the single-scattering albedo of two different models of an absorbing 
aerosol. 

One is a mixture of I% by particle volume of spherical absorbers with radius 
0.05 p.m and refractive index mb1 = 1.7 + i0.7, which is appropriate to a form 
of carbon, and 99% by volume of larger particles with mwh = 1.55 + no- 6, 

which is roughly appropriate to several possible aerosol components. The 
subscripts bl (black) and wh (white) indicate how separate collections of these 
two kinds of particles would appear. Among the many optical constants 
reported for carbon in its various forms we have chosen those obtained from 
single-sphere measurements by Pluchino et al. ( I980). 

The second model aerosol is composed of "gray" spheres; that is, the 
absorber is incorporated in the nonabsorbing particles rather than separate 
from them. We might visualize this as small carbon spheres uniformly embedded 
in plum pudding fashion throughout much larger nonabsorbing spheres. 

Our first problem is how to properly calculate the average optical constants 
when I% of carbon by volume is uniformly distributed in a nonabsorbing 
medium. The usual procedure, as in the papers cited above, has been to simply 
volume-average n and k separately. But optical constants are not, in general, 
additive, so we have used the Maxwell Garnett expression (8.50). The result is 
mgr = 1.55 + i0.007, which in this instance is identical, to the number of 
figures shown, with the result obtained by volume-averaging the refractive 
indices 1.55 + iO.O and 1.7 + i0.7. 
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We now use several approximations discussed in previous chapters to 
estimate for the two model aerosols their single-scattering albedo w0 , where 

1 - - cabs 
- Wo -z-· 

ext 

For a mixture of particles, Cabs and Cext should be interpreted as number
weighted averages. 

Extinction by carbon particles of radius 0.05 p.m is dominated by absorp
tion; moreover, the absorption cross section per unit particle volume in the 
Rayleigh limit (12.10) is independent of radius. So taking the carbon particles 
to be a single size is of no consequence provided that they are sufficiently 
small. Qext is approximately 2 for the large nonabsorbing particles. This 
approximation has the advantage that it excludes the complicated ripple and 
interference structures of single-sphere Mie theory, which are not very realistic 
for broad size distributions of irregularly shaped particles (see Fig. 11.20). 
With these approximations, therefore, we have for the black-white mixture, 

where the volume-normalized cross sections are 

1.5 
awh =:: -. 

awh 

(14.2) 

To estimate 1 - w0 for the gray particles we take Cext = 2'1Tair and use (7.2) 
for cabs: 

( l\ = 0.55 p.m), (14.3) 

where the factor multiplying the particle radius follows from the average 
refractive index 1.55 + i0.007. The total particle volume is the same for both 
aerosols if (1 + /)a!h = (1 - f)a~r' but agr and awh are nearly equal for 
! = o.o1. 

In Fig. 14.3 we plot (14.2) and (14.3) as functions of large-particle radius. 
There are of course several restrictions to be kept in mind, including 2aa << 1 
underlying the derivation of (7.2), which is only approximately satisfied for 
radii less than about 3 p.m. To convince ardent Mie calculators that these 
simple expressions are approximately correct, we include single-size Mie calcu
lations at 0.1-p.m intervals. Except for the interference maxima and minima in 
the Mie calculations, which are unlikely to be observed in natural aerosols, the 
simple treatment is quite good. 

The gray particles are more absorbing than the black-white mixture, and 
the difference is appreciable: the ratio of I - w0 for the two model aerosols is 
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about 3. We may roughly interpret this difference as arising from two causes. 
First, the absorption cross section of a small carbon sphere in a medium with 
n = 1.55 is about 1.6 times that of the same sphere in air. Second, there is a 
focusing effect; that is, more light is geometrically incident on a sphere when it 
is in a much larger transparent sphere than when it is in air. For example, 
ignoring external and internal reflections, it follows from geometrical optics 
that n 2 more light is incident on a small sphere when it is at the center of a 
much larger sphere then when it is in air. Based on this crude reasoning, 
therefore, we would expect 1 - w0 for the gray particles to be at least 1.6 times, 
but not more than 3.8 times, greater than that for the black-white mixture. 
And this is indeed consistent with more detailed calculations. 

Consider now a particle radius of 1.5 p.m; from Fig. 14.3 it follows that w0 

for the gray particles is about 0.75, whereas it is about 0.9 for the black-white 
mixture. And recall that a single-scattering albedo of 0.85 is used widely as the 
critical value separating a global cooling trend ( w0 > 0.85) from a global 
warming trend ( w0 < 0.85). For particles of this size as well as those somewhat 
smaller and larger, therefore, even the direction of the temperature change 
depends on just how the absorber is dispersed in the aerosol. We must 
conclude from this, therefore, that merely knowing the amount of absorbing 
material in the atmospheric aerosol is not sufficient to assess its potential 
impact on the global climate. 

0.3 

r3 0.2 

0.1 
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Figure 14.3 Absorption by gray spheres in which the absorber is uniformly distributed (upper) 
and by small absorbing spheres mixed with much larger nonabsorbing spheres (lower); the total 
amount of absorbing material is the same for both. Solid lines were calculated approximately and 
dashed lines connect points calculated with Mie theory. 
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14.2.7 Monitoring the Global Wind with Lidar Backscattering 

It seems that we have cast atmospheric particles most often in the role of 
villains: they may cause cataclysmic climatic changes; they reduce visibility; 
they may aid in the formation of photochemical smog and acid rain. But there 
is a scheme afoot to make them do some useful work by acting as ubiquitous 
retro-reflectors for laser beams. 

The Doppler shift of laser light backscattered by atmospheric particles 
carries information about the velocity of the air in which they are being swept 
along. Huffaker (1970) used a continuous C02 laser to demonstrate the 
practicability of the laser Doppler velocimeter (see Bilbro, 1980, for an 
overview). By using a pulsed laser and selecting signal returns at different 
times, particles at various distances from the source can be sampled; this is 
lidar-light detection and ranging. Doppler velocity measurements with lidar 
could therefore enable one to map out in direction and distance wind velocity 
components along the line of sight. Indeed, this concept is being considered for 
a future satellite-borne wind monitoring system (Abreu, 1980). As the satellite 
orbits the earth the infrared lidar system would scan conically looking down
ward into the atmosphere; depth profiling is accomplished by return-signal 
gating. Every chosen volume of air in the three-dimensional grid would be 
sampled from two different directions-forward and backward-within a 
short time as the satellite passes overhead. From these two line-of-sight 
velocity measurements the horizontal wind velocity can be extracted. Such a 
global wind monitoring system is quite ambitious, but would provide extremely 
useful meteorological data. 

Small particles of some insulating solids, including those in the atmosphere, 
have Frohlich modes (see Chapter 12) at certain wavelengths near 10 p.m. 
Backscattering is also large at these wavelengths; this is evident from the 
efficiencies for absorption, scattering, and backscattering by a small sphere 
(Section 5.1), all of which contain the quantity (m 2

- 1)j(m2 + 2). Thus, the 
spectrum of backscattered light will peak at wavelengths near the extinction 
peak. Both quartz and ammonium sulfate, which are common aerosol con
stituents, have Frohlich modes near 9 p.m. This implies that choosing a 
wavelength near 9 p.m rather than the more common 10.6-p.m C02 laser 
radiation might give larger backscattering signals from spheres of these solids. 
But recall that surface modes are highly shape dependent. And backscattering 
should behave similarly to extinction. Figure 12.14 therefore indicates the 
effect of a distribution of shapes on the backscattering spectrum for quartz 
particles. Although C02 lasers are not quite tunable to the peak for quartz 
spheres near 9.0 p.m, shape effects might actually improve the backscattering 
signal by spreading the spectrum of backscattered light into the region between 
about 9.1 and 9.2 p.m where C02 lasers are able to operate. A Doppler lidar 
system operating at two different wavelengths might be able to discriminate 
between certain kinds of particles in the atmosphere and thus map out their 
distributions. But whatever use to which infrared Doppler lidar is put, it is 
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clear from what we have said here and elsewhere that shape-dependent surface 
modes in small particles will have to be reckoned with. 

14.3 NOCTILUCENT CLOUDS 

As their name implies, noctilucent clouds are visible at night; the sun, after it 
has descended well below the horizon, is their source of illumination. They are 
a high-latitude (50-60°) summer phenomenon and differ from clouds observed 
during the day by their great height, about 82 km above the earth's surface, 
near the height (mesopause) where the atmosphere's temperature is lowest. 
Tenuousness also distinguishes them from the clouds of everyday experience: 
stars often can be seen through them. The term "noctilucent" predates satellite 
observations and by now may be somewhat of a misnomer: noctilucent clouds 
have been observed (from a satellite) during daytime (Donahue et al., 1972). 
Indeed, these observations indicate that what has been seen from the ground is 
merely the thin and ragged edge of a much thicker high-level cloud layer 
extending poleward. Those of us bound to earth, however, may still use the 
term "noctilucent" without contradiction. 

Fogle and Haurwitz (1966) have given an excellent review of noctilucent 
clouds, to which we refer the reader for further details about their appearance 
as well as when, where, and for how long they may be observed. 

Probing the nature and origin of noctilucent clouds is made difficult by 
their inaccessibility: they are too high to be visited by balloons and too low to 
be visited by satellites. Rockets, therefore, are the only means for directly 
sampling these clouds, but rocket flights are expensive and their visits to the 
upper atmosphere are necessarily fleeting and restricted to small regions. 
Although direct sampling is, of course, highly desirable, the most practical 
method for investigating large regions of noctilucent clouds over relatively long 
time intervals is by analyzing the sunlight scattered by them or the starlight 
transmitted through them. Indeed, before the advent of rockets, analysis of 
light from noctilucent clouds was the only means of inferring their properties. 

Two characteristics of the light from noctilucent clouds may be observed 
with no more than one's eyes and a polarizing filter: its color and whether or 
not it is strongly polarized. This enabled Ludlum (1957) to estimate the size 
range of noctilucent cloud particles. Because of the observed strong polariza
tion he set 0.16 p.m as their upper size limit; on the basis of the observed 
color-white, silvery, sometimes bluish, but not sufficiently so as to indicate 
very small particles-he set 0.008 p.m as their lower size limit. From other than 
optical evidence he also concluded that the particles were not ice, but were 
more likely to be volcanic, meteoric, or interplanetary dust. 

Light from noctilucent clouds carries with it more than just information 
about how it was scattered by cloud particles, however. On its journey from the 
sun to the clouds, and thence to an observer, it must travel long atmospheric 
paths along which it suffers selective absorption and scattering by various 
gases and particles of uncertain kind and amount. This selective extinction 
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must be subtracted from the observed spectrum to obtain the true spectrum of 
scattered light. Deirmendjian and Vestine (1959) corrected the spectral data of 
Grishin (1956) for extinction by a model atmosphere and concluded that the 
data were consistent with scattering by spherical particles with refractive index 
1.33 and radius 0.4 p.m. 

14.3.1 Linear Polarization 

Inferences made on the basis of the spectrum of light from noctilucent clouds 
are always going to be plagued by uncertainties about the corrections to be 
applied to ground-based observations. But the degree of polarization of light 
scattered by noctilucent cloud particles is insensitive to selective atmospheric 
extinction provided that the incident and scattered beams encounter no 
oriented particles (other than the noctilucent cloud particles themselves, of 
course). This was pointed out by Witt (1960), who measured linear polarization 
at scattering angles between about 20 and 60°; the degree of polarization 
increased monotonically with scattering angle to maximum values of about 0.4 
for blue light (A = 4900 A) and 0.5 for red light (A = 6100 A). By using 
rockets the range of scattering angles has been extended. The high degree of 
linear polarization near 90° measured by Witt (1969), Tozer and Beeson 
(1974), and Witt et al. (1976) suggested to these authors that the upper limit of 
particle size is less than about 0.13 p.m. Hummel and Olivero (1976) analyzed 
the satellite radiance measurements of Donahue et al. (1972) and concurred 
with this upper size limit. 

The strongest evidence supporting small ( < 0.1 p.m) particles in noctilucent 
clouds is the high degree of measured linear polarization: it increases monoton
ically with scattering angle to almost unity near 90°. It is difficult to reconcile 
these observations with any conclusion other than that the particles are small. 

Noctilucent cloud particles are now generally believed to be ice, although 
more by default-no serious competitor is still in the running-than because 
of direct evidence. The degree of linear polarization of visible light scattered by 
Rayleigh ellipsoids of ice is nearly independent of shape. This follows from 
(5.52) and (5.54): if the refractive index is 1.305, then P(90°) is 1.0 for spheres, 
0.97 for prolate spheroids, and 0.94 for oblate spheroids. 

The applicability of Rayleigh-Gans theory to ice particles in the atmosphere 
is uncertain because I m - 11 is close to values for which this theory begins to 
give large errors, at least for spheres (Kerker, 1969, p. 428). But if the 
Rayleigh-Gans theory is valid for ice particles, which requires them to be not 
larger than about 0.1 p.m, they are necessarily highly polarizing: the degree of 
linear polarization at 90° is unity for all scatterers described by this theory 
regardless of their shape. 

Some insight into how departures from Rayleigh theory affect linear polari
zation can be obtained from calculations of Asano and Sa to ( 1980) for 
randomly oriented oblate spheroids with refractive index 1.33, which is near 
enough to that of ice. axial ratio ajc = 5, and size parameter 2'1Ta/A = 5; for a 
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wavelength of 0.5 p.m this corresponds to an equal-volume sphere with radius 
0.23 p.m. Polarization increases monotonically with increasing scattering angle 
to a maximum near 90° and then monotonically decreases. That is, polariza
tion is similar to that for Rayleigh spheres or spheroids except that the 
maximum polarization (0.89) is slightly less; it is also less than that measured 
in the light from noctilucent clouds, which provides additional evidence that 
the cloud particles are not larger than about 0.1 p.m. 

14.3.2 Circular Polarization 

Circular polarization has also been observed in light from noctilucent clouds. 
In a set of I 0 observations Gadsden (1975) measured positive values of VI I in 
the range 0.02-0.07. Subsequently, Gadsden (1977) measured both positive 
and negative Vjl; most of the values were clustered between 0 and -0.05 but 
a few were appreciably outside this range. The most recent measurements, 
however, indicate a much smaller degree of circular polarization, about 0.005 
(Gadsden et al., 1979), which may be atypical or it may reflect improved 
measurement techniques; from this vantage point it is difficult to say which. 

One possible explanation for the observed circular polarization is that 
noctilucent cloud particles are partially oriented, which requires that they be 
nonspherical. Indeed, Gadsden ( 1978) has criticized previous size estimates 
because they were made under the assumption that noctilucent cloud particles 
are spherical, whereas there is evidence suggesting they are not. We have 
shown repeatedly in previous chapters that nonspherical particles often absorb 
and scatter light quite differently from "equivalent" spheres. So there are 
certainly good reasons for carefully considering Gadsden's criticisms. Before 
doing so, however, it will be helpful to consider the conditions under which 
unpolarized light acquires a degree of circular polarization upon scattering. 

For incident unpolarized light to be (partially) circularly polarized upon 
scattering by a collection of particles, the scattering matrix element S41 must 
not be zero. It was shown in Section 13.6 that the scattering matrix for a 
collection (with mirror symmetry) of randomly oriented particles has the form 

sll Su 0 0 

Su Szz 0 0 

0 0 s33 s34 
( 14.4) 

0 0 -s34 s44 

If each particle is spherically symmetric, then S33 = S44 and S 11 = S22 . Such a 
collection of particles cannot circularly polarize unpolarized light or light 
polarized perpendicular (or parallel) to the scattering plane. But it can cir
cularly polarize obliquely polarized incident light ( U; =I= 0) provided that s43 

(- s34) is not zero. 
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According to the ground rules laid down at the beginning of this book, 
multiple scattering is excluded from consideration. But it is not always prudent 
to pretend that multiple scattering does not exist. Fortunately, it is almost 
trivial-the mathematical apparatus of radiative transfer theory is unneces
sary-to extend our treatment of scattering and circular polarization to 
multiple scattering media, and in this instance it is worth the small amount of 
effort required to do so. 

Consider a particulate medium described by (14.4); for ease of visualization 
it may be taken to be a single particle. Unpolarized light will, upon scattering, 
become partially polarized either parallel or perpendicular to the scattering 
plane depending on the sign of S12 • This scattered light is now incident on 
another particle, but it is polarized obliquely, in general, to the various 
scattering planes determined by the directions of single-scattered (i.e., incident) 
and twice-scattered light. So unpolarized light can acquire a degree of circular 
polarization upon multiple scattering by randomly oriented particles. 

Particles to which the Rayleigh-Gans theory is applicable, regardless of 
their shape, orientation, and composition, do not circularly polarize either 
unpolarized or linearly polarized light upon scattering, single or multiple, 
because S41 = S42 = S43 = 0. This is also true of nonabsorbing particles in the 
Rayleigh limit (Chapter 5), which follows from (3.16) and (5.47): the polariza
bility tensor is real. Ice is weakly absorbing at visible wavelengths (Grenfell 
and Perovich, 1981 ). Within the framework of both the Rayleigh and the 
Rayleigh-Gans theories, therefore, ice particles, regardless of their shape and 
orientation, cannot circularly polarize unpolarized or linearly polarized visible 
light. 

We are still left with the question of the origin of the observed circular 
polarization of light from noctilucent clouds. Circular polarization of un
polarized incident light is possible if the cloud particles are appreciably larger 
than allowed by Rayleigh theory-provided that they are aligned. But no 
plausible alignment mechanism has yet been proposed. Gadsden (1975) sug
gested aerodynamic alignment, but this mechanism does not stand close 
examination: aerodynamic forces are very weak in the thin atmosphere at 82 
km above the earth's surface. Moreover, whether or not elongated particles are 
aligned by falling in air is not independent of their size: alignment is counter
acted by the disorienting tendency of Brownian rotation. Fraser (1979) has 
shown that, at sea level, the critical size below which particles are randomly 
oriented is about 10 p.m. The critical size is not very sensitive to temperature 
and pressure, but it does increase slightly with altitude. Extrapolation from sea 
level to the mesopause where the mean free path of molecules is about 0.5 em 
is, in general, invalid. But in this instance the critical size increases even faster 
than predicted by extrapolating Fraser's results. Indeed, Reid ( 1975) has 
calculated the force on an arbitrarily shaped particle, small compared with the 
mean free path (molecular flow regime), from which it follows that the net 
couple acting on such a particle is zero. Until an alignment mechanism is 
discovered, therefore, we can only assume that noctilucent cloud particles are 
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randomly oriented and thus incapable of circularly polarizing unpolarized 
light. 

A possible explanation for the observed circular polarization is that the light 
illuminating noctilucent clouds is partially polarized because of multiple 
scattering in the long paths it travels through the atmosphere. The incident 
light is therefore composed of unscattered, unpolarized (direct) light and 
multiply scattered, partially polarized (indirect) light: 

incident 

Io 
0 

0 

0 

unscattered 
sunlight 
(direct) 

+ 

multiply scattered 
sunlight 

(indirect) 

If such light is incident on a medium described by the matrix (14.4), the degree 
of circular polarization of the scattered light is 

(14.5) 

Note that the direct light is scattered through a single angle to an observer, 
whereas the indirect light, which is incident from many directions, is scattered 
through many angles; so S34/Sll, Umsllms' and so on, should be interpreted as 
averages over the various directions of incidence. 

If ~/Is is to be nonzero, either S34/S11 and Umsllms' or S44/S11 and 
vmsllms' or both, must not be zero. s34 is zero for nonabsorbing particles in 
the Rayleigh limit and for arbitrary particles in the Rayleigh-Gans approxima
tion. Even for particles-spherical and nonspherical-of size comparable with 
the wavelength, however, s34 tends to be small, particularly in the forward 
direction (see Figs. 13.13 and 13.14). 

If we neglect the product (S34/Sli)(Ums/Jms), then the degree of circular 
polarization of the scattered light is approximately 

where we have also assumed that 10/lms is the dominant term in the denomina
tor of (14.5). 
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A necessary condition for the correctness of the multiple-scattering explana
tion of the observed circular polarization is that scattering by noctilucent cloud 
particles does not appreciably reduce the degree of circular polarization of the 
incident light. That this is so for randomly oriented Rayleigh ellipsoids is 
readily shown. M in (5.52) is nearly unity for ice ellipsoids, so to good 
approximation 

S44 == 2 cos 8 
Su I + cos28 ' 

which is not less than 0.5 except for a small range of scattering angles centered 
about 90°. 

It is required further that Vmsl Ims be not smaller than the observed values 
of ~/Is; indeed, it should be a good bit larger because of the dilution factor 
I msl I 0 . Gambling and Billard (1967) measured degrees of circular polarization 
as high as 0.67 in light from cloudless skies, although more typically they 
ranged between 0 and 0.17. These values may be taken to represent fairly the 
degree of circular polarization expected in the multiply scattered light il
luminating noctilucent clouds. 

Both Vms1Ims and Ims/I0 must be about 0.2 or higher if the highest values of 
circular polarization are the result of multiple scattering; if they both are about 
0.07, the multiple scattering explanation is consistent with the lowest observed 
values. To put it another way, Vmsl I0 must be not less than the observed 
degree of circular polarization; this is at least plausible- there are no strong 
reasons for rejecting it-but it has yet to be demonstrated unequivocally. 

14.3.3 Summary 

The high degree of linear polarization observed in light from noctilucent clouds 
strongly suggests that the particles cannot be much larger than about 0.1 p.m. 
And if they are composed of ice, they need not be spherical. Regardless of their 
shape and orientation, small ice particles do not circularly polarize unpolarized 
light. 

Aligned, hence nonspherical, particles have been suggested as the cause of 
the observed circular polarization in light from noctilucent clouds. But no 
plausible alignment mechanism has yet been proposed. Even if a mechanism 
were to be discovered, however, it is likely that the size required for alignment 
would not be consistent with the linear polarization data: particles are aligned 
by a couple-a force times a distance. Whatever the mechanism, therefore, 
alignment favors larger particles. 

There are several possible explanations for the circular polarization data: 
they are in error; the particles are small, aligned, and highly absorbing; the 
light illuminating the clouds has acquired a degree of circular polarization by 
multiple scattering. 

There is no reason for suspecting the data; we must take them at face value. 
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If the particles are highly absorbing, it may be difficult to reconcile this with 
both the observed color and linear polarization of the light from noctilucent 
clouds. 

The third explanation is the most likely one, although further measurements 
and calculations are necessary to establish this with reasonable certainty. In the 
context of the multiple scattering explanation a statement by Witt et al. (1976) 
is apposite: "Although multiple scattering effects within the mesosphere itself 
need not be considered, the additional source of light from the lower atmo
sphere must be fully taken into account to allow the proper interpretation of 
upper-atmospheric polarization measurements." 

14.4 RAINFALL MEASUREMENTS WITH RADAR 

The ever-increasing number of papers presented at the radar meteorology 
conferences sponsored by the American Meteorological Society attest to the 
rapidly growing use of radar in meteorology; indeed, the collection of preprints 
will soon be beyond the ability of one person to lift, let alone read. To cover 
the various applications of radar meteorology adequately therefore requires 
more space than we can devote here. A more complete survey of the field is 
given in the standard work on radar meteorology by Battan (1973). More 
recently, Browning (1978) reviewed several applications of radar to meteorol
ogy, from which we have chosen one for discussion: measurement of rainfall 
by radar. A review of this topic is given by Wilson and Brandes ( 1979). 

Let us assume for the moment that all raindrops have the same diameter D. 
The rainfall rate R, the rate at which the depth of water in a rain gauge of 
constant cross section increases with time, is the product of the total volume of 
water in a unit volume of air and the terminal velocity Yr(D) of a raindrop: 

where N is the number of raindrops per unit volume of air. It is sometimes 
overlooked that Yr is the velocity relative to the ground, whereas various 
theoretical and empirical expressions are for terminal velocities relative to the 
air through which the droplet falls (Battan, 1976). If the raindrops were to fall 
in an updraft with velocity Yr, for example, the rainfall rate would be zero. 

In principle the rainfall rate is determined by two quantities, the amount of 
water in the air and the rate at which it is falling to the ground. But these two 
quantities are correlated to some extent: Yr increases with increasing D as does, 
for a given N, the amount of water. Yet this correlation has not been 
established precisely. So it is perhaps best to assume that determining rainfall 
rates requires two independent measurements. 

Raindrops, which have diameters in the range 1-5 mm, are small compared 
with the wavelengths of weather radars, usually 3, 5, or 10 em. We showed in 
Section 5.1 that the backscattering cross section of a sphere is proportional to 
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the sixth power of its radius in the Rayleigh approximation. So it is customary 
to define the radar reflectivity factor 

which determines the amount of power scattered by raindrops in a unit volume 
at a given distance back to a receiving antenna. 

When a raindrop ceases to accelerate, its weight is balanced by the drag 
force (buoyancy is negligible): 

where Pa and Pw are the densities of air and water, g is the acceleration of 
gravity, and Cd is the drag coefficient. The drag coefficient of a raindrop is 
nearly independent of its diameter (Gunn and Kinzer, 1949), in which instance 
its terminal velocity is approximately proportional to the square root of its 
diameter. 

If all these results are combined we obtain the following Z-R relation: 

where K is a constant. Thus, there is a unique relation between the radar 
reflectivity factor and the rainfall rate provided that N is constant, or nearly 
so, from storm to storm, and all droplets are the same size. A Z-R relation 
puts the cart before the horse, however, for it is the rainfall rate that is to be 
determined by measuring the reflectivity factor, not the converse. Nevertheless, 
this is the convention, hallowed more by tradition than by ratiocination. 

Up to this point we have assumed for simplicity that all raindrops are the 
same size. A more realistic assumption is that raindrop diameters are distrib
uted according to a continuous function N(D), in which instance the radar 
reflectivity factor and the rainfall rate are 

R = ~ jN(D)~(D)D3 dD. 

It has become the custom to express Z-R relations in the form 

where a and b are constants. They may be constant as far as individual 
investigators are concerned but among them there is no consensus: reported 
pairs of values of a and b differ in varying degree. Twomey (1953) lists eight 
different Z-R relations and adds one of his own to the pile; Battan (1973, pp. 
90-92) lists nearly 70 different Z-R relations. Each year sees a new crop-and 
the end is not yet in sight. 
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With Z-R relations having been steadily churned out for nearly 40 years, it 
is only natural to ask: How good are they for determining rainfall rates? 
Twomey (1953) concluded that "radar methods can give only an approximate 
measure of precipitation rate; the value deduced from the radar echo may be in 
error by a factor of 2: I either way, and this randomly distributed error is 
independent of instrumentation or procedure adopted." With these words in 
mind it is indeed sobering to contemplate the latest word on Z-R relations in 
the review article by Wilson and Brandes (1979): "With reasonable efforts, 
radar measurements ... should be within a factor of two of the true rainfall 
about 75% of the time." In other words, not much progress has been made in 
over a quarter of a century. One cannot help feeling that this results from a 
failure to come to grips with a fundamental constraint imposed by nature: it 
really requires two independent measurements to determine rainfall with radar 
and no amount of statistical manipulation will ever change this. 

We have assumed in previous paragraphs that raindrops are spherical, 
although this is not generally their shape. Nor are they shaped like teardrops 
despite the nearly universal habit of artists to so depict them. Their actual 
shape may be quite complicated; moreover, they oscillate, so the notion of a 
single shape for a raindrop is somewhat of an idealization. Sufficiently large 
raindrops are approximately spheroidal (oblate): they are flattened in the 
direction of fall. The forces shaping raindrops have been discussed by 
McDonald (1954). More recent treatments of raindrop shape are those by 
Pruppacher and Pitter (1971) and Green (1975). In the former there is a curve 
(Fig. 3) showing that the amount of deformation of a drop increases with its 
size. But so does its terminal velocity, which in turn implies that the deforma
tion depends on the droplet velocity. 

Radar backscattering by spheres is independent of the polarization state of 
the beam. But backscattering by spheroids (excluding illumination along their 
symmetry axes) is not. This is the physical basis for a method proposed by 
Seliga and Bringi (1976) for improving rainfall measurements by measuring 
two radar reflectivities, denoted by Zn (horizontal polarization) and Zv 
(vertical polarization), for orthogonally polarized beams. Ratios of the amount 
of radiation (singly) scattered for various polarization states of the incident 
beam are independent of the number of particles. As a consequence, the 
differential reflectivity ZDR• defined by 

depends only on a mean size of the drops; Z 0 R is zero, of course, if they are 
spheres. With this mean size and either Zn or Zv, the number of particles can 
be determined. So the two quantities necessary to determine rainfall rates, 
number and size, can be obtained in principle from the two reflectivity 
measurements. 
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The first tests of this proposed method have been encouraging. On the basis 
of comparisons between rainfall rates measured with the differential reflectiv
ity technique and with a network of rain gauges, Seliga et al. (1981) concluded 
that "these first measurements of rainfall using the Z0 R technique support the 
theoretical expectations ... that rainfall rate measurements with radar can be 
made with good accuracy." So it may yet be possible to accurately measure 
rainfall with radar-provided that measurements are made with two orthogo
nally polarized beams. This exemplifies one of the principal themes of this 
book: scattered polarized radiation contains information that may be put to 
good use. 

14.5 INTERSTELLAR DUST 

Interstellar dust, the small particles sparsely populating the regions between 
stars, has probably been studied as much as or more than any system of 
particles on earth, either laboratory produced or naturally occurring. Serious 
scientific study of interstellar dust has been going on since the early part of this 
century, and according to one of the latest review articles (Savage and Mathis, 
1979), about 300 research papers that are in some way related to interstellar 
dust are being published yearly. Other review articles that survey this field and 
provide guides to its extensive literature are those of Wickramasinghe and 
Nandy (1972), Aannestad and Purcell (1973), and Huffman (1977); the mono
graph by Martin ( 1978) also covers the field well. 

Advances in several areas of physics have followed from astronomical 
observations. Examples may be found in atomic spectroscopy, high-energy 
particle physics, and relativity. Even for optical studies of small particles the 
"cosmic laboratory" may have some advantages over laboratories bound to 
earth. We noted in Section 12.2 how difficult it is to produce submicrometer 
particles and to prevent them from aggregating; and it may also be necessary 
to maintain them in a high-vacuum environment while their absorption and 
scattering properties are being determined. But these requirements are admira
bly met by interstellar dust, which astronomers have studied carefully at 
wavelengths from far infrared to far ultraviolet and even x-rays. 

The consequences of interstellar dust may be seen with the unaided eye. 
Under good seeing conditions dark patches can be observed in the Milky Way. 
These dark areas, we now know, do not result from the irregular distribution of 
stars in our galaxy but rather from the very effective obscuration of starlight 
by irregular clouds of small particles, the interstellar dust. 

Several different types of this dust are distinguished by astronomers. On 
average, interstellar dust resides in widely separated diffuse clouds. But there 
are also dense regions of gas and dust into which little ultraviolet radiation can 
penetrate, thereby providing an environment for the formation of complex 
molecules; these are referred to as molecular clouds. Clouds of particles 
expelled by cooler stars into the regions around them are caJJed circumstellar 
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shells. Other dusty interstellar regions are found around novae, planetary 
nebulae, and in diffuse nebulae. 

If all the matter in our galaxy, which is about evenly divided between the 
stars and the regions between them, were uniformly distributed, its average 
density would be about 6 X 10- 24 gjcm3

. The solid component of the inter
stellar medium composes about 5% of its mass. But despite its low average 
density-about 1.5 X 10- 26 gjcm3-interstellar dust has an important effect 
on the distribution of electromagnetic radiation in our galaxy. 

14.5.1 Extinction 

The effectiveness of interstellar dust at extinguishing starlight is illustrated by 
the following example. If a kiloparsec (3.3 X 103 light years) column of dust 
were compressed into a homogeneous solid with a density of 2 gjcm3

, its 
thickness would be about 0.2 p.m. Yet this small amount of dust transmits only 
about 6% of the visible light incident on it. 

A great amount of effort has been expended on measuring the spectral 
dependence of interstellar extinction. Unlike laboratory samples, interstellar 
dust cannot be placed in and then taken out of a light beam, so astronomers 
must rely on finding two separate but similar light sources. These are two stars 
of similar spectral type, as judged by their emission spectra, but selected so 
that one has a large amount and the other a small amount of dust between it 
and the observer. Comparison of the light from the reddened star (/)-so 
named because its light is selectively depleted of longer wavelengths by 
extinction-with that from the unreddened star (/0 ) enables the optical 
density log 10 (I 0/ I) to be determined. 

The average interstellar extinction spectrum, which may not be representa
tive of localized galactic regions, for a path length of 1 kiloparsec is shown in 
Fig. 14.4. 

Extinction of visible light increases almost linearly with increasing photon 
energy (decreasing wavelength); interstellar dust, like the molecular and par
ticulate constituents of our atmosphere, reddens starlight by extinction. Al
though this does not shed much light on the composition of the dust, it does 
imply that most of the particles responsible for interstellar extinction are small 
compared with visible wavelengths. Other features of the extinction spectrum 
are a prominent broad peak at about 5.7 eV (2170 A)-referred to as the 
2200-A band-beyond which extinction continues to rise, and a less conspicu
ous knee in the curve near 2.8 eV (4500 A). 

Most explanations of the interstellar extinction curve, which are based on 
calculations for spherical particles (e.g., Mathis et al., 1977), require several 
different dust components: a special substance to give the 2200-A band; very 
small particles for the far-ultraviolet upturn; and a larger size component to 
redden visible light. That very small spheres are needed for rising ultraviolet 
extinction is evident from Figs. 4.6 and 11.2. Particles of the proper size to 
match interstellar reddening in the visible would generally give rather neutral 
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Figure 14.4 The average interstellar extinction spectrum. Data points are from Savage and 
Mathis (1979). 

extinction at much shorter wavelengths: hence the apparent need for very 
small particles so that extinction continues to rise at these wavelengths. But 
there are laboratory measurements for graphite particles which suggest that the 
small-particle component may not be necessary (Day and Huffman, 1973). 

Superimposed on the smoothly varying interstellar extinction curve is a 
series of some 39 or more narrow extinction bands ranging in width from a few 
angstroms to about 30 A (Herbig, 1975; Snow et al., 1977). Although much is 
known about these bands-their positions, shapes, and relative strengths-not 
one of them has been satisfactorily explained. Because of their large widths 
compared with atomic and molecular absorption bands, astronomers call them 
the diffuse bands, although they are quite narrow compared with absorption 
bands in solids. The strongest band, near 4430 A, was discovered between 1910 
and 1920 and determined in the 1930s to be of interstellar origin. Since then 
the list of bands has continued to grow, with the spectroscopic information 
becoming ever better, yet with little definite progress in explaining their 
origins. At present the diffuse band mystery must surely be the most outstand
ing unsolved spectroscopic problem in astronomy, ranking with the longest
standing such problems of the last two centuries. The solution to this mystery 
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is likely to elucidate greatly the nature of the interstellar medium and may lead 
to a major new investigative probe for astronomers. 

Of more recent discovery are wide and shallow extinction bands with 
characteristic widths of about 500-1000 A and extending from about 3400 to 
11,000 A (for a brief survey, see Huffman, 1977). This very broad structure 
(VBS) is too broad and weak to be seen in Fig. 14.4. Lack of correlation 
between the diffuse bands and the VBS suggests a different origin for the two. 

14.5.2 The 2200-A Band 
) ')tJ h ~ 

Clearly, the dominant feature in the ultraviolet is the prominent peak near 
2200 A. This strong and generally occurring feature has increased the number 
of specific suggestions for the composition of interstellar dust beyond that 
possible if only reddening of visible light were known. The most widely held 
interpretation of this feature is that it is the result of extinction by small 
graphite particles, which, as pointed out by Gilra (1972ab), have a surface 
plasmon oscillation in the ultraviolet. Both Mie calculations using measured 
bulk optical constants of graphite and laboratory measurements (Day and 
Huffman, 1973; Stephens, 1980) have demonstrated the surface plasmon peak 
in small graphite particles, although neither agrees completely with the exact 
shape and position of the interstellar feature. In common with other such 
collective oscillations, discussed extensively in Chapter 12, the graphite feature 
might be expected to be quite sensitive to particle shape. But extinction by 
small graphite particles is not nearly as dependent on shape as that by small 
metallic (free electron) particles. We showed in Section 12.4 that the surface 
plasmon peak for aluminum particles can lie anywhere below the plasma 
frequency, which is in the ultraviolet, because this is the spectral region over 
which f.' for aluminum is negative. But for graphite there is only a relatively 
narrow range (4-7 eV) over which one of the principal components of its 
dielectric tensor is negative. Particle shape can thus be important but only 
within a restricted spectral region. Departures from sphericity may shift and 
broaden the sphere feature somewhat but they do not completely obliterate it. 
In this sense the extinction feature in small graphite particles, although the 
result of a collective electronic oscillation (surface plasmon), more nearly 
resembles collective lattice oscillations (surface phonons) in insulating particles 
such as quartz, silicon carbide, and MgO, for which the negative f.' region is 
relatively narrow (see Chapter 12). 

There are several possible reasons why neither calculations nor measure
ments of graphite extinction agree in detail with the observed interstellar band. 
Calculations require accurate values of both sets of optical constants for 
graphite, which is highly anisotropic. But there are very large discrepancies 
among different measured optical constants for the experimentally difficult 
case when the electric field is parallel to the optic axis. Moreover, the optical 
constants of graphite depend on its degree of crystallinity. These factors have 
been discussed in the review by Huffman ( 1977). Even with accurate optical 
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constants, however, the scheme for calculating extinction by anisotropic spheri
cal particles (see Section 8.2) is of uncertain validity outside the Rayleigh limit. 
Finally, because graphite is anisotropic, particles of it are likely to be non
spherical, and nonsphericity is difficult to treat outside the Rayleigh limit. For 
these reasons failure to match the observed 2200-A band with either calcula
tions or measurements is perhaps not too surprising. Other explanations, of 
course, have been proffered; these are discussed in the articles cited in the first 
paragraph of this section. 

14.5.3 Infrared Absorption Bands 

Interstellar extinction features become increasingly difficult to observe as the 
wavelength is extended farther into the infrared because the cross section 
decreases, necessitating extremely long path lengths through the dust, while 
emission from heated dust around stars opposes absorption, filling in absorp
tion bands and complicating interpretation. One of the best places to look for 
infrared absorption bands-absorption is nearly synonymous with extinction 
at infrared wavelengths if the particles are sufficiently small, say < 0.1 p.m-is 
toward the center of the galaxy: the large concentration of stars near the 
galactic center and the long path lengths are favorable to detecting weaker 
absorption bands. The intensity spectrum in the direction of the galactic center 
shows a prominent absorption band at 9.7 p.m (see Fig. 3 in Woolf, 1975, 
which is reproduced as Fig. 12 in Huffman, 1977). This band, although 
generally difficult to observe in interstellar extinction, has been observed as an 
excess emission hump in a variety of astronomical sources, including cir
cumstellar shells, diffuse nebulae, and comet tails. 

Soon after its discovery the broad and featureless 9.7-p.m band was associ
ated with Si -0 vibrational stretching modes in silicates such as the mineral 
olivine (Mg, FehSi04 . But when the optical constants of olivine were mea
sured and extinction calculations performed it was evident that, in contrast 
with the observed structureless band, sharp structure would persist even for a 
distribution of particle sizes and shapes: there are several regions where £' is 
negative, but sufficiently isolated from one another that shape does not cause 
the corresponding bands to overlap appreciably. Suggestions that disordering 
the crystal lattice would broaden such bands were confirmed by measurements 
of optical constants of highly disordered silicates together with small-particle 
extinction calculations and measurements (Day, 1976; Kratschmer and Huff
man, 1979). This work shows that highly disordered silicates fit the featureless 
9.7-p.m interstellar band quite well. Absorption bands in disordered silicates 
are sufficiently weak compared with those in ionic solids that shape effects, 
such as those dominating the spectra discussed in Section 12.3, are not very 
important. 

Although the 9.7-p.m band is difficult to observe in typical interstellar 
regions, it has been found in the spectra of astronomical objects embedded in 
dense molecular clouds. Also commonly found in such clouds is an absorption 
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band at 3.07 p.m, usually attributed to ice, both water and ammonia. In water 
ice the band corresponds to the 0-H stretching mode (see Section 10.3). 
Water was once thought to be a major component of the interstellar dust, but 
failure to detect a strong 3.1-~-tm ice band has somewhat weakened this view. 
The ratio of strengths of the 3.07- and 9.7-p.m bands in molecular clouds varies 
widely, strongly suggesting that different substances are responsible for the two 
features. It may be that silicate grains become coated with a mantle of ice in 
the more protected regions of molecular clouds. To calculate extinction by 
such coated particles-assuming they are spherical-requires the theory of 
Section 8.1 and Appendix B; examples of such calculations are given by 
Aannestad ( 1975). 

14.5.4 Emission Spectra of Circumstellar Shells 

Stars further along in their life cycle are often cooler and redder than younger 
stars. Shells of dust that has been condensed from material ejected from these 
cool stars often surround them. Such circumstellar dust shells, heated by the 
stars, emit strongly in the infrared with a spectrum characteristic of absorption 
bands in the dust: the emissivity of a small particle is equal to its absorption 
efficiency (see Section 4. 7). An excellent review of circumstellar dust has been 
given by Ney (1977). 

Critical to the composition of the condensate is the carbon-to-oxygen ratio 
in the star. If carbon dominates (C/0 > 1), the oxygen is tied up in gaseous 
carbon compounds, leaving excess carbon to combine with other elements to 
form solids. Probable condensation products of such carbon stars are SiC and 
solid carbon, perhaps in the form of graphite, amorphous carbon, or some 
intermediate structure. If the star is oxygen rich (C/0 < 1), condensation is 
dominated by excess oxygen left over when the carbon is depleted, leading to 
probable solids such as oxides, including the silicates. 

Two emission spectra of circumstellar shells are shown in Fig. 14.5, for an 
oxygen star in the bottom part of the figure and for a carbon star in the top. 

Rising above the background emission, assumed to be that of a blackbody 
at 3000°K, is a broad 9.7-p.m feature for the oxygen star. Between about 15 
and 20 JLffi a much weaker excess emission feature is also evident. A measured 
absorption spectrum of amorphous olivine smoke particles (Kratschmer and 
Huffman, 1979) is shown for comparison. 

Dust around the carbon star shows an excess emission feature between 
about 10.2 and 11.6 p.m, clearly distinguishable in both shape and position 
from the 9.7-p.m feature of the oxygen star, which has been attributed to small 
SiC particles. These particles cannot be spherical, however. According to the 
discussion in Section 12.2, shape effects spread an absorption band in small 
particles of materials like SiC between the transverse (w1 ) and longitudinal (w1) 

optical mode frequencies; these frequencies for SiC are indicated on the figure. 
This point was made by Treffers and Cohen (1974) using Gilra's unpublished 
calculations. To illustrate this further, calculations for a random distribution of 
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Figure 14.5 Emission spectra of dust shells around a carbon star (top) and around an oxygen star 
(bottom). From Treffers and Cohen (1974). 

Rayleigh ellipsoids, arbitrarily normalized, are reproduced from Fig. 12.15. 
Spherical SiC particles match the circumstellar feature very poorly, but a wide 
distribution of shapes matches it quite well. This indicates that even shape 
information may sometimes be extracted from emission spectra of inaccessible 
particles. 

14.5.5 Linear Polarization 

Interstellar dust partially polarizes, as well as attenuates, the light it transmits, 
which places further constraints on particle size and composition. It is almost 
certain that this polarization is caused by asymmetric particles aligned in the 
galactic magnetic field, although the exact alignment mechanism is still un
certain (Aannestad and Purcell, 1973). The degree of linear polarization is as 
much as I 0% and peaks between 0.4 and 0.8 p.m. Although both the maximum 
polarization P max and the corresponding wavelength A. max vary from star to 
star, the normalized polarization P / P max falls on a single curve (Fig. 14.6) 
when plotted against normalized wavelength A.max/A. (Coyne et al., 1974). 
According to Martin (1974) this scaling relation implies that the optical 
constants of the particles at and near visible wavelengths do not vary apprecia-

1300 
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Figure 14.6 Observed linear polarization of light from several stars; A max is the wavelength at 
which the maximum polarization P max occurs. From Coyne et al. ( 1974). 

bly. This is evidence against graphite and in favor of insulating solids such as 
silicates, ices, SiC, etc. There does not appear to be a polarization feature 
associated with the 2200-A extinction band generally attributed to graphite 
(Gehrels, 1974b); this indicates that the particles responsible for this band are 
not aligned. 

Unpolarized incident light is partially polarized upon extinction by particles 
if the cross section depends on polari7ation; the degree of linear polarization is 
proportional to the difference in the cross sections for light polarized in two 
orthogonal directions. Aligned cylinders (Fig. 8. 7) and aligned spheroids (Fig. 
11.16) are examples of such particles. Note in Fig. 11.16 that the difference 
between the two cross sections for the oblate spheroid (~ = 30°) is greatest on 
the steeply rising part of the extinction curve. For a given particle size the 
degree of polarization is least for the smaller size parameters (longer wave
lengths), increases with decreasing wavelength to a maximum, then decreases, 
and eventually reverses sign. If the particle size is increased, the polarization 
maximum shifts to a longer wavelength; if it is decreased, the maximum shifts 
to a shorter wavelength. Although the wavelength of maximum polarization 
depends on size, the degree of polarization depends on only the ratio of size to 
wavelength-provided that the optical constants vary weakly over the wave
length range of interest. This helps to explain Fig. 14.6. 

14.5.6 Circular Polarization 

Small degrees of circular polarization ( V 1 /) in starlight, usually less than 1%, 
have been observed in recent years; the polarization modulation technique for 
observing such polarization was discussed in Section 13.7. There are at least 
two mechanisms for circularly polarizing starlight. 
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An interstellar dust cloud containing aligned particles may be looked upon 
as a linearly birefringent (and possibly linearly dichroic) medium (van de 
Hulst, 1957, p. 58): the cloud acts like a retarder. We showed at the end of 
Section 2.11 that linearly polarized light becomes circularly polarized upon 
transmission by a retarder. The first clear evidence for this kind of polarization 
mechanism was reported by Martin (1972), where light from the Crab Nebula 
was the source of linearly polarized incident light. 

Interstellar grains may also circularly polarize unpolarized light. Such light 
is partially linearly polarized upon traversing a cloud of aligned grains. If this 
linearly polarized light is then incident on another cloud of aligned grains, 
where the alignment axis of the second set of grains is rotated relative to that 
of the first, the transmitted light will be partially circularly polarized. This is 
the simplest example of grain alignment changing along the line of sight, a 
mechanism for circular polarization discussed in detail by Martin (1974). A 
certain amount of this type of changing alignment is expected to be fairly 
common and provides the accepted explanation for the small degrees of 
circular polarization observed in light from a number of stars. 

14.5. 7 Scattering by Interstellar Dust 

Light scattered by interstellar dust carries with it information about the grains. 
Such scattered light has been observed as diffuse galactic light (DOL), the faint 
but general glow of scattered starlight, and as reflection nebulae, the scattered 
light from particularly dense clouds of dust near bright stars or groups of stars. 
Diffuse galactic light is very weak compared with other sources of sky 
brightness, such as direct starlight, the zodiacal light from interplanetary dust 
in our solar system, and atmospheric airglow. But in spite of this, measure
ments of DOL together with extinction give the best values of the ratio of 
scattering to extinction-the single-scattering albedo-by interstellar grains. 
Reflection nebulae, like the one around the star Merope in the Pleiades and the 
large bright area in the constellation Orion, are much brighter than diffuse 
galactic light. Unfortunately, the configuration of source and dust is often 
poorly known. Even with the source of illumination in front of the dust 
cloud-perhaps the best configuration from the point of view of interpreting 
observations-it has been difficult to fit both angular intensity and polariza
tion measurements with Mie calculations. Zellner (1973) concluded from this 
that Mie theory may be inapplicable to particles in reflection nebulae. In this 
connection refer to the discussion of scattering by nonspherical particles in 
Section 13.4, particularly Figs. 13.8 and 13.9. Recall that polarization by 
nonspherical particles can be opposite in sign to that by equivalent spheres of 
the same material (Fig. 13. 9). And disagreement between the measured angular 
distribution of scattered light and that calculated by Mie theory (Fig. 13.8) is 
greatest in the backward directions; but these are the directions of light from 
reflection nebulae with the simplest configuration. 
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Extracting information about interstellar dust from analysis of scattered 
light, as opposed to transmitted light, is fraught with many difficulties. 

14.5.8 Far-Infrared Emission 

It is not difficult to show that the emissivity of small spherical particles, 
composed of both insulating and metallic crystalline solids, is expected to vary 
as l/A.2 in the far infrared. For example, if the low-frequency limit of the 
dielectric function for a single Lorentz oscillator (9.16) is combined with (5.11), 
the resulting emissivity is 

48'17' 2ac yw; 1 
e = Q abs ~ ( )2 -4 \.2 

E:o + 2 Wo 1\ 

where a is the sphere radius, cis the speed of light in vacuo, and t: 0 = t:'(O). In 
this instance, therefore, the emissivity varies as l/A.2 at frequencies well below 
the resonant frequency w0 . Similarly, for a small metallic sphere with the 
Drude dielectric function (9.27), we have 

(w << y). 

Again, the emissivity varies as l/A.2 in the far infrared. But various observa
tions of emission from interstellar dust suggest that the wavelength dependence 
of emissivity is closer to 1/A. than to ljA.2 (Seki and Yamamoto, 1980). This 
may be a consequence of the failure of the conditions underlying the l/A.2 

dependence-the particles are crystalline and spherical-to be satisfied. 
For the insulating solid it was assumed that far infrared frequencies were 

well below any absorption band. But the allowed optical transitions in an 
amorphous, insulating solid are not necessarily confined to bands; that is, 
there may be continuum absorption extending into the low-frequency region. 
The characteristics of amorphous grains as far-infrared emitters have been 
discussed by Seki and Yamamoto (1980), who also pointed out the l/A.2 

dependence discussed in the preceding paragraph. Measurements of far
infrared absorption by small particles of amorphous silicates (Day, 1979) and 
amorphous graphite (Koike et al., 1980) have in fact shown that the absorption 
efficiency varies approximately as 1 /A.. 

Particle shape can strongly affect the far-infrared emission spectrum of 
metallic particles, for which the region of negative t:' is large; graphite also falls 
into this category. This is evident from measured absorption by small aluminum 
particles (Fig. 12.20), which we have interpreted using a distribution of 
ellipsoidal shapes. Note that the wavelength dependence of absorption by 
spheres is vastly different from that by a collection of particles distributed in 
shape. 
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From these considerations we conclude that the failure of the emission 
spectrum of interstellar dust to vary as 1 /A? in the far infrared, which is 
predicted for small crystalline spheres, may be the result of either noncrystal
linity or nonsphericity (or both). Therefore, the infrared emission spectrum 
may not prove to be as uniquely diagnostic of interstellar grain characteristics 
as it once was thought to be. 

14.5.9 Summary of Observations and Their Interpretations 

We summarize in Table 14.2 the observed characteristics of interstellar dust 
together with their most common interpretations. What is meant by a "com
mon interpretation" is to some extent a matter of opinion, and this table 
naturally reflects ours. Other interpretations have been published in the many 
papers on interstellar dust; these can be found in the review articles cited at the 
beginning of this section. 

Table 14.2 Summary of Interstellar Dust Observations 

Observation 

Reddening of visible light 

Prominent extinction peak 
at 2170 A (5.7 eV) 

Continued rise in extinction 
to at least 12 eV 

Extinction knee near 3 e V 

Many narrow bands (diffuse 
bands) in the visible 

Absorption and emission bands 
at 9.7 and 18 !J.m 

Emission band near 11 1£ m 
associated with carbon stars 

Linear polarization peaking in 
the visible 

Circular polarization 

Absorption band at 3.07 !J.m 

Far infrared emission 
decreasing as - I /'A 

Interpretation 

Particles smaller than A 

Surface plasmon in 
graphite 

Extinction by the small 
size component 

Scattering by the large 
size component 

Unidentified 

Vibrational modes in 
disordered silicate grains 

Shape broadened vibrational 
modes in SiC 

Asymmetric particles aligned 
in galactic magnetic fields 

Changing grain alignment; 
aligned grains acting like 
retarder 

H 20 and NH 3 ice coatings on 
particles in protected regions 

Amorphous silicates or carbon; 
possible shape effects 
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14.6 PRESSURE DEPENDENCE OF INTRINSIC OPTICAL 
SPECTRA USING SMALL PARTICLES 

Lattice parameters of crystalline solids can be varied over appreciable ranges 
by subjecting them to very high pressures. The development of diamond-anvil 
pressure cells (see, e.g., Block and Piermarini, 1976) and a simple technique for 
monitoring pressure using the fluorescence spectrum of a tiny chip of ruby 
inside a cell (Forman et al., 1972) has made it possible to study the effects of 
pressures up to more than 400 kbar on the optical properties of solids (and 
liquids). But the class of optical effects involving electronic excitations has 
been difficult to study in pressure cells. Absorption is so strong that very thin 
films must be used for transmission studies; but the structure of such films is 
often different from that of bulk crystalline solids because of the way films are 
grown on substrates. And specular reflection techniques are impractical for 
samples under pressure because of small apertures, many reflecting surfaces, 
and relatively long optical paths in pressure cells. It is possible, however, to 
exploit the advantages of small particles-it is easier to make small crystals 
than large crystals-as samples and study optical effects by measuring the 
dependence of spectral transmission on pressure. 

An example of a spectral feature of possible interest is the exciton peak in 
MgO near 7.6 eV (see Figs. 9.5 and 10.1). This peak has been studied primarily 
by reflection from cleaved crystals of MgO. But careful inspection of Fig. 11.2 
reveals that the exciton peak is also expected to appear clearly in extinction by 
MgO particles provided that they are sufficiently small. 
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Figure 14.7 Optical density spectrum of ZnO particles for several pressures. From Huffman ct 
al. (19H2). 
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This idea of using small particles to obtain information about solids under 
pressure has been explored by Huffman et al. ( 1982), who studied the band 
gap exciton in ZnO at pressures up to 107 kbar. A smoke consisting of small 
crystalline particles (- 0.1 ~-tm) of ZnO was formed by arc-vaporizing metallic 
zinc in air and collecting the particles on the inner surface of one of the 
diamonds that form both the windows and the anvils of the pressure cell. 
Spectral transmission measurements taken by simply placing the sample-laden 
cell in a double-beam spectrophotometer clearly revealed the intrinsic band 
gap exciton (near 3730 A at ambient pressure), the characteristics of which 
were then followed as pressure was increased to 107 kbar. A progressive shift 
of the band to about 3490 A was observed (Fig. 14.7), and the exciton energy 
(position of the absorption edge) increased linearly with pressure. The primary 
aim of this experiment was not, however, to study the ZnO exciton but rather 
to demonstrate a new technique for studying optical effects in solids under 
pressure by using small particles. 

14.7 GIAEVER IMMUNOLOGICAL SLIDE 

A simple visual technique for investigating immunological reactions has been 
devised by Giaever ( 1973). A discontinuous film composed of small metallic 
particles, or islands, is evaporated onto a glass slide, and a monolayer of 
antigen adsorbed onto this surface; indium was first used, later an indium-gold 
alloy (Giaever and Laffin, 1974). The occurrence of an antigen-antibody 
reaction is indicated by darkening of the slide. The mechanism for the 
observed darkening was not discussed in detail; it was merely mentioned in 
passing that it was the result of increased scattering. But small metallic 
particles absorb light more strongly than they scatter it, and it seems clear that 
what is observed may be attributed to a shift of the surface mode frequency 
because of the coating on the metallic particles. The Giaever immunological 
slide is therefore a biomedical application of surface modes in small metallic 
particles, which were discussed at length in Chapter 12. 

Treu (197 6) measured transmission spectra (optical density) for indium 
films of the type used for immunological slides. His calculations based on Mie 
theory led him to the conclusion that this theory was not compatible with 
observations. In particular, calculations for spheres of diameter 1390 A showed 
a feature that was not observed in experiments. Although calculations for 
spheres half this size did not show this feature, the wavelength of maximum 
optical density was much shorter than that observed. 

It is not surprising, however, that Mie theory is inadequate in this instance: 
the indium particles are not spheres, they are more nearly oblate spheroids 
with (average) major and minor diameters of about 1390 and 368 A. 

Although the indium particles are not small compared with the wavelength 
in all directions, they are sufficiently small (368 A) along the direction of 
propagation of the incident light that Rayleigh theory is a good approximation. 
The unobserved feature calculated for 1390-A spheres is therefore easy to 
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explain: such spheres are, at visible and ultraviolet frequencies, sufficiently 
large that higher-order modes are excited; this was shown in Fig. 12.1 by a set 
of calculations for progressively larger SiC particles. The disparity between the 
measured frequency of peak extinction and that calculated for 700-A spheres is 
also readily explicable: this frequency is strongly dependent on shape and can 
extend all the way from the plasma frequency wP (typically in the ultraviolet) 
down to radio frequencies. 

Interpretation of the observed transmission spectra of immunological slides 
is complicated by the close separation of the indium particles; Treu (1976), for 
example, reports areal coverages of 68%. Also, the particles, even if they are 
uncoated, are not embedded in a single homogeneous medium: there is air on 
one side of them and glass on the other. And while the particles are most 
definitely not spheres, they are not identical oblate spheroids: there is a 
distribution of shapes. But we have taken the view throughout this book that 
understanding small-particle effects begins with isolated, uncoated spheres. 
Each of these restrictions can then be successively removed to assess their 
relative importance in determining spectral features. 

Indium is nearly a free-electron metal with a plasma frequency of about 
11.5 eV, which corresponds to a wavelength AP of 1080 A (Koyama et al., 
1973). It follows from (12.28) that the wavelength As of maximum absorption 
by a small metallic oblate spheroid illuminated by light incident along its 
symmetry axis is approximately 

(14.6) 

where £m is the dielectric function of the surrounding medium; the geometrical 
factor L 1 takes on all values between 0 (disk) and t (sphere). The particles are 
on a glass slide, so let us take £ m to be 1.625, the average of that of glass (2.25) 
and air. For a sphere, therefore, As = Ap (the wavelength corresponding to the 
Frohlich frequency) is about 2230 A, which is close to the value 2500 A 
calculated for a 700 A sphere by Treu ( 1976). 

As the sphere is flattened into a disk the position of maximum absorption 
shifts to longer wavelengths. For example, if cja = 368/1390, it follows from 
Fig. 5.6 that L 1 is about 0.19 and from (14.6) that As is 3040 A. This is an 
appreciable shift-over 800 A-but still short of the measured value 4100 A. 
Our analysis, however, implicitly assumed isolated spheroids, a condition that 
was not satisfied in the experiments. 

We can estimate the magnitude of the shift attributable to interaction 
between particles by appealing to the Maxwell Garnett theory (Section 8.5). 
This theory is strictly applicable only to a medium consisting of small particles 
distributed throughout a volume, whereas the slides consist of a single layer of 
particles on a surface. Nevertheless, for our limited purposes here the Maxwell 
Garnett theory is adequate. 
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It follows from (8.47) that the average dielectric function of a suspension of 
identical oblate spheroids is 

E:av = 
(1 - /)t:m + /t:AI . 

1 -I+ /"AI ' 
(14.7) 

where the electric field is parallel to the major axes. If (14.7) is expanded to 
terms linear in the particle volume fraction J, the wavelength where e~v is a 
maximum is given by (14.6), as expected. But if e~v is truncated after the 
quadratic term in/, the wavelength of maximum absorption "As(/) is given by 

Thus, the effect of decreasing the separation between particles is to shift the 
position of maximum absorption to longer wavelengths, which is consistent 
with the experimental observations. 

The absorption spectrum of isolated indium spheres differs from that of 
closely packed oblate spheroids in that the peak shifts from 2230 A to 4100 A; 
about half of this shift is attributable to particle shape and half to particle 
interaction. Indium particles on immunological slides are not identical, how
ever, but are distributed in size and shape about some mean; this tends to 
broaden the spectrum. 

The observed darkening of the indium slides results from a shift of the 
absorption peak because of the coating on the particles. Because of the 
cumbersomeness of the expressions for coated ellipsoids (Section 5.4) this shift 
can be understood most easily by appealing to (12.15), the condition for 
surface mode excitation in a coated sphere. For a small metallic sphere with 
dielectric function given by the Drude formula (9.26) and coated with a 
nonabsorbing material with dielectric function £ 2 , the wavelength of maximum 
absorption is approximately 

where terms of higher order in 8, the coating thickness relative to the core 
radius, are neglected. If £ 2 is greater than E:m, therefore, the effect of the coating 
is to shift the position of peak absorption to longer wavelengths, which is also 
in accord with observations. Moreover, to first order at least, this shift is 
proportional to the thickness of the coating and increases with increasing £ 2 • 

Our assertion that the darkening of immunological slides, which are ob
served by transmitted light, is primarily an absorption rather than a scattering 
phenomenon can be supported by a simple calculation. The cross sections for 
absorption and scattering by a single, uncoated oblate spheroid illuminated 
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along its symmetry axis are (see Section 5.5) 

If we use the values of£' and £" measured by Koyama et al. ( 1973), the ratio of 
maximum absorption to maximum scattering is approximately 

(A ::: 3000 A) 

for L 1 = 0.19, a= 695 A, and c = 184 A. Absorption therefore dominates 
extinction in this instance. 

Biology is an unlikely field in which to find an application of surface modes 
in small metallic particles. After all, the optical properties of particles of 
biological origin are very much unlike those of metals. Yet the Giaever 
immunological slide is just such an application. Moreover, it exemplifies many 
of the salient characteristics of surface modes which were discussed in Chapter 
12: their strong dependence on particle shape, coating, and the surrounding 
medium. 

14.8 MICROWAVE ABSORPTION BY MACROMOLECULES 

A rather grisly example of biological effects of microwave radiation is provided 
by the story, possibly apocryphal, of the woman who put her cat in a 
microwave oven to dry after it had come in out of the rain. The cat exploded! 
And one hears tales of crows and seagulls being shot out of the sky with 
intense microwave beams. 

Regardless of the truth of these stories, it is undeniable that microwave 
radiation can be hazardous to life. One damage mechanism is merely intense 
heating of the water bound up in all living organisms. It is clear, therefore, that 
the potential hazard of radiation of a given frequency depends on the optical 
constants, particularly £", of water at that frequency. For example, at room 
temperature the maximum value of£" occurs at about 20 GHz (see Fig. 9.15), 
that is, at the relaxation frequency 1j2'7TT, where T is the relaxation time in 
(9.41). 

Although liquid water is usually looked upon as a single, unvarying sub
stance, its structure near surfaces may be quite different from that of "free" 
water. Interaction between water molecules and an immediately adjacent 
surface orients these molecules, and this orientation can extend for several 
molecular diameters into the bulk liquid. A very clear and succinct description 
of this mechanism was given by Henniker ( 1949): "Although the powerful 
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forces involved are very short range, they are transmitted by successive 
polarization of neighboring molecules to an impressive depth. The analogy is 
with a magnet of very limited range of appreciable direct interaction which 
nevertheless can lift or hold a piece of iron at a considerable distance if there is 
an intermediate chain of iron fillings or pieces of iron in between." Many 
papers have been written about the properties of liquids at interfaces, the 
earliest of which were reviewed by Henniker (1949); more recently, Drost
Hansen ( 1969) thoroughly examined the evidence for the existence of ordered 
water near solid interfaces. 

If the structure of water depends on distance from a surface, so must its 
physical properties, including its dielectric function. We noted in Section 9.5 
that at microwave frequencies the dielectric function of water changes markedly 
when the molecules are immobilized upon freezing; as a consequence, the 
relaxation frequency of ice is much less than that of liquid water. Water 
irrotationally bound to surfaces is therefore expected to have a relaxation 
frequency between that of water and ice. 

Water molecules are oriented at the surfaces of macromolecules as well as at 
solid surfaces. For example, Bernal (1965) refers to a "regular formation of 
ice" surrounding most protein molecules, although by "ice" he does not mean 
free water ice. Bound water in hydration shells surrounding macromolecules in 
aqueous solutions is sometimes denoted as lattice-ordered or ice-like and has 
been taken into account in interpreting the dielectric functions of such solu
tions (Buchanan et al., 1952; Jacobson, 1955; Pennock and Schwan, 1969). 

The possible consequences of irrotationally bound water for microwave 
absorption by biological materials are twofold. Calculations of the rate of 
energy deposition using the dielectric function of free water may be apprecia
bly in error at frequencies well below its relaxation frequency, which is greater 
than that of bound water. Moreover, the bound water is confined to thin 
hydration shells around macromolecules, so the enhanced energy absorption in 
these shells may cause localized disorganization. Dawkins et al. ( 1979) put 
forward these ideas and supported them with calculations of power deposition 
for a simple model of a hydrated molecule: a sphere of radius 5 nm surrounded 
by a shell of water two molecules thick; these calculations were based on the 
theory of Section 8.1-only the first term in the series is needed because of the 
extremely small size parameter-and the dielectric function (9.41) with various 
relaxation frequencies. Although the validity of using macroscopic theory for a 
single macromolecule coated by only two layers of water molecules is uncer
tain, their results are likely to be qualitatively correct and, consequently, are 
worth contemplating. 

The volumetric power deposition calculated for bound water was apprecia
bly greater-up to about five times-than that for free water; the maximum 
difference occurs near the bound water relaxation frequency. This enhanced 
energy deposition is localized in the bound water shell and therefore may cause 
more damage than if it were distributed uniformly throughout the medium. 
But Dawkins et al. consider the enhancement of biological damage by localiza-
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tion still to be speculative because of uncertainties about the rate of energy 
transfer from the shell to its macromolecule host and to its surroundings. 
Nevertheless, ignoring the differences between the dielectric functions of 
bound and free water may have important consequences. Dawkins et al. 
illustrate this with a particular microwave injury the mechanism for which is 
well understood. Cataracts are induced by microwave radiation because it is 
absorbed by lens water and the resulting temperature increase denatures lens 
proteins. About 65% of the weight of the lens is water, at least 40% of which is 
bound water. If all the water were taken as free, as is usual in estimating 
microwave energy absorption in biological materials, the rate of heating by 
microwave radiation in the frequency range 0.3-3 GHz could be underesti
mated. 



Appendixes 

Computer Programs 

The following appendixes contain subroutines for calculating scattering by a 
homogeneous sphere (BHMIE), a coated sphere (BHCOAT), and a normally 
illuminated infinite cylinder (BHCYL), together with their calling programs 
and sample calculations. A brief description accompanies each program. The 
final versions of the programs were tested on the CDC 7600 computer at the 
Los Alamos Scientific Laboratory. Although we tried to write the programs in 
standard Fortran so that they can be run on most computers, it is likely that 
they will have to be modified slightly. For example, the first statement in each 
calling program is not executable by many Fortran compilers; also, input, 
output, and format statements may have to be changed. Major changes, 
although unlikely, may be necessary. 

We aimed at simplicity and lucidity rather than programming elegance so 
that users will be able to easily adapt these programs to their own needs. To 
this end Fortran rariables were chosen to resemble or suggest the correspond
ing variables in the sections where the underlying theory is developed and 
discussed. The logic of the programs should be evident without prolonged 
study: there are no clever, but obscure, shortcuts. Little effort was made to 
optimize the programs; they are neither the best nor the brightest. A lifetime 
could be devoted to refining them, making them faster and more efficient, and 
extending the range of their applicability. 

Any program will, if extended beyond its proper limits, give unreliable or 
nonsensical results. The programs described below are most likely to give 
trouble either for very small or very large size parameters. Computations based 
on exact theories, however, are often unnecessary in such extremes: Rayleigh 
theory is a good approximation for very small particles, and geometrical optics 
combined with diffraction theory is a good approximation for very large 
particles. To call for the exact theory in these instances is to call for an 
elephant gun to shoot a mouse. 

The programs should not be used without an attitude of healthy skepticism. 
We tested them as much as possible, but they undoubtedly contain hidden 
flaws. In the following appendixes we discuss criteria that the programs were 
required to satisfy. Some of them are obvious: the extinction efficiency must 
not be less than the scattering efficiency, and both must be nonnegative; others 
are more subtle. 

47~ 
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Each program is composed of two parts: a calling program, which requires 
as input refractive indices, particle size, and wavelength; and a subroutine-the 
workhorse-which computes scattering coefficients, scattering matrix ele
ments, and efficiencies. The possible combinations of input and output varia
bles are almost countless. Therefore, we have included calling programs merely 
to point the way to how the subroutines might be grafted onto calling 
programs more suited to the users' needs. 



Appendix A 
Homogeneous Sphere 

The theory underlying this appendix is given in Chapter 4; some of the 
computational aspects of Mie theory are discussed in Section 4.8. 

Perhaps the best known program for computing Mie scattering coefficients 
is that by Dave (1968)- it is certainly one of the earliest to have a wide 
distribution. We have profited greatly from this program, and we would be 
remiss if we did not acknowledge our indebtedness to Dave. The subroutine 
BHMIE described in this appendix is, however, sufficiently different that it 
should not be considered as merely a minor variant form. We have borrowed 
tricks from here and there as well as added a few of our own, all with the aim 
of writing a simple, efficient program, easy to understand and hence easy to 
modify. 

One of the major departures from the Dave program is that in BHMIE 
convergence of series is not determined by iteration. With the wisdom of 
hindsight, iteration seems inefficient because there is little disagreement about 
the approximate number of terms required for convergence: slightly more than 
x terms are sufficient, where x is the size parameter. We have tried various 
criteria, based more or less on guessing. After BHMIE was written, however, 
an extensive study was published by Wiscombe (1979, 1980), and we have 
modified our programs in the light of his work. Thus, series in BHMIE are 
terminated after NSTOP terms, where NSTOP is the integer closest to 

x + 4x 113 + 2. 
A similar criterion was used by Wiscombe, who was guided by a suggestion by 
Khare and extensive computations. This criterion can, of course, be changed. 
But lest the reader with a large computer budget be seduced by the idea that if 
a certain number of terms is good then even more are better, we must issue a 
warning. Computation of \j; n by forward recurrence is unstable, and roundoff 
error will eventually become unacceptable. Provided that one does not generate 
more orders of \f; n than are needed for reasonable convergence, and that \j; n is a 
double-precision variable, problems are not likely to be encountered with a 
computer of moderate size. But an attempt to squeeze out a few more decimal 
places might lead to disaster: scattering coefficients of order appreciably 
greater than NSTOP might be computed inaccurately, and greatly so, even 
though they are not really needed. 

477 
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Dn(mx) in the coefficients (4.88) is computed by the downward recurrence 
relation (4.89) beginning with DNMX· Provided that NMX is sufficiently 
greater than NSTOP and jmxj, logarithmic derivatives of order less than 
NSTOP are remarkably insensitive to the choice of DNMX; this is a conse
quence of the stability of the downward recurrence scheme for 1/ln· For 
vastly different choices of DNMX, and a range of arguments mx, computed 
values of DNMX _ 5 were independent of DNMX. Thus, NMX is taken to be 
Max(NSTOP, jmxl) + 15 in BHMIE, and recurrence is begun with DNMX = 
0.0 + iO.O. 

Both 1/ln and ~n' where ~n = 1/ln - iXn' satisfy 

2n + 1 
o/n+1(x) = X 1/ln(x) -o/n-1(x), 

and are computed by this upward recurrence relation in BHMIE beginning 
with 

1/; _ 1 (X) = COS X, 1/; o (X) = sin X, 

X_ 1 (X) = -sin X, Xo (X) = COS X. 

1/ln is a double-precision and Xn a single-precision variable. 
The angle-dependent functions '1Tn and Tn are computed by the upward 

recurrence relations ( 4.47). They need be computed only for scattering angles 
between 0 and 90° because of the relations ( 4.48). 

Tests of BHMIE We have tested BHMIE thoroughly, which gives credence 
to its impeccability but does not guarantee it. In particular, we have never 
encountered any appreciable differences between results from BHMIE and 
those from Dave's program DBMIE. Aside from comparing results from 
BHMIE with those tabulated elsewhere or computed by other subroutines, 
there are several independent checks on any scattering program: 

Qext and Qsca must not be negative, and Qext must be greater than Qsca 

except for a nonabsorbing sphere, in which instance they are equal. For very 
large size parameters the extinction efficiency approaches the limit 2. This 
might seem to be a good test of a program for large x. Qext oscillates about 2, 
however, and one is never sure if a deviation from 2 is a natural oscillation or 
an indicator of incipient error. We have found that a much more sensitive test 
of a program for large x is the asymptotic expression ( 4.83) for the backscatter
ing efficiency. This seems not to be widely recognized, and it is worth 
mentioning here because it can be used to test other programs. 

As a check on the amplitude scattering matrix elements, we compute Qext in 
BHMIE from the optical theorem (4.76), whereas Qsca is computed from the 
series ( 4.61 ). POL, the degree of polarization, must vanish for scattering angles 
of 0 and 180°, as must S34 • Also, the 4 x 4 scattering matrix elements must 
satisfy 

for all scattering angles. 
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PROGRAM CALLBH (INPUT=TTY,OUTPUT=TTY,TAPE5=TTY) 
~~ :: ~; ~; ~; :: :: :: :: :: :: :: :: :: :: ~= :: :: :: :: ;: :: :: ;: :: :: :: :: :: :: :: :: ;: ;: :: ;; :: :: ;; ;; ;: :: :: ;: :: :: :: :: ;: ;; ;: ;; :: ;: :: :: 
CALLBH CALCULATES THE SIZE PARAMETER (X) AND RELATIVE 
REFRACTIVE INDEX (REFREL) FOR A GIVEN SPHERE REFRACTIVE 
INDEX, MEDIUM REFRACTIVE INDEX, RADIUS, AND FREE SPACE 
WAVELENGTH. IT THEN CALLS BHMIE, THE SUBROUTINE THAT COMPUTES 
AMPLITUDE SCATTERING MATRIX ELEMENTS AND EFFICIENCIES 

COMPLEX REFREL,S1(200),S2(200) 
WRITE (5,11) 

::::::::::::::::::::::::::::::::::::::::;:::::::::::::::::::::::::::::;::::::::::::::::::::::::::::::::::::: 

REFMED = (REAL) REFRACTIVE INDEX OF SURROUNDING MEDIUM 

REFMED=1.0 

REFRACTIVE INDEX OF SPHERE = REFRE + I~REFIM 

REFRE=1.55 
REFIM=O.O 
REFREL=CMPLX(REFRE,REFIM)/REFMED 
WRITE (5,12) REFMED,REFRE,REFIM 

:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::;;; 

RADIUS (RAD) AND WAVELENGTH (WAVEL) SAME UNITS 
;:;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;:;: 

RAD=.525 
WAVEL=.6328 
X=2.~3.14159265KRAD~REFMED/WAVEL 
WRITE (5,13) RAD,WAVEL 
WRITE (5,14) X 

;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;;; 

NANG = NUMBER OF ANGLES BETWEEN 0 AND 90 DEGREES 
MATRIX ELEMENTS CALCULATED AT 2::NANG - 1 ANGLES 

t:~~;~P:t:~~ :: ~!::: ?:~ {: ::~~~:: :~ ~~ :: ~~~~~ ~ ~:: :::::: ;: :::::: ;:;: :: ;::: :::::: 
NANG=11 
DANG=1.570796327/FLOAT(NANG-1) 
CALL BHMIE(X,REFREL,NANG,S1,S2,QEXT,QSCA,QBACK) 
WRITE (5,65) QSCA,QEXT,QBACK 
WRITE (5,17) 

S33 AND S34 MATRIX ELEMENTS NORMALIZED BY 511. 
S11 IS NORMALIZED TO 1.0 IN THE FORWARD DIRECTION 
POL=DEGREE OF POLARIZATION (INCIDENT UNPOLARIZED LIGHT) 
................................................................. , ........................................................................................................ ""-"'"""'"''"'" 
""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""""'""""""""""""•"'""•"""""""""""'""""" .. 

S 1 1 N 0 R = 0 . 5 :: (CAB S ( S 2 ( 1 ) ) :: :: 2 +CAB S ( S 1 ( 1 ) ) :: :: 2 ) 
NAN= 2::NANG -1 
DO 355 J=1,NAN 
AJ=J 
S 1 1 = 0 . 5 ::CABS ( S 2 ( J ) ) ::CABS ( 5 2 ( J ) ) 
S11=S11+0.5KCABS(S1(J))~CABS(S1(J)) 
S 1 2 = 0 . 5 ::CABS ( S 2 ( J ) ) ::CABS ( S 2 ( J ) ) 
S12=S12-0.5KCABS(S1(J))XCABS(Sl(J)) 
POL=-S12/S11 
S 3 3 = REAL ( S 2 ( J ) :: C 0 N J G ( S 1 ( J ) ) ) 
S33=S33/S11 
S 3 4 =A I MAG ( S 2 ( J ) :: C 0 N J G ( S 1 ( J ) ) ) 
S34=S34/S11 
S11=S11/S11NOR 
ANG=DANG::(AJ-1. )::57. 2958 

355 WRITE (5,75) ANG,S11,POL,533,S34 



61 
62 
63 
64 
65 
66 
67 
68 
69 
70 

480 

71 
72 c 
73 c 
74 c 
75 c 
76 c 
77 c 
78 
79 
80 
81 
82 
83 
84 c 
85 c 
86 c 
87 
88 
89 
90 
91 
92 
93 
94 
9 5 c 
96 c 
97 c 
98 c 
99 c 

100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 c 
113 c 
114 c 
115 c 
116 
117 
118 
119 
120 

APPENDIX A 

65 FORMAT (//,1X,"QSCA= ",E13.6,3X,"QEXT = ",E13.6,3X, 
2"QBACK = ",E13.6) 

75 FORMAT (1X,F6.2,2X,E13.6,2X,E13.6,2X,E13.6,2X,E13.6) 
11 FORMAT (/"SPHERE SCATTERING PROGRAM"//) 
12 FORMAT(5X,"REFMED = ",F8.4,3X,"REFRE =",El'f.6,3X, 

3"REFIM = ",E14.6) 
13 FORMAT (5X,"SPHERE RADIUS = ",F7.3,3X,"WAVELENGTH = 11

1 F7.4) 
14 FORMAT (5X,"SIZE PARAMETER =",F8.3/) 
17 FORMAT(//,2X,"ANGLE",7X,"S11",13X,"POL",13X,"S33",13X,"S34"//) 

STOP 
END 

SUBROUTINE BHMIE CALCULATES AMPLITUDE SCATTERING MATRIX 
ELEMENTS AND EFFICIENCIES FOR EXTINCTION, TOTAL SCATTERING 
AND BACKSCATTERING FOR A GIVEN SIZE PARAMETER AND 
RELATIVE REFRACTIVE INDEX 

SUBROUTINE BHMIE (X,REFREL,NANG,S1,S2,QEXT,QSCA,QBACK) 
DIMENSION AMU(100),THETA(100),PI(100),TAU(100),PI0(100),PI1(100) 
COMPLEX D(3000),Y,REFREL,XI,XIO,XI1,AN,BN,S1(200),S2(200) 
DOUBLE PRECISION PSIO,PSI1,PSI,DN,DX 
DX=X 
Y =X :: R E F R E L 

SERIES TERMINATED AFTER NSTOP TERMS 

XST0P=X+4.HXHH.3333+2.0 
NSTOP=XSTOP 
YMOD=CABS(Y) 
NMX=AMAX1(XSTOP,YMOD)+15 
DANG=1.570796327/FLOAT(NANG-1) 
DO 555 J=1,NANG 
THETA(J)=(FLOAT(J)-1. )::DANG 

555 AMU(J)=COS(THETA(J)) 

LOGARITHMIC DERIVATIVE D(J) CALCULATED BY DOWNWARD 
RECURRENCE BEG I N N I N G W I T H I N I TI A L VALUE 0 • 0 + I :: 0 . 0 
AT J = NMX 

D(NMX)=CMPLX(O.O,O.O) 
NN=NMX-1 
DO 120 N=1,NN 
RN=NMX-N+1 

120 D(NMX-N)=(RN/Y)-(1./(D(NMX-N+1)+RN/Y)) 
DO 666 j=1,NANG 
PIO(J)=O.O 

666 PI1(J)=l.0 
NN= 2::NANG -1 
DO 77 7 J = 1, NN 
S1(J)=CMPLX(O.O,O.O) 

777 S2(J)=CMPLX(O.O,O.O) 

RICCATI-BESSEL FUNCTIONS WITH REAL ARGUMENT X 
CALCULATED BY UPWARD RECURRENCE 
:::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::::: 

PSIO=DCOS(DX) 
PSI1=DSIN(DX) 
CHIO=-SIN(X) 
CHI1=COS(X) 
APSIO=PSIO 
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121 APSil=PSil 
122 XIO=CMPLX(APSIO,-CHIO) 
123 XI1=CMPLX(APSI1,-CHI1) 
124 QSCA=O.O 
125 N=1 
126 200 DN=N 
127 RN=N 
128 FN=(2.KRN+1.)1(RNX(RN+1.)) 
129 PSI=(2.KDN-l.)KPSIIIDX-PSIO 
130 APSI=PSI 
131 CHI=(2.XRN-1.)XCHI1/X- CHID 
132 XI=CMPLX(APSI,-CHI) 
133 AN=(D(N)IREFREL+RNIX)KAPSI - APSil 
134 AN=ANI((D(N)/REFREL+RN/X)XXI-XI1) 
135 BN=(REFREL::D(N)+RNIX)::APSI- APSil 
136 BN=BNI((REFRELXD(N)+RNIX)XXI - XIl) 
13 7 QSCA=QSCA+ ( 2. ::RN+ 1 . ) :: (CABS (AN) ::cABS (AN )+CABS (BN) ::cABS ( BN)) 
138 DO 789 J=l,NANG 
139 JJ=2::NANG-J 
140 PI(J)=Pl1(J) 
141 TAU(J)=RN::AMU(J)::pi(J)- (RN+l.)::piQ(J) 
1 4 2 P = ( - 1 • ) :: :: ( N - 1) 
1 4 3 S 1 ( J ) = S 1 ( J ) + F N :: (AN:: P I ( J ) + B N ::TAU ( J ) ) 
144 T=(-l.)XKN 
1 4 5 S 2 ( J ) = S 2 ( J ) + F N :: (AN:: TAU ( J ) + B N :: P I ( J ) ) 
146 IF(J.EQ.JJ) GO TO 789 
147 S1(JJ)=Sl(JJ) + FNX(ANXPI(J)~P+BNXTftU(J)XT) 
1 4 8 S 2 ( J J ) = S 2 ( J J ) + F N :: (AN:: TAU ( J ) :: T + B N :: P I ( J ) :: P ) 
149 789 CONTINUE 
150 PSIO=PSil 
151 PSI1=PSI 
152 APSI1=PSI1 
153 CHIO=CHil 
154 CHil=CHI 
155 XI1=CMPLX(APSI1,-CHI1) 
156 N=N+l 
157 RN=N 
158 DO 999 J=1,NANG 
15 9 PI 1 ( J) = ( ( 2. ::RN-1.) I ( RN-1 . ) PAMU (J) ::pI ( J) 
160 PI1(J)=PI1(J)-RNKPIO(J)I(RN-1.) 
161 999 PIO(J)=PI(J) 
162 IF (N-1-NSTOP) 200,300,300 
163 300 QSCA=C2.1Cx::x))::qscA 
1 6 4 Q EXT= ( 4 . I (X:: X ) ) ::REAL ( S 1 ( 1 ) ) 
16 5 QBACK = c 4. 1 cx::x)) ::cABS c s 1C 2::NANG-1)) ::cABs cs 1 C2::NANG-1)) 
166 RETURN 
167 END 
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SPHERE SCATTERING PROGRAM 

REFMED = 1.0000 
SPHERE RADIUS = 
SIZE PARAMETER = 

QSCA= .310543E+01 

ANGLE S11 

0. 0 0 . 100000E+01 
9.00 .785390E+00 

18.00 .356897E+00 
27.00 .766119E-01 
36.00 .355355E-01 
45.00 .701845E-01 
54.00 .574313E-01 
63.00 .219660E-01 
72.00 .125959E-01 
81.0 0 .173750E-01 
90.00 .124601E-01 
99.00 .679093E-02 

108.00 .954239E-02 
117.00 .863419E-02 
126.00 .227421E-02 
135.00 .543998E-02 
144.00 .160243E-01 
153.00 .188852E-01 
162.00 .195254E-01 
171.00 .301676E-01 
180.00 .383189E-01 

REFRE .155000E+01 REFIM 
.525 WAVELENGTH = .6328 
5. 213 

QEXT .310543E+01 QBACK 

POL S33 

0 . .100000E+01 
-.459811E-02 . 999400E+00 
-.458541E-01 .986022E+00 
-.364744E+00 .843603E+00 
-.534997E+00 .686967E+00 

.959953E-02 .959825E+00 

.477927E-01 .985371E+00 
-.440604E+00 .648043E+00 
-.831996E+00 .203255E+00 

.341670E-01 .795354E+00 

.230462E+00 .937497E+00 
-.713472E+00 -.717397E-02 
-.756255E+00 -.394748E-01 
-.281215E+00 .536251E+00 
-.239612E+00 .967602E+00 
-.850804E+00 .187531E+00 
-.706334E+00 .495254E+00 
-.891081E+00 .453277E+00 
-.783319E+00 -.391613E+00 
-.196194E+00 -.962069E+00 
0. -.100000E+01 

0. 

.292534E+01 

S34 

0 . 
.343261E-01 
.160184E+00 
.394076E+00 

-.491787E+00 
-.280434E+00 

.163584E+00 

.621216E+00 
-.516208E+00 
-.605182E+00 

.260742E+00 

.700647E+00 
-.653085E+00 
-.795835E+00 

.795798E-01 
-.490882E+00 
-.5057R1E+00 
-.226817E-01 

.482752E+00 

.189556E+00 
0. 



Appendix B 
Coated Sphere 

As might be expected, adding a coating to a homogeneous sphere leads to 
several new computational problems, not all of which we were able to 
completely solve. As a consequence, BHCOAT, though similar in many ways 
to BHMIE, does not have as wide a range of applicability, and it should be 
used with more caution. The reasons for this will be discussed in the following 
paragraphs. 

The mathematical form of all the scattering functions for a coated 
sphere-efficiencies and matrix elements-have the same form as those for a 
homogeneous sphere. Only the scattering coefficients (8.2) are different; these 
may be written in a form more suitable for computations: 

{ jj nl m 2 + n I Y} l/J n ( Y) - l/J n - 1 ( Y) 
an = { jj nl m 2 + n I Y} ~ n ( Y ) - ~ n - 1 ( Y ) ' 

bn = { m 2~n + n I Y} l/J n ( Y) - l/J n - I ( Y) , 
{m2Gn + nly}~n(y)- ~n-l(y) 

jj = Dn(m2y) -Anx~(m2y)ll/Jn(m2y) 
n 1- AnXn(m2y)ll/Jn(m2y) 

G = Dn(m2y)- Bnx~(m2y)ll/Jn(m2y) 
n 1- Bnxn(m2y)ll/Jn(m2y) 

_ ( ) mDn(m 1x)- Dn(m 2x) 
An - l/Jn m 2x ( ) ( ) , ( ) , mDn m 1x Xn m 2x - Xn m2x 

Dn is the logarithmic derivative l/J~Il/Jn and m is m 2lm 1• Because of the relation 

1 D ' l/Jn = Xn n- X,, 

41.\ 
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which follows from the Wronskian (4.60), only three of the four functions 
1/ln, Xn' x~, Dn are independent. We also have 

An and Bn depend on the size parameter x of the inner, or core, sphere only; 
they are independent of the thickness of the coating. Moreover, they are 
similar in form to the scattering coefficients for a homogeneous sphere with 
size parameter x. Therefore, it is reasonable to expect that we need not 
compute An and Bn for orders n appreciably larger than x. Convergence of the 
series for efficiencies and matrix elements, however, is determined by the size 
parameter y of the outer sphere. Therefore, if y is much greater than x, An and 
Bn will be computed well beyond the range where they are needed unless 
special care is taken. If this were merely inefficient, it would be tolerable. But, 
as we pointed out in Appendix A, one cannot expect to reliably compute by 
upward recurrence Bessel functions of order much larger than their argument. 
We have included, therefore, four tests in BHCOAT: if all the inequalities 

DELIDn( m 2 y )I > 1Anx~(m 2 y )/o/n(m 2 y )I and 1Bnx~(m 2 y )/o/n(m 2 y )I 

DEL> 1Anxn(m 2 y )/o/n(m 2 y )I and IBnXn(mzy )/1/ln(mzy )I 

are satisfied for some index n, then Dn and Gn are set equal to Dn(m 2 y) for all 
successive indices; note that when this occurs, the scattering coefficients are 
identical with those for a homogeneous sphere with size parameter y and 
relative refractive index m 2 • The inner sphere convergence criterion DEL is 
10- 8 in BHCOAT; it can, of course, be changed. 

The fact that the contributions from the inner sphere to the scattering 
coefficients converge more rapidly than those associated with the outer sphere 
is merely a nuisance which is easily brushed aside. A more serious obstacle-one 
which we failed to hurdle-to writing an "explosion-proof" program for an 
arbitrary coated sphere is that the scattering coefficients cannot be put in a 
form that avoids computing excessively large numbers. The scattering coeffi
cients for a homogeneous sphere can be written in such a way that functions of 
complex arguments are ratios-the logarithmic derivative-and the Riccati
Bessel functions have real arguments. This cannot be done with the coated 
sphere: we must, in general, compute functions 1/ln(z) and Xn(z) of the 
complex variable z = z, + izi. That this can lead to difficulties is easily 
demonstrated. Consider the zero-order function with which upward recurrence 
is begun: 

e=· + e-=, .e=·- e-=, . 
X 0 ( z) = cos z = 

2 
cos z, - z 

2 
sm z,. 
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Because of the factor exp( z;) it is always possible to generate numbers that 
exceed the limits of any computer if the particle is sufficiently large and 
absorbing. For a given computer it is difficult to set precise upper bounds on 
the imaginary parts of the arguments of the functions computed in BHCOAT: 
although the zero-order functions might not exceed the limits of the computer, 
successive higher-order functions computed by upward recurrence might. We 
recommend that BHCOAT not be used if any of the imaginary parts of m 1x, 
m 2 x, or m 2 y exceeds 30. This is only a rough guide, however; we strongly urge 
the user to do a bit of experimenting before accepting as correct any numbers 
produced by BHCOAT. 

The convergence criterion in BHCOAT is the same as that in BHMIE: 
series are terminated after y + 4y113 + 2 terms. Unlike BHMIE, however, all 
functions, including logarithmic derivatives, are computed by upward recur
rence: it seemed pointless to compute these derivatives by downward recur
rence when they are not the major obstacle to writing a program valid for an 
arbitrary coated sphere. 

Tests of BHCOAT We subjected BHCOAT to the same tests as BHMIE. 
In addition, BHCOAT agrees with BHMIE when m1 = m 2 • We found that the 
asymptotic limit ( 4.83) for the backscattering efficiency was also a sensitive 
indicator of the health of the coated sphere program. The composition and size 
of the core is irrelevant if almost all the incident light is absorbed in the 
coating. On physical grounds, therefore, we expect Qb for large y to be 
approximately equal to the reflectance of a slab with refractive index m 2 if the 
coating is sufficiently thick and absorbing; this was verified by computations. 

As a further test we compared efficiencies computed by BHCOAT with 
those given by Fenn and Oser (1965); there was good agreement in all 
instances. 
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APPENDIXB 

PROGRAM COAT (INPUT=TTY,OUTPUT=TTY,TAPE5=TTY) 
:: :: :: ~= :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: ;: :: :: :: ;: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: :: ;: ;: :: 
COAT IS THE CALLING PROGRAM FOR BHCOAT, THE SUBROUTINE 
THAT CALCULATES EFFICIENCIES FOR A COATED SPHERE. 
FOR GIVEN RADII AND REFRACTIVE INDICES OF INNER AND 
OUTER SPHERES, REFRACTIVE INDEX OF SURROUNDING 
MEDIUM, AND FREE SPACE WAVELENGTH, COAT CALCULATES SIZE 
PARAMETERS AND RELATIVE REFRACTIVE INDICES 

:: :: :: :: :: :: :: :: :: :: C AUT I 0 N :: :: :: :: :: :: :: :: :: :: 

BHCOAT SHOULD NOT BE USED FOR LARGE, HIGHLY ABSORBING 
COATED SPHERES 
X~REFIM1, X~REFIM2, AND Y~REFIM2 SHOULD BE LESS THAN ABOUT 30 

::::::::::::::::::::cAUTION:::::::::::::::::::: 

COMPLEX RFREL1,RFREL2 
WRITE (5,11) 

:: :: :: :: ;: ;~ ;: :: :: :: :: :: :::::: :: :: :: :: ;: :: :: ;: :: :: :: ;: :: :::: :: :::: :: ;: :: :: :: :: :: :: :: :: :: :: :: ;: :: ;: :: ;: ;: :: ;: 

REFMED = (REAL) REFRACTIVE INDEX OF SURROUNDING MEDIUM 

REFMED=l.O 

REFRACT I V E I N DE X 0 F C 0 R E = REF R E 1 + I ::REF I M 1 
REFRACTIVE INDEX OF COAT = REFRE2 + p:REFIM2 

REFRE1=1.59 
REFIM1=.66 
REFRE2=1.409 
REFIM2=.1747 

RADCOR = RADIUS OF CORE 
RADCOT = RADIUS OF COAT 
RADCOR, RADCOT, WAVEL SAME UNITS 
::::::::::::::::::::::::::::::::::::::::::::::::::::::::::;::::: 

RADCOR=.l71 
RADCOT=6.265 
WAVEL=3. 
WRITE (5,12) REFMED,REFRE1,REFIM1,REFRE2,REFIM2 
WRITE (5,13) RADCOR,RADCOT,WAVEL 
RFREL1=CMPLX(REFRE1,REFIM1)/REFMED 
RFREL2=CMPLX(REFRE2,REFIM2)/REFMED 
PI=3.14159265 
X=2.~PI~RADCOR~REFMED/WAVEL 

Y=2. ::pI ::RADCOT::REFMED/WAVEL 
WRITE (5,14) X,Y 
CALL BHCOAT (X,Y,RFREL1,RFREL2,QEXT,OSCA,QBACK) 
WRITE (5,67) QSCA,QEXT,QBACK 

11 FORMAT (/"COATED SPHERE SCATTERING PROGRAM"//) 
12 FORMAT (//5X,"REFMED = ",F8.4/5X,"REFRE1 =",E14.6, 

13X,"REFIM1 =",E14.6/5X,"REFRE2 =",E14.6,3X,"REFIM2 =",E14.6) 
13 FORMAT (5X,"CORE RADIUS =",F7.3,3X,"COAT RADIUS =",F7.3/ 

15X,"WAVELENGTH =",F7.4) 
14 FORMAT (5X,"CORE SIZE PARAMETER = ",F8.3,3X,"COAT SIZE" 

1" PARAMETER =",F8.3) 
'67 FORMAT C/,1X,"QSCA =",El3.6,3X,"OEXT =",E13.fl,3X, 

l"QBACK =",El3.6//) 



61 
62 
63 
64 c 
65 c 
66 c 
67 c 
68 c 
69 c 
70 c 
71 
72 
73 
74 
75 
76 
77 c 
78 c 
79 c 
80 
81 
82 
83 
84 
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89 
90 
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100 
101 
102 
103 
104 
105 
106 
107 
108 
109 
110 
111 
112 
113 
114 
1 15 
1 16 
1 1 7 
1 1 8 
1 19 
1 2 0 

STOP 
END 

COATED SPHERE 

SUBROUTINE BHCOAT (X,Y,RFREL1,RFREL2,QEXT,QSCA,QBACK) 
::;:;:;:;:;:;:;:;:;:;:;:;:;:;;;:;:;:;:;:;:;:;:;:;:;:;:;:;;;;;:;:;:;:;:;:;:;:;:;:;:;:;:;:;:;:;:;: 

SUBROUTINE BHCOAT CALCULATES EFFICIENCIES FOR 
EXTINCTION, TOTAL SCATTERING, AND BACKSCATTERING 
FOR GIVEN SIZE PARAMETERS OF CORE AND COAT AND 
RELATIVE REFRACTIVE INDICES 
ALL BESSEL FUNCTIONS COMPUTED BY UPwARD RECURRENCE 

COMPLEX RFREL1,RFREL2,X1,X2,Y2,REFREL 
COMPLEX D1X1,DOX1,D1X2,DOX2,D1Y2,DOY2 
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COMPLEX XIOY,XI1Y,XIY,CHIOY2,CHI1Y2,CHIY2,CHIOX2,CHI1X2,CHIX2 
COMPLEX CHIPX2,CHIPY2,ANCAP,BNCAP,DNBAR,GNBAR,AN,BN,CRACK,BRAC~ 

COMPLEX XBACK,AMESS1,AMESS2,AMESS3,AMESS4 
DEL= 1. OE-8 

DEL IS THE INNER SPHERE CONVERGENCE CRITERION 

X 1 = R F R E L p: X 
X 2 = R F R E L 2 ::X 
Y 2 = R F R E L 2 :: Y 
YSTOP = Y + 4.::y::::.3333 + 2. 
REFREL=RFREL2IRFREL1 
NSTOP=YSTOP 

SERIES TERMINATED AFTER NSTOP TERMS ...................................... ,. ............ , ................................................................................ .. 
ltlo""""'"" .. """lf"'"'"'""""""""""""""""""""""" .. """""""""""l"'"""""""""""""""" 

DOX1=CCOS(X1)1CSIN(X1) 
DOX2=CCOS(X2)ICSIN(X2) 
DOY2=CCOS(Y2)ICSIN(Y2) 
PSIOY=COS(Y) 
PSI1Y=SIN(Y) 
CHIOY=-SIN(Y) 
CHI1Y=COS(Y) 
XIOY=CMPLX(PSIOY,-CHIOY) 
XI1Y=CMPLX(PSI1Y,-CHI1Y) 
CHIOY2=-CSIN(Y2) 
CHI1Y2=CCOS(Y2) 
CHIOX2=-CSIN(X2) 
CHI1X2=CCOS(X2) 
QSCA=O.O 
QEXT=O.O 
XBACK=CMPLX(O.O,O.O) 
N=1 
IFLAG=O 

200 RN=N 
PSIY=(2.HRN-1.)HPSI1YIY-PSIOY 
CHIY=(2.HRN-1.)HCHI1YIY-CHIOY 
XIY=CMPLX(PSIY,-CHIY) 
D1Y2=1.I(RNIY2-DOY2)-RNIY2 
IF (IFLAG.EQ.1) GO TO 999 
D1X1=1.1(RNIX1-DOX1)-RNIX1 
D1X2=1.1(RNIX2-DOX2)-RNIX2 
CHIX2=(2.HRN-1.)HCHI1X2IX2-CHIOX2 
C H I Y 2 = ( 2 . :: R N- 1 . ) ::CHI 1 Y 2 I Y 2- C H I 0 Y 2 
CHIPX2=CHI1X2-RNHCHIX21X2 
C H I P Y 2 = C H I 1 Y 2- R N :: C H I Y 2 I Y 2 
AN CAP= REF R E L :: D 1 X 1 - D 1 X 2 
AN CAP =AN CAP I ( R E F R E L :: D 1 X F C H I X 2 - C H I P X 2 ) 
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121 ANCAP=ANCAP/(CHIX2~D1X2-CHIPX2) 
122 BRACK=ANCAP~(CHIY2~D1Y2-CHIPY2) 
123 BNCAP=REFREL~D1X2-D1X1 

124 BNCAP=BNCAP/(REFREL~CHIP~2-D1X1~CHIX2) 
125 BNCAP=BNCAP/(CHIX2~D1X2-CHIPX2) 
126 CRACK:BNCAP~(CHIY2~D1Y2-CHIPY2) 

127 AMES51=BRACK~CHIPY2 
128 AMES52=BRACK~CHIY2 

129 AMES53=CRACKHCHIPY2 
130 AMES54=CRACKHCHIY2 
131 IF(CABS(AMESS1).GT.DEL~CABS(D1Y2)) GO TO 999 
132 IF(CABS(AMESS2).GT.DEL) GO TO 999 
133 IF(CABS(AMESS3).GT.DEL~CABS(D1Y2)) GO TO 999 
134 IF(CABS(AMESS4).GT.DEL) GO TO 999 
135 BRACK=CMPLX(O.O,O.O) 
136 CRACK:CMPLX(O.O,O.O) 
137 IFLAG=1 
138 999 DNBAR=DlY2-BRACKHCHIPY2 
139 DNBAR=DNBAR/(1.-BRACKHCHIY2) 
140 GNBAR=D1Y2-CRACKHCHIPY2 
141 GNBAR=GNBAR/(1.-CRACKHCHIY2) 
142 AN=(DNBAR/RFREL2+RN/Y)HPSIY-PSI1Y 
143 AN=AN/((DNBAR/RFREL2+RN/Y)~XIY-XI1Y) 
144 BN=(RFREL2HGNBAR+RN/Y)HPSIY-PSI1Y 
145 BN=BN/((RFREL2~GNBAR+RN/Y)~XIY-Xl1Y) 
146 QSCA=QSCA+(2.HRN+1.)~(CABS(AN)HCABS(AN)+CABS(BN)HC, 
1 4 7 X BACK= X BACK+ ( 2 . :: R N + 1 . ) :: (- 1 . ) :: :: N :: (AN- B N) 
148 QEXT=QEXT+(2.HRN+1.)~(REAL(AN)+REAL(BN)) 
149 PSI0Y=PSI1Y 
150 PSI1Y=PSIY 
151 CHI0Y=CHI1Y 
152 CH11Y=CHIY 
153 XI1Y=CMPLX(PSI1Y,-CHI1Y) 
154 CHIOX2=CHI1X2 
155 CHI1X2=CHIX2 
156 CHIOY2=CHI1Y2 
157 CHI1Y2=CHIY2 
158 DOX1=D1X1 
159 DOX2=D1X2 
160 DOY2=D1Y2 
161 N=N+1 
162 IF(N-1-NSTOP) 200,300,300 
163 300 QSCA=(2./(YHY))HQSCA 
164 QEXT=(2./(Y~Y))HQEXT 
16 5 QBACK=XBACK::coNJG(XBACK) 
1 6 6 Q BACK= (1 . I (Y :: Y) ) :: Q BACK 
167 RETURN 
168 END 
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SHELL 

COATED SPHERE SCATTERING PROGRAM 

REFMED = 1.0000 
REFRE1 = .159000E+01 
REFRE2 = .140900E+01 
CORE RADIUS = .171 

REFIM1 = 
REFIM2 = 

COAT RADIUS 

.660000E+00 

.174700E+00 
6.265 

WAVELENGTH = 3.0000 
CORE SIZE PARAMETER = .358 COAT SIZE PARAMETER 
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13.121 

QSCA = .114341E+01 QEXT .232803E+01 OBACK = .285099E-Ol 



Appendix C 
Normally Illuminated Infinite 

Cylinder 

The program described in this appendix is an improved version of one 
contained in a report by Bohren and Timbrell (1979); the underlying theory 
and definitions of symbols are given in Section 8.4. 

The coefficients (8.38) are still not in a form suitable for computations: 
indices are required to be positive integers in most versions of Fortran. We can 
get around this easily enough by defining Gn = Dn _ 1 (n = I, 2, ... ), which 
satisfies the recurrence relation 

n- 2 I 
Gn_I(z) = -z-- -n---~---

-- + Gn(z) 
z 

(C. I) 

If we use the relations J _ n = (- I Yin and Y _ n = (- 1 YYn, the coefficients a0 

and b0 may be written 

where we define BJn = Jn _ 1 and BHn = H~ 1l 1 (n = I, 2, ... ). For n =1= 0 we 
have 

{ Gn + 1 ( mx) I m + nIX} BJn + 1 (X) - BJn (X) 
an= {Gn+l(mx)lm + nlx}BHn+l(x)- BHn(x)' 

{ mG n + 1 ( mx) + nIX} BJn + 1 (X) - BJn (X) 
bn = {mGn+l(mx) + nlx}BHn+l(x)- BHn(x). 

As in the previous programs, series for scattering matrix elements and 
efficiencies are truncated after NSTOP terms, where NSTOP = x + 4x113 + 2. 
Gn(mx) is computed by (C.l): beginning with GNMX, successive lower-order 
logarithmic derivatives GNMX _ 1, ••• , G1 are computed by downward recur
rence. Provided that NMX is sufficiently greater than NSTOP and jmxj, GP for 
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p ~ NSTOP is insensitive to the choice of GNMX· We varied GNMX over five 
orders of magnitude for a range of arguments mx; in each instance GNMX _ 5 

was independent of GNMX· Therefore, we take NMX = Max(NSTOP, jmxl) + 
15, and recurrence begins with GNMX = 0.0 + iO.O. 

Computation of Bessel Functions The Bessel functions Jn and Yn pose more 
computational problems than the logarithmic derivative. In BHCYL these 
functions are computed by an algorithm credited to Miller (British Associa
tion, 1952, p. xvii), further details of which are given by Stegun and Abramo
witz (1957) and by Goldstein and Thaler (1959); we outline this scheme in the 
following paragraph. 

To calculate Jn(x) we generate a sequence of functions ~(x)-in BHCYL 
F( P) is ~ _ 1- by downward recurrence: 

2p~(x) 
~-1(x) = - ~+1(x) 

X 
(p=M-1, ... ,1) (C.2) 

beginning with FM = 0.0 and FM_ 1 = 10- 32 , where M is greater than both n 
and x. Although FM _1 is arbitrary, it should be small to avoid generating 
excessively large numbers when x < 1. JP and ~also satisfy (C.2), and for all p 
sufficiently smaller than M we have 

where a is independent of p; this constant is evaluated by using 

00 

lo + 2 L 12m = 1' 
m=l 

from which it follows that 

4M-l 

a=::: F0 (x) + 2 L F2m(x). 
m=l 

Yn ( x) is computed by upward recurrence 

2p~(x) 
~+1(x) = x - ~-1(x), 

beginning with Y0 and Y1; the first of these is obtained from 
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where Euler's constant y is 0.57721566 ... ; the second is calculated from the 
Wronskian 

The choice of M = MST in the recurrence relation (C.2) is sometimes 
determined by iteration. This may be appropriate in a program to compute 
Jn(x) for arbitrary nand x. But our needs are more limited, and we can avoid 
iterating-thereby designing a more efficient program-by properly choosing 
MST. NSTOP, which is greater than x, is the largest order of the Bessel 
functions required in scattering calculations. Therefore, we take MST to be the 
even integer closest to NSTOP + NDELTA. To determine NDELTA we did a 
series of calculations: NDELTA was incremented until successive values of 
lNsToP agreed to nine decimal places; the size parameter was varied from 0.001 
to 5000. Our results are summarized by the empirical relation 

NDEL TA = ( 101 + x )0
.4

99
• 

Tests of BHCYL Computed values of Jn(x) and Yn(x) for various nand x 
were compared with values tabulated by Olver (1964). Computed logarithmic 
derivatives were also compared with values calculated from tabulated Bessel 
functions. In all instances there was agreement to as many decimal places as 
were given in the tables. This gives us some confidence that BHCYL does what 
it was designed to do. 

Scattering coefficients for absorbing cylinders over a limited range of m and 
x have been tabulated by Libelo (1962). These were compared with coefficients 
computed by BHCYL; in all instances there was agreement to as many 
decimal places as were given in the tables. 

There are a few obvious checks on the scattering and extinction efficiencies: 
(1) they are nonnegative for all x and m; and (2) Qsca and Qext are equal when 
the cylinder is nonabsorbing. BHCYL has never failed to pass these tests. 
Scattering efficiencies are calculated in BHCYL as the sum of squares of the 
scattering coefficients, whereas extinction efficiencies are calculated from the 
real part of the forward amplitude scattering matrix elements T1 and T2 • This 
was done purposely to provide a check on the amplitude scattering matrix 
elements. 

As a further check, we compared efficiencies computed by BHCYL with 
values given by Larkin and Churchill (1959); in all instances, there was good 
agreement. 
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PROGRAM CALCYL (INPUT=TTY,OUTPUT=TTY,TAPE5=TTY) 
;:;:::::::::::::::::::::::::::::::::::::;:;:;:;:;:;:;:;:;:;:;:;:;:::;:;:;:;:;:::::;:::;:;:;:;:;:;:;:;:;:;:;:;: 

CALCYL CALCULATES THE SIZE PARAMETER (X) AND RELATIVE 
REFRACTIVE INDEX (REFREL) FOR A GIVEN CYLINDER REFRACTIVE 
INDEX, MEDIUM REFRACTIVE INDEX, RADIUS, AND FREE SPACE 
WAVELENGTH. IT THEN CALLS BHCYL, THE SUBROUTINE THAT COMPUTES 
AMPLITUDE SCATTERING MATRIX ELEMENTS AND EFFICIENCIES 

COMPLEX REFREL,T1(200),T2(200) 
DIMENSION ANG(200) 
WRITE (5,11) 

::::::;:;:;:;:;:;:::::::;:;:;:;:::::::::::;:::::;:;:;:;:::::;:;:;:;:::::::::::::::;:;:::::;:::::;::::::::::: 

REFMED = (REAL) REFRACTIVE INDEX OF SURROUNDING MEDIUM 

REFMED=l.O 

REFRACTIVE INDEX OF CYLINDER = REFRE + I~REFIM 

REFRE=1.55 
REFIM=O.O 
REFREL=CMPLX(REFRE,REFIM)/REFMED 
WRITE (5,12) REFMED,REFRE,REFIM 
Pl=3.14159265 

RADIUS (RAD) AND WAVELENGTH (WAVEL) SAME UNITS 

RAD=.525 
WAVEL=.6328 
X=2.~PI~RAD~REFMED/WAVEL 

WRITE (5,13) RAD,WAVEL 
WRITE (5,14) X 

FIN = FINAL ANGLE (DEGREES) 
INTANG = NUMBER OF INTERVALS BETWEEN 0 AND FIN 

FIN=180. 
INTANG=20 
WRITE (5,15) 
CALL BHCYL (X,REFREL,T1,T2,QSCPAR,QSCPER,QEXPAR,QEXPER, 

1FIN,INTANG,ANG) 
NPTS=INTANG+1 
T 11 N 0 R = 0 . 5 :: (CABS ( T1 ( 1 )) ::CABS (T 1 (1 ) ) ) 
T11 N 0 R = T 11 N 0 R + 0 . S:: ( C A B S ( T 2 (1 ) ) ::CAB S ( T 2 (1 ) ) ) 

T33 AND T34 MATRIX ELEMENTS NORMALZIED BY T11 
T11 IS NORMALIZED TO 1.0 IN THE FORWARD DIRECTION 
POL = DEGREE OF POLARIZATION (INCIDENT UNPOLARIZED LIGHT) 

DO 107 J=1,NPTS 
TPAR=CABS(Tl(J)) 
T PAR = T PAR :: T PAR 
TPER=CABS(T2(J)) 
TPE R = TPER :: T PER 
T11=0.5~(TPAR+TPER) 
T12=0.5~(TPAR-TPER) 

POL=Tl2 /Tl1 
T33=REAL(T1(J)~CONJG(T2(J))) 
T 3 4 =A I MAG ( T 1 ( J ) :: C 0 N J G ( T 2 ( J ) ) ) 
T33=T33/Tll 
T34=T34/T11 
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62 
63 
64 
65 
66 
67 
68 
69 
70 
71 
72 
73 
74 
75 c 
76 c 
77 c 
78 c 
79 c 
80 c 
81 c 
82 c 
83 
84 
85 
86 
87 
88 
89 
90 c 
91 c 
92 c 
93 
94 
95 
96 
97 
98 
99 

100 
101 c 
102 c 
103 c 
104 c 
105 c 
106 
107 
108 
109 
110 
111 
112 c 
113 c 
114 c 
115 c 
116 c 
117 c 
118 
119 
120 

NORMALLY ILLUMINATED INFINITE CYLINDER 

T11=Tl1 /T11NOR 
107 WRITE (5,68) ANG(J),T11,POL,T33,T34 

WRITE (5,67) QSCPAR,QEXPAR,QSCPER,QEXPER 
67 FORMAT C/I,"QSCPAR =",E14.6,3X,"QEXPAR =",E14.61 

111 QSCPER =",E14.6,3X,"QEXPER =",E14.6/I) 
68 FORMAT (1X,F8.2,2X,E13.6,2X,E13.6,2X,E13.6,2X,E13.6) 
11 FORMAT ( I"C YLI NDER PROGRAM: NORMALLY INC I DENT LIGHT" I/) 
12 FORMAT (5X,"REFMED =",F8.4,3X,"REFRE =",E14.6,3X 

1"REFIM =",El4.6) 
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13 FORMAT (5X, 11 CYLINDER RADIUS =",F7.3,3X,"WAVELENGTH =",F7.4) 
1'+ FORMAT (5X,"SIZE PARAMETER =",F8.3/) 
15 FORMAT (//2X,"ANGLE",7X,"T11'',13X,"POL'',13X,"T33",13X,"T34"11) 

STOP 
END 

SUBROUTINE BHCYL CALCULATES AMPLITUDE SCATTERING MATRIX 
ELEMENTS AND EFFICIENCIES FOR EXTINCTION AND SCATTERING 
FOR A GIVEN SIZE PARAMETER AND RELATIVE REFRACTIVE INDEX 
THE INCIDENT LIGHT IS NORMAL TO THE CYLINDER AXIS 
PAR:ELECTRIC FIELD PARALLEL TO CYLINDER AXIS 
PER:ELECTRIC FIELD PERPENDICULAR TO CYLINDER AXIS 

SUBROUTINE BHCYL (X,REFREL,T1,T2,QSCPAR,QSCPER,QEXPAR,QEXPER, 
2FIN,INTANG,ANG) 

COMPLEX REFREL,Y,AN,BN,AO,BO 
COMPLEX G(1000),BH(1000),T1(200),T2(200) 
DIMENSION THETA(200),ANG(200),BJ(1000),BY(1000),F(1000) 
Y =X:: R E F R E L 
XSTOP=X+4.~x~~.3333+2. 

SERIES TERMINATED AFTER NSTOP TERMS 

NSTOP=XSTOP 
YMOD=CABS(Y) 
NMX=AMAX1(XSTOP,YMOD)+15 
NPTS=INTANG+1 
DANG=FINIFLOAT(INTANG) 
DO 555 J=1,NPTS 
ANG(J)=(FLOAT(J)-1.)~DANG 

555 THETA(J)=ANG(J)~0.017453292 

LOGARITHMIC DERIVATIVE G(J) CALCULATED BY DOWNWARD 
RECURRENCE BEGINNING WITH INITIAL VALUE 0.0 + I~O.O 
AT J = NMX .................................................................................................................................................................................. 
...................... ,., .......... If .............. ,. ............................................... " .. """""""""'"" .. '"'"""""""""'""""'" ................................... .. 

G(NMX)=CMPLX(O.O,O.O) 
NN=NMX-1 
DO 120 N=1,NN 
RN=NMX-N+1 
K=NMX-N 

120 G(K)=((RN-2.)IY)-(1.1(G(K+1)+(RN-1.)1Y)) 

BESSEL FUNCTIONS J(N) COMPUTED BY DOWNWARD RECURRENCE 
BEGINNING AT N = NSTOP + NDELTA 
BESSEL FUNCTIONS Y(N) COMPUTED BY UPWARD RECURRENCE 
BJ(N+1) = J(N), BY(N+1) = Y(N) .............................................................................................................................................................................. 
...... If .......................................................................................................................................................................... .. 

N DE L T A= ( 1 0 1 • +X ) :: :: . 4 9 9 
MST=NSTOP+NDELTA 
M S T = ( M S T I 2 ) :: 2 



496 APPENDIXC 

121 F(MST+1)=0.0 
122 F(MST)=1.0E-32 
123 M1=MST-1 
124 DO 201 L=1~M1 
125 ML=MST-L 
126 201 F(ML)=2.~FLOAT(ML)~F(ML+1)1X-F(ML+2) 
127 ALPHA=F(1) 
128 M2=MST-2 
129 DO 202 LL=2~M2~2 
130 202 ALPHA=ALPHA+2.~F(LL+1) 
131 M3=M2+1 
132 DO 203 N=1~M3 
133 203 BJ(N)=F(N)IALPHA 
134 BY(1):BJ(1)~(ALOG(XI2.)+.577215664) 
135 M4=MSTI2-1 
136 DO 204 L=1~M4 
1 3 7 2 0 4 BY ( 1 ) =BY ( 1 ) - 2 . :: ( ( -1 . ) :: :: L) :: B J ( 2 :: L + 1 ) IF LOA T ( L) 
1 3 8 BY ( 1 ) = . 6 3 6 6 1 9 7 7 2 :: B Y ( 1 ) 
139 BY(2)=BJ(2)~BY(1)-.6366197721X 
140 BY(2)=BY(2)1BJ(1) 
141 NS=NSTOP-1 
142 DO 205 KK=1~NS 
143 205 BY(KK+2)=2~FLOAT(KK)~BY(KK+1)/X-BY(KK) 
144 NN=NSTOP+1 
145 DO 715 N=1~NN 
146 715 BH(N)=CMPLX(BJ(N)~BY(N)) 
147 AO=G(1)~BJ(1)IREFREL+BJ(2) 
14 8 A 0 =A 0 I ( G (1 ) :: B H (1 ) IRE F R E L + B H ( 2) ) 
14 9 B 0 =REF R E L :: G (1 ) :: B J ( 1 ) + B J ( 2 ) 
1 5 0 B 0 = B 0 I ( R E F R E L :: G ( 1 ) :: B H ( 1 ) + B H ( 2 ) ) 
151 QSCPAR=CABS(BO)::cABS(BO) 
15 2 QSCP E R=CABS (AO) ::cAB 5 (AO) 
153 DO 101 K=1~NPTS 
154 T1(K)=B0 
155 101 T2(K)=A0 
156 DO 123 N=1,NSTOP 
157 RN=N 
1 58 AN= ( G ( N + 1 ) IRE F R E L + R NIX):: B J ( N + 1 ) - B J ( N) 
159 AN=AN I ( (G(N+1) I REFREL+RN/X) ::gH (N+ 1) -BH(N)) 
16 0 BN= (REFREL::G (N+ 1 )+RN /X) ::BJ (N+ 1) -BJ (N) 
1 6 1 B N = B N I ( (REF R E L :: G ( N + 1 ) + R NIX):: B H ( N + 1 ) - B H ( N) ) 
162 DO 102 J=1~NPTS 
163 C=COS(RN~THETA(J)) 
1 6 4 T 1 ( J ) = 2 • :: B N :: C + T 1 ( J ) 
165 102 T2(J)=2. ::AN::c+T2(J) 
166 QSCPAR=QSCPAR+2. ::cABS(BN)::cABS(BN) 
16 7 12 3 QSCP E R=QSCPER+ 2. ::cABS (AN) ::cABS (AN) 
168 QSCPAR=(2./X)~QSCPAR 
169 QSCPER=(2./X)~QSCPER 
170 QEXPER=(2./X)~REAL(T2(1)) 
171 QEXPAR=(2./X)::REAL(T1(1)) 
172 RETURN 
173 END 



NORMALLY ILLUMINATED INFINITE CYLINDER 

CYL 

CYLINDER PROGRAM: NORMALLY INCIDENT LIGHT 

REFMED = 1.0000 
CYLINDER RADIUS = 
SIZE PARAMETER = 

ANGLE Tll 

0. 0 0 .100000E+01 
9.00 .686631E+00 

18. 0 0 .217683E+OO 
2 7. 0 0 .144205E+00 
36.00 .259646E+00 
45.00 .231162E+00 
54.00 .132150E+00 
6 3. 0 0 .839900E-01 
72.00 .669177E-01 
81.0 0 .622477E-Ol 
9 0. 0 0 .482920E-Ol 
99.00 .199993E-01 

108.00 .244164E-01 
117.00 .416869E-01 
126.00 .200601E-01 
135.00 .186030E-Ol 
144.00 .655546E-01 
153.00 .632725E-01 
162.00 .168029E-Ol 
171.00 .333764E-01 
180.00 .673014E-01 

QSCPAR = .209716E+01 
QSCPER .192782E+01 

REFRE 
. 52 5 

5. 213 

.155000E+01 REFIM 
WAVELENGTH = .6328 

POL T33 

.734486E-01 .997149E+00 

.291477E-01 .999432E+00 
-.135736E+00 .986700E+00 

.103749E+00 .931604E+00 

.162651E+00 .977440E+00 
-.894687E-02 .997329E+00 
-.179789E+00 .953175E+00 
-.349048E-01 .900228E+00 

.504876E-01 .937414E+00 
-.823535E-02 .942424E+00 
-.510106E-01 .967653E+00 
-.606254E+00 .782214E+00 
-.141679E+00 .173427E+00 

.476291E+00 .534335E+00 

.488882E+00 .839228E+00 
-.671603E+00 -.708250E+00 
-.676521E-01 -.325732E+00 

.262420E-01 -.223743E+00 
-.282769E-01 -.771987E+00 

.956354E+00 -.135136E+00 

.899741E+00 .641930E-01 

QEXPAR .209716E+01 
QEXPER .192782E+01 
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0. 

T34 

-.172894E-01 
-.169025E-01 

.894351E-01 

.348352E+00 

.134744E+00 

.724853E-01 

.243175E+00 

.434018E+00 

.344536E+00 

.334320E+00 

.247076E+00 

.143519E+00 

.974602E+00 

.698307E+00 
-.238100E+00 

.217558E+00 

.943039E+00 

.974295E+00 

.635010E+00 

.259084E+00 

.431676E+00 
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Index 

Absorption: 
by atmospheric aerosols, 436-446 
dominance of, in Rayleigh limit, 309 
effect on ripple and interference structure, 

306,318 
mechanisms in bulk matter, summary, 282 
temperature effects on, 281 

Absorption coefficient, bulk matter: 
defined,29 
measurement of, 29, 30 

Absorption cross section: 
ofcubes,368 
defined,71 
of distribution of ellipsoids, 353-356 
of ellipsoids, Rayleigh limit, 150-152, 345, 

348 
integrated, of ellipsoid, 347 
in Rayleigh-Gans approximation, 161, 162 
of sphere, Rayleigh limit, 140 
of spheroid, 313 
of weakly absorbing large sphere, 166-169 

Absorption edge, see Band gap 
Absorption efficiency: 

defined, 72 
and emissivity, 125 
greater than 1, 339-342 
of small sphere, 136 
of sphere, asymptotic limit, 172, 173 
of water droplets, 170, 171 

Aggregation of particles: 
effect on extinction spectra: 

aluminum, 376 
amorphous quartz, 361 
gold, 372 
magnesium oxide, 366-368 

effect on optical properties, 81,315,342, 
258 

and sampling of atmospheric aerosols, 440 
scattering by, spherical clusters, 423-425 

Albedo, single scattering: 
defined, 445 
and global climate, 435,442,443-446 

521 

Alexander's dark band, 177 
Alignment of particles: 

in interstellar dust clouds, 463-465 
in noctilucent clouds, 451 
in ocean waters, 427 

Aluminum: 
bulk optical properties of, 225, 271-273, 

353 
particles, extinction by: 

ellipsoids, 346 
measurements, 374-377 
spheres,294,295,310,338,375 

surface plasmons in, 338, 339 
Amorphous solids: 

and far-infrared emission, 446 
as oxide coating, 376 
particles of, in interstellar dust, 462-466 

Amplitude scattering matrix: 
for anisotropic dipole, 154 
for cylinder, 202, 205,408 

Rayleigh limit, 208 
defined, 63 
for optically active particles, 189, 408 
in Rayleigh-Gans approximation, 161, 407 
for sphere, 112 

Rayleigh limit, 132, 140, 407 
and sum rule, 154 
symmetry of, 406-412 

Angle-dependent functions, in Mie theory: 
defined, 94 
polar plots of, 96 
recurrence relations for, 95, 119 

Angular scattering: 
calculations: 

for spheres, 114, 115 
distributed in size, 387-389 
of increasing size, 384-387 
in Rayleigh limit, 133, 134 

for spheroids, 397-400 
measurements: 

absolute and relative, 391 
applicability of Mie theory to, 427. 428 
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for cylinder, 426 
for nonspherical particles, 399-401,422 
forspheres,420,421 
techniques for, 389-392 

Anisotropic cylinder, scattering by, 209 
Anisotropic oscillator model: 

applied to crystalline quartz, 250, 251 
theory of, 247- 249 

Anisotropic solids, powders of, 432 
Anisotropic sphere, scattering by, 152, 153, 

184, 185 
Asymmetry: 

in absorption bands, 306-308 
in scattering diagrams, 115, 384-389, 

398-400 
Asymmetry parameter: 

defined, 72 
for nonspherical particles, 401 
for spherical particles, 119, 120 

Asymptotic limits: 
of absorption and scattering efficiencies, 

171-173 
of extinction efficiency, 107, 110, 172, 299 

Atmospheric aerosols: 
absorption by, 436-446 
and blue moon, 129 
and climate, 434-436 
imaginary part of refractive index of, 279, 

436-439 
remote sensing of, 442, 443 

Average dielectric function, theories of: 
Bruggeman,217,218 
Maxwell Garnett, 214-218 
see also Effective refractive index 

Average refractive index of atmospheric 
aerosols,433,438 

Babinet's principle, 108 
Back scattering: 

by nonspherical particles, 422,423 
by sphere, 122 

Backscattering cross section, see Radar 
backscattering cross section 

Band gap: 
defined,251,252 
in magnesium oxide, 270 
in semiconductors, 282 
superconducting, 282, 376 

Beam width, effect of on scattering, 117, 118 
Bessel functions: 

of complex order, 185 
of integral order, 195 

asymptotic expansions for, 93, 94 
computation of, 492, 493 

expansion of trigonometric functions in, 
418 

integral representation of, 110, 164, 197 
power series expansions for, 208 
recurrence relation for, 197 

spherical (half-integral order): 
computation of, 478 
integral representation of, 92 
plots of, 88 
power series expansions for, 130, 131 
recurrence relations for, 86, 478 
and Riccati-Bessel functions, 101 
stability of recurrence relations for, 127, 

128 
Biological particles, scattering by, 395, 397, 

425,427 
Birefringence: 

circular, 46, 191 
ofice, 179 
linear, 45, 248 

Blackbody radiation, see Planck function 
Blue moon and blue sun, 107, 129,318 
Boundary conditions for electromagnetic 

fields, 59-61, 99, 182 
Brewster angle, 36, 135 
Bruggeman average dielectric function, 217, 

218 
Bubble, resonance condition for, 331 
Bulk optical constants, applicability of to 

small particles, 280, 326, 336, 360, 
371,372 

Carbon particles: 
and absorption by atmospheric aerosols, 

438,439, 444-446 
absorption by small spheroids of, 351-353 
and complex refraction index of carbon, 

431 
in India ink, 288 

Causality, 19, 22, 56, 116 
Charged sphere, scattering by, 118 
Christiansen effect, 292 
Cigarette smoke, blue moon demonstrated 

with, 129 
Circular cylinder, see Cylinders, scattering by 
Circular dichroism:-· 

defined,46, 191 
in particulate media, 192-194 

Circumstellar dust shells, 457, 462, 463 
Clausius-Mosotti relation, 221 
Climate changes, 434-436 
Clusters of spheres, scattering by, 423-425 
Coated ellipsoid, scattering by in Rayleigh 

limit, 148- 150 



Coated sphere, scattering by: 
computer program for, 483-489 
and immunological slide, 470-472 
and invisible particles, 149 
in Rayleigh limit, 149 
and surface modes, 329, 330 
theory of, 181-183 

Cole-Cole plots, 265, 351, 352 
Colloids, optical properties of, 369-374 
Color: 

ofcopper,259 
of gemstones, 271 
of glacial crevasses, 276 
of Grand Canyon, 271 
of metal colloids, 369, 3 71 
ofnoctilucent clouds, 448 
of old bottles, 271 
of rainbow, 177, 188 
ofsky,42 
of swimming pools, 274 

Color centers, 271, 282, 283 
Computer programs for scattering and 

absorption, 475, 476 
by coated sphere, 483-489 
by homogeneous sphere, 477-482 
by normally illuminated infinite cylinder, 

491-497 
Conductivity, 13, 15, 19, 186 

surface, 118 
Convergence criteria in scattering 

calculations, 126,477,485 
Convolution theorem, 17 
Copper,259,337,352,353 
Core electrons, 267, 273 
Cross polarization: 

defined, 383 
and depolarization ratio, 403 
and particle shape, 423 
in Rayleigh-Gans approximation, 407 
of sphere, 408 

Cross sections: 
ofanisotropic sphere, 184 
of arbitrary particle, 71, 73 
computation of, for spheres, 126-129 
of cylinder, 202-204 
of ellipsoid, Rayleigh limit, 151, 152,343,350 
normalization of, 289 
of optically active sphere, 190 
in Rayleigh-Gans approximation, 162 
ofsphere, 103 

Rayleigh limit, 140 
and surface modes, 343 
of weakly absorbing large sphere, 166- 171 
.l't't' al.w Aosorption; Extinction; Scattering 

INDEX 

Cube: 
absorption by, randomly oriented, 386 
surface modes in, 365-369 

Cylinders, scattering by: 
finite: 

523 

according to diffraction theory, 209-213 
in Rayleigh-Gans approximation, 

163-165 
infinite, 194-213 

amplitude scattering matrix for, 206 
anisotropic, 209 
efficiencies for, 204-207 
scattering matrix for, 206 

De bye relaxation mode, 259-265 
dielectric function for, 263, 264 
and microwave absorption by 

macromolecules, 472-474 
and water, 264 

Degree of polarization, see Polarization 
Depolarization factors, 147 
Depolarization of scattered light, 67, 403 
Depolarization ratio, 403 
Detailed balance, 125 
Dichroism: 

circular, 46, 191 
linear, 46 

Dielectric function: 
complex: 

of aluminum, 255,272, 346 
anisotropic model for, 247-250 
average, see Average dielectric function, 

theories of 
Cole-Cole plots of, 353 
Debye mode for, 263, 264 
Drude free-electron model for, 252-256 
high- and low-frequency limits of, 234 
of ice, 275 
Lorentz oscillator model for, 230- 23 2, 

241 
of magnesium oxide, 246, 269 
multiple oscillator model for, 245 
quantum mechanical expression for, 245 
and refractive index, 227 
relationship of real and imaginary parts 

of,266 
of silicon carbide, 243 
of silver, 257,258,373 
of water, 264, 275 

static, 267 
Dielectric function tensor, 152, 247, 249 
Differential scattering cross section: 

defined. 72.383 
measurement of. :w I, 392 
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Diffraction: 
by aperture, 109 
by cylinder, 209-213 
by obstacle, 109 
by sphere, 110, 111 
theory of, 107- 111 

Dipole: 
potential of, 138, 139 
radiation by, 99, 139, 236-238 

Disk: 
absorption by, 350, 353 
as oblate spheroid, 146 
scattering diagram for, diffraction theory, 

111 
Dispersion: 

anomalous, 232,235, 242 
normal, 177, 232, 239 
spatial, 22 

Dispersion relations, see Kramers-Kronig 
relations 

Doppler shift, wind velocity measurements 
by,447 

Drude free-electron model, 251-257 
for aluminum, 255,256, 272,273 
dielectric function for, 252, 254 
for semiconductors, 256 
and surface plasmons, 335, 345 

Eccentricity of spheroids, 146 
Effective optical constants, see Average 

dielectric function, theories of 
Effective refractive index: 

of atmospheric aerosols, 443-446 
of slab of particles, 78, 79 
see also Average dielectric function, 

theories of 
Efficiency factor: 

defined, 72 
greater than 1, 125,333,334,339-342 
for radiation pressure, 120 
see also Absorption; Cross sections; 

Extinction; Scattering 
Electromagnetic waves, plane, 25-27 
Electron energy bands, 239,251,252, 270 
Electrons, free and bound, 257-259 
Electrostatics approximation, 136-154 

for anisotropic sphere, 152-154 
for coated ellipsoid, 148, 149 
forcube,342,356,368 
for ellipsoid, 141-149 
for sphere, 136-141 
and surface modes, 327 

Ellipsoidal coordinates, 141 
Ellipsoids: 

INDEX 

aluminum, 346 
coated, 148-150 
continuous distribution of, 353-356 
as disks, needles, and spheres, 348-353 
in electrostatics approximation, 141-149 
metallic, 345-347 
polarizability tensor for, 150 
randomly oriented, 151, 152, 346 
surface modes in, 342-356 

Ellipsometric parameters of polarized light, 
46 

and Stokes parameters, 50 
Ellipsometry, 41, 56 

and light-scattering measurements, 416 
Emissivity of sphere, 125 

greater than 1, 126 
Exciton, 269, 270 

pressure dependence of, 468, 469 
Extinction: 

defined,69,287 
interpreted, 69, 75, 287 
paradox, 107,110, 129 
by sphere in absorbing medium, 330 
sum rule for, 116, 117 
theorem, Ewald-Oseen, 5, 11 

Extinction calculations: 
for cylinders, 314-316 
for distribution of ellipsoids, 356 

of aluminum, 375 
of magnesium oxide, 367,368 
of quartz, 363 
of silicon carbide, 364 

for spheres: 
of aluminum, 294, 295, 310, 338, 375 
effect of absorption on, 307 
effect of size distribution on, 296-299 
of electron-hole droplets, 377, 378 
of gold, 370, 371 
of magnesium oxide, 290-292,308,367 
of quartz, 361, 363 
and ripple structure, 300,301,302 
of silicon carbide, 333,334 
ofwater, 104-107,292,297,309 
see also Mie calculations 

for spheroids, 311-314 
Extinction cross secton defined, 71 

see also Cross sections; Scattering cross 
sections and efficiencies 

Extinction measurements: 
for amorphous quartz spheres, 360-362 
for colloidal gold, 371 
for colloidal silver, 373, 374 
for cylinders, microwave, 322, 323 
for electron-hole droplets, 377. 378 



for interstellar dust, 458-462 
for irregular quartz particles, 318, 319, 362, 

363 
for irregular silicon carbide particles, 364, 

365 
for magnesium oxide cubes, 366, 367 
for nonspherical aluminum particles, 

375-377 
for sphere in microwave cavity, 303, 304 
for spheroids, microwave, 321, 322 

Fiber, scattering by, 425, 426 
Fluctuations, scattering by, 6 
Fogs, scattering by, 116,387-389 
Form factors in Rayleigh-Gans theory, 161 

forfinitecylinder, 164, 165 
for sphere, 163 

Forward scattering: 
dominance of, for large particles, 114-116, 

384,387,398 
effect on measured extinction, 75, 110, 111, 

289,316 
and polarization, 206 

Fourier transforms, 15-19, 23, 56 
Fraunhofer diffraction, 109 
Free electrons, see Drude free-electron model 
Fresnel formulas for reflection and 

transmission, 34, 35 
and scattering by large sphere, 167 

Frohlich mode: 
absorption at, 328 
ofbubble, 331 
defined, 327 
effect of coating on, 329, 330,471 
effect of finite size on, 329 
effect of medium on, 332 
frequency of, 327 
of void, 330 
width of, 332 
see also Surface modes; Surface plasmons; 

Surface phonons 

Geometrical factors of ellipsoid, 146-147 
and depolarization factors, 147 
and eccentricity of spheroids, 146, 147 
and surface modes, 343, 344 

Glory, 389 
and nonspherical particles, 401 

Gold, 337, 352, 353 
colloidal extinction by, 369-372 

Graphite: 
in interstellar dust, 459-461 
surface plasmon in. 379 

Greenhouse effect. 43~ 

INDEX 

Green's function, 263 
Group velocity, 253 

Haloes, ice-crystal, 178-180 
Hankel functions, 93, 94 

Ice: 
absorption bands of, 277, 278 
dielectric function of, 275 
in interstellar dust, 462, 467 

lee-water mixtures, 218 
and radar backscattering, 265, 276 

Immunological slide, 469 
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Impurities, absorption by, 270,271,279 
Inhomogeneous particles, dielectric functions 

for, 213-219 
Integrating plate method, 440, 441 
Integrating sphere, 320,441 
Interference bands, in thin slabs, 38, 39 
Interference structure in extinction, 104-106, 

292-299 
effect of absorption edge on, 306 
for polystyrene spheres, 317, 318 
and response curves for sizing particles, 

404,405 
for spheroids, 311, 312 

Interstellar dust, 307,457-467 
and circular polarization, 464, 465 
and diffuse bands, 459, 460 
emission by, 462,466 
extinction by 

average, 459 
infrared, 461 
ultraviolet, 460 

and linear polarization, 463, 464 
scattering by, 465, 466 

Inverse scattering problem, 10, 11, 403 
Invisible particles, 149, 150 
Irregular particles: 

extinction by, measurements, 318,319 
scattering by, measurements, 400,402 

KBr pellet technique, 358-360 
Kirchhoff s law for emission and absorption, 

125 
Kramers-Kronig relations, 19-22,41, 56, 274 

and Debye model 263 
and dielectric function, 266 
and optical activity, 191 
and oscillator model, 231 
for reflection, 32, 33, 234 
for refractive index, 28 

Legendre functions, 86, 90, 91 
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Levitation of particles, 394, 395 
by radiation pressure, 304, 305 

Lidar, 443,447 
Light sources, for scattering, 390 
Limiting behavior: 

of backscattering efficiency, 123 
of dielectric function, 266, 267 
of efficiencies: 

for large sphere, 107-110, 171-173 
for small sphere, 130- 136 

of harmonic oscillator model, 234, 235 
Logarithmic derivative: 

computation of, 4 78 
defined, 127, 204 
recurrence relation for, 127, 205 

Lorentz oscillator model, 228-232 
for core electrons, 272 
dielectric function for, 230, 231, 241 
for magnesium oxide, 240, 246 
for silicon carbide, 241-243 
and surface modes, 332, 348 

Lyddane-Sachs-Teller relation, 244 

Magnesium oxide: 
bulk optical properties of, 239-241, 

245-247,268-271 
extinction calculations for, 290-292,367 
extinction measurements for, 365-369 
particle production technique for, 359 

Magnetic dipole, contribution of to 
absorption, 310 

Magnetic particles, 141 
Matrices, for isolating particles, 358-360 
Maxwell equations, 12, 58 

Fourier transform of, 16 
for optically active media, 186 
plane-wave solutions to, 26 

Maxwell Garnett average dielectric function, 
214-219, 359,444,470 

Mean free path of electrons: 
limited by particle size, 336-368, 370-372 

Microwave analog technique: 
for angular scattering, 395-397 
for extinction, 320-323 

Microwave radiation: 
cavity absorption of, 303, 304 
effect of on biological materials, 472, 473 
scattering of, measurements, 395-397,400, 

402 
see also Microwave analog technique 

Mie calcul.ltions, 126-129 
computer programs for, 477-482 
see also Extinction calculations, for spheres 

Mietheory,83-104, 111-114 

applicability of to nonspherical particles, 
427,428 

history of, 82, 129, 369 
Modes, electromagnetic, 97-100 

and laser levitation experiments, 305 
transverse electric, 97, 98 
transverse magnetic, 97, 98 

Mueller matrices, 53-56, 417 
for circular polarizer, 56 
for linear polarizer, 54 
for linear retarder, 55 

Mueller scattering matrix, see Scattering 
matrix 

Multiple-oscillator model, 244-247 
for magnesium oxide absorption bands, 308 
for quartz reflectance, 250, 251 

Multiple scattering, 9 
and circular polarization, 451 
and extinction, 80 

Needle: 
absorption by, 350, 352 
as prolate spheroid, 146 

N ephelometers: 
integrating, 439 
polar, 389-391,414-419 

Noctilucent clouds, 448-454 
Nonspherical particles: 

angular scattering by, 397-401 
calculational techniques for, 220-222 
and cross polarization, 401-403 
extinction calculations for, 310-316 
extinction measurements for, 318, 319 
scattering matrix for, 421-427 
see also Cube; Disk; Ellipsoids; Needle 

No-phonon bands, 271, 282 

Ocean waters, scattering by, 425,427 
Optical constants: 

of aluminum, 255,272, 346 
of atmospheric aerosols, 430-434 
defined,27,28 
experimental determination of, 41, 56 
Kramers-Kronig relations for, 28 
Lorentz oscillator model for, 231 
of magnesium oxide, 240,245-247,269 
at microwave frequencies, 396 
of powder samples, 430,431 
relation to dielectric function, 227 
of silicon carbide, 242 
from single-particle measurements, 431 
ofwater, 275 
see also Dielectric function; Refractive 

index, complex 



Optically active particles, 185-194 
cross sections for, 190 

Optical rotation: 
defined, 191 
by particulate medium, 78, 192-194 

Optical theorem, 71,73 
and absorption in Rayleigh-Gans 

approximation, 161 
for cylinder, 204 
and diffraction theory, 109, 110 
for dipole, 150 
for sphere, 112 
and sum rule for extinction, 116 

Oscillator model, see Lorentz oscillator model 

Particle production, 392-394 
aluminum, 376 
by arc vaporization, 359 
by burning magnesium, 365 
by grinding, 359, 360 
of monodisperse aerosols, 393, 394 
with nebulizers, 393, 394 
with vibrating orifice, 393, 394, 405 

Perturbation techniques, 220 
Phase, measurement of, 321 
Phase function: 

defined, 72, 384 
for finite cylinder, 210-212 
for infinite cylinder, 212,213 
for spheres, 384-389 
see also Angular scattering 

Phase matrix, 66 
see also Scattering matrix 

Phase velocity: 
defined,25 
and refractive index, 235-238 

Phonons, 233 
see also Surface phonons 

Photoacoustic technique, 292, 320, 441, 442 
Photographic process, 372 
Photosensitive glass, 374 
Planck function, 123-125, 435 
Plane waves, 25-27 

expansion of in vector cylindrical 
harmonics, 195-197 

expansion of in vector spherical harmonics, 
89-93 

propagation of, 28-30 
reflection and transmission of, 30-41 

Plasma frequency: 
for aluminum, 256 
defined. 230 
for ionosphere. 256 
for lattice vihrations, 241 

INDEX 

and longitudinal oscillations, 253, 254 
for semiconductor impurities, 256 
shift of because of bound charges, 

259 
for silicon, 256 
tables of, 257, 379 

Plasmons, 233 
see also Surface plasmons 

Point matching method, 220 
Polarization, 44-56 

degree of, 53 
circular, 53 
linear, 53 
measurement of, 54 

and ellipsometric parameters, 44-46 
upon reflection, 36 
see also Mueller matrices; Strokes 

parameters 
Polarization, of scattered light: 

in backward direction, 206, 456 
in forward direction, 206 
from noctilucent clouds, 449-453 
by nonspherical particles, 401-403 
at rainbow angle, 388, 389 
by sphere, 113-115 

Rayleigh limit, 135 
see also Scattering matrix 

Polarization modulation, 416-419 
in astronomy, 464 

Polarizers: 
Mueller matrices for, 54, 56 
and scattering matrix elements, 415 
and Stokes parameters, 47-49 

Polystyrene spheres: 
measured extinction by, 317, 318 
measured matrix elements for, 419, 

420 
for nephelometer calibration, 391 

Poynting vector, 23, 24 
field lines of, 339-342 

Purcell-Pennypacker method, 220, 221 

Quantum size effects, 280, 369, 372, 376 
Quartz: 

amorphous: 
infrared extinction measurements for, 

360-362 
particle production, 359 

crystalline: 
infrared extinction measurements for, 

362,363 
reflection by, 250 
visible and ultraviolet extinction 

measurements for, 318.319 
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Radar back scattering: 
from birds, 123 
dependence on polarization, 456 
from melting ice, 265 
and rainfall measurements, 454-457 
reflectivity factor, 455 
from thunderstorms, 276 

Radar backscattering cross section, 120- 123 
Radar backscattering efficiency 

asymptotic limit, 123 
and correctness of computations, 478, 485 
defined, 122 
for sphere, 122 

Rayleigh limit, 135 
Radiation damage, 269-271, 290-292, 308 
Radiation pressure, 120 

and levitation experiments, 304, 305, 394, 
395 

Radio wave propagation, ionosphere, 256 
Rainbows, 174-177, 180 

polarization of, 387-389 
Rainfall, measurement of, 454-457 
Rayleigh-Gans approximation, 158-165 

and biological particles, 425 
for finite cylinder, 163-165 
for optically active particles, 165 
for sphere, 162, 163 

Rayleigh scattering, 6, 7, 132-134 
according to Rayleigh, 133 

Rayleigh smoothness criterion, 39 
Ray tracing diagram, for sphere, 167 
Reciprocity relation, 409 
Recurrence relations: 

for Bessel functions, 86, 197,478 
for logarithmic derivative, 127, 205 
stability of, 128, 477, 478 

Reddening, 106, 107,299 
by interstellar dust, 458 
by MgO smoke, 290 
by milk, 106 
by polystyrene spheres, 317,318 
and sunsets, 107 

Reflectance: 
of aluminum, 35,255,272 
of magnesium oxide, 240, 246 
and optical constants measurements, 41 
of platinum, 241 
of quartz, 250 
of silver, 257, 258 
of water, 35 

Reflection: 
and backscattering, 123 
diffuse, 39, 441, 442 
Fresnel formulas for, 34, 35 

INDEX 

Kramers-Kronig relations for, 33 
of normally incident light, 30-33 
of obliquely incident light, 33-36 
and penetration depth, 241 
by slab, 36-41 
specular, 39 
by sphere, 171-174 

Reflection cross section, 172 
Reflection efficiency, 172 

for nonabsorbing sphere, 174 
Refraction: 

and determination of optical constants, 41 
by prism, 178, 179 
Snell's law for, 34 

Refractive index, complex, 27, 227 
real part less than 1, 235-239 
see also Optical constants 

Remote sensing, atmospheric aerosols, 442, 
443 

Response function, light scattering 
instrument, 404, 405 

Reststrahlen, 244, 245 
bands in MgO, 270 
bands in quartz, 250 
temperature dependence of, 281 

Ripple structure: 
in absorption, 293, 294, 303, 304 
in extinction, 105, 106,293, 294,296-298, 

300-304, 318 
in extinction by spheroids, 311, 312 
in radiation pressure, 304, 305 
in scattering, 302 

Scattering: 
azimuthally dependent, 397, 399, 428 
coherent, in forward direction, 68 
elastic, 7 
incoherent, 9, 76 
multiple, 9 
physical basis for, 3, 4 
plane, 61,62 
single, 9 

Scattering amplitude, 70, 71 
see also Amplitude scattering matrix 

Scattering cell, 392 
Scattering coefficients: 

for coated sphere, 183 
computation of, 126-129 
forcylinder, 198, 199 
fine structure in, 301-304 
for homogeneous sphere, 99-101, 114 
for optically active sphere, 180 
vanishing of denominators of. 100, 101. 

106. 326 



Scattering cross sc~tion., and efficiencies 
for arbitrary part i~ le. 71 . 72. 73 
asymptotic value-. of. 171 - 173 
for cylinder. 204 
for disks, needles. and spheres, Rayleigh 

limit, 3~0 
for magnesium oxide spheres, calculated, 

291 
of obstacle, diffraction theory, 110 
for optically active sphere, 190 
for randomly oriented ellipsoid, Rayleigh 

limit, 1.52 
for sphere, I 03 

Rayleigh limit, 135, 136,140 
for spheroids. calculated, 312-314 
see also Cross sections 

Scattering diagram, 72 
Scattering matrix, 63-69 

for anisotropic dipole, 154-157 
for arbitrary particle, 65 
for cylinder, 206, 408 
inequalities satisfied by elements of, 406, 

407 
measurements of, 414-427 

for artificial fogs, 420 
for bacterial spores, 425, 427 
for clusters of spheres, 423-425 
for nonspherical particles, 421-427 
for polystyrene spheres, 419, 420 
for quartz fiber, 425, 426 
techniques for, 414-419 
for water droplets, 419-421 

for optically active sphere, 408 
in Rayleigh-Gans approximation, 407 
for sphere, 112, 408 

Rayleigh limit, 132 
symmetries of, 406-414 

Separation of variables, 219, 220 
Shape, dependence of optical properties on: 

extinction, 310- 316, 318- 323 
scattering matrix elements, 428 
surface modes, 342-344, 356, 357, 

363-369,373-377 
see also Nonspherical particles 

Signal velocity, 236 
Silicon carbide: 

emission by, in interstellar dust, 462, 
463 

lattice vibrations in, 241-244 
particles: 

extinction by: 
ellipsoids, 349, 364 
fibers, 36.5 
measurements of, 364 

INDEX 

spheres, 332-334 
_production of, 3.59 

Silver· 
bulk optical propertiell uf. 1~7 l~V. \\.' 

353 
colloid, extinction by, H2 )7~ 

Single particles, measurement• on, )0), \( .... 
321-323,394- 397.~21-426 

Sizing of particles, 403-406 
by angular scatterina. 384 
by extinction, 318 
by forward scatterina. 401, 405 

Skin depth, 310 
Skylight: 

color of, 42, 107 
polarization of, 1.57 

Smoke: 
aluminum, 376 
carbon, 320 
MgO, SiO~. SiC, 3~9 
screens,434 

Sphere: 
anisotropic, 184, 18~ 
coated, 181 183 
cross sections for. 103 
polarization by, unale dependent, I D. 11.5, 

38.5,386,388 
in Rayleigh uppro:w.imation. DO 141 
in Rayleigh-Gans approximation, 162, 163 
scattering by. angle dependent, 114, 115, 

3M -389 
scattering coefficients for. 100, 101, 114 
scattering matrix for, 112 
in uniform electrostatic field, 137 
see also Angular scattering; Extinction 

calculations; Scattering cross 
sections and efficiencies 

Spheroids: 
angular scattering by, calculated, 397-399 
extinction by: 

calculated, 311-314 
measured, 320-322 

geometrical factors for, 147 
surface modes in, 344 

Stationary phase, method of, 74, 78, 79 
Statistical theory of scattering, 222 
Stokes parameters, 46-53 

in circular polarization representation, 191 
example of use of, 417 
of scattered light, 64-6 7 
two systems for, 382 

Sum rule: 
forextinction,ll6,117,129 
for susceptibility, 22. 267 
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Supernumerary bows, 177 
Superposition, 60, 61 
Surface modes, 325-389 

in aluminum spheres, 338, 339 
in cubes, 368 
defined,326 
effect of coating on, 329, 330 
effect of shape on, 357 
effect of size on, 329, 333 
in ellipsoids, 342-356 
and lidar backscattering, 447,448 
in magnesium oxide particles, 292, 36.5-369 
in metallic spheres, 335, 336 
in nonspherical particles, 342-356 
and one-oscillator mode, 331-334 
in scattered light, observed, 374 
in silicon carbide particles, 333, 334, 364,365 
in spheres, 326-329 
in voids and bubbles, 330,331 
see also Frohlich mode; Surface phonons; 

Surface plasmons 
Surface phonons, 336 
Surface plasmons, 335 

in gold, 369-372 
in indium, application to immunology, 

469-472 
in silver, 372-374 
table of, 379 

Suspension of particles, see Levitation of 
particles 

Symmetry: 
operations on particle, 409-412 
of scattering matrices: 

for collections of particles, 412-414 
for obliquely illuminated cylinder, 408 
for ocean waters, 425,427 
for optically active sphere, 408 
in Rayleigh-Gans approximation, 407 
for sphere, 408 
for sphere, Rayleigh limit, 407 

time reversal, 125 

Temperature: 
effect of on optical properties, 264, 

281-283 
global, effect of atmospheric aerosols on, 

434,435 
Thermal emission, 123, 125 
T-matrix method, 221, 222, 397 
Transmission: 

diffuse, 440,441 
efficiencies for, 174 
at plane boundary: 

normally incident light, 30, 31 
obliquely incident light, 33-36 

by slab: 
homogeneous, 36-41 
particulate, 77-79 

Transparency, ultraviolet, 256 

Units, SI, 12 

Vector cylindrical harmonics, 195 
Vector identities, 83 
Vector scattering amplitude, 70 

for dipole, 139, 237 
Vector spherical harmonics, 84, 87, 89, 182, 

187 
expansion of plane wave in, 89-93 
orthogonality of, 90-93 

Vibration ellipse, 45, 47 
Voids, 147, 148 

surface modes in, 330, 331 

Water: 
bulk optical properties of, 273-278 
Debye relaxation in, 264, 276 
dielectric function of, 275 
electronic absorption in, 274, 278 
free molecule, normal modes of, 277 
transparent region of, 274-276 
vibrational absorption in, 276-278 

Water droplets: 
absorption efficiency of, 170, 171 
extinction by, 105,292-294,297,309 
polarization by, 115, 385, 386, 388 
scattering by, 114, 115, 384, 389 
see also Angular scattering; Cross sections; 

Ripple structure 
Wave equation: 

scalar, 59 
in cylindrical coordinates, 194 
in spherical polar coordinates, 84 

vector, 58, 83, 84 
Waves: 

longitudinal, 15, 242, 254 
transverse, 15, 26,242 

Zinc oxide, 468,469 
Z-R relations, 455,456 


